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A nonlinear, two-layer, rigid-lid model bas been solved numerically by means of 
a generalized Lax-Wendroff fmite difference scheme in order to study the genera
tion of internai tides in the Strait of Gibraltar. Preliminary numerical experiments 
on asymptotically steady-state solutions in the presence of a constant mean flow 
are used to validate the model: previous laboratory experiments and analytical 
solutions are indeed accurately reproduced. 

Periodic solutions representing the internai tides at Gibraltar are then obtained by 
allowing a semidiurnal barotropic tidal current to interact with an idealized topo
graphie variation modelling the Camarinal sill. Numerical experiments with and 
without a basic constant mean flow are carried out and a reasonable agreement is 
found with XBT data. 

A two-dimensional propagation model for long internai waves was recently 
applied to sorne internai tides at Gibraltar - assumed as known - in order to model 
internai solitary waves observed in the Alboran Sea. The manner in which use of 
the present generation model in conjonction with such a nonlinear dispersive pro
pagation model makes it possible to follow the various stages of the life of the 
internai tide is discussed. The input for the coup led model would then reduce to 
the mean and tidal flows in the strait. 

Oceanologica Acta, 1992. 15, 3, 233-243. 

Un modèle de formation des ondes internes non linéaires dans le 
détroit de Gibraltar 

Un modèle non linéaire à deux couches a été résolu numériquement par une 
méthode généralisée aux différences finies de Lax-Wendroff en vue d'étudier la 
formation des ondes internes dans le détroit de Gibraltar. Le modèle est validé par 
des simulations numériques préliminaires sur les solutions de l'état stationnaire 
asymptotique en présence d'un flux moyen constant ; des simuhitions antérieures 
en laboratoire et des solutions analytiques sont reproduites avec exactitude. 

Les solutions périodiques représentant les ondes internes à Gibraltar sont ensuite 
obtenues par interaction entre un courant barotrope de marée semi-diurne et une 
modélisation de la topographie du seuil Caraminal. Les simulations numériques ~ 
ont été conduites avec et sans le flux moyen constant de base, et un bon accord JI,.~--

. .,._.-
été trouvé avec les données XBT. ..,.---· ·:-· r :.:."":f' 

' ·~. -· ··-·~. al t.., • ... t.,.t.\0 
: rJ ·:~·· '·· ." :~,., .. , \ 
... '·~'···. .- ~.,,., 

\ 

-: .,. i.' ~ ,, ..... ,.#'' 

(.~: : ."·~· ·~-:.,_. - ·~ ... ~ .... 
0399-1784/92103 23311/$ 3.10/© Gauthier-Villars 233 



A. LONGO, M. MANZO, S. PIERINI 

Un modèle bidimensionnel de propagation des ondes internes longues a été récem
ment appliqué à quelques ondes internes de Gibraltar - supposées connues - afin 
de modéliser les ondes internes solitaires observées en Mer d'Alboran. 
L'utilisation couplée de ce modèle de formation et d'un modèle de propagation dis
persive non linéaire en vue de suivre les différentes phases de la vie de l'onde 
interne est discutée. L'entrée du modèle couplé se limite ensuite aux flux moyens 
de marée dans le détroit. · 

Oceanologica Acta, 1992. 15, 3, 233-243. 

INTRODUCTION 

It is well known that the global flow in the Strait of 
Gibraltar is basically given by the superposition of a mean 
flow (composed of a surface inflow of Atlantic water and a 
bottom outflow of Mediterranean water) plus a mainly 
spring-neap semidiurnal tidal current. The interaction of 
such flow with bathymetrie and coastal features in the strait 
generates internai tides travelling in both directions. Clear 
experimental evidence of this dynamic behaviour has been 
described by Lacombe and Richez (1982) and in more 
recent papers by La Violette and Lacombe (1988), La 
Violette and Amone (1988) and Bray et al. (1990). Much is 
also known about the evolution of these internai tides once 
they leave the strait and propagate toward the 
Mediterranean, in the Alboran Sea. CTD and current mea
surements are available (Kinder, 1984) that show that the 
originally compact internai tide splits into a series of strong 
one-sign, "solitary" current pulses. Space shuttle photo
graphs of these patterns in the Alboran Sea and wave 
contours obtained by shore-based radar measurements near 
the eastern mouth of the strait are also available (e. g. La 
Violette et al., 1986). Bryden and Kinder (1991) have 
reviewed the most recent observations in strait dynamics 
with particular reference to Gibraltar. 

Recently a horizontally two-dimensional, nonlinear disper
sive mode! was developed to describe the tidally generated 
internai solitary waves observed in the Alboran Sea 
(Pierini, 1989). This is a propagation mode! in which the 
internai tide in the Strait of Gibraltar is prescribed as a 
given time-dependent boundary condition. However, a 
more general theoretical approach should imply the deter
mination of the internai tide in the strait by means of a 
generation madel, whose input is given by the mean flow 
and tidal current. Such a model could be used in con june
tian with the propagation model, the oceanographie infor
mation needed to feed this coupled model being the know
ledge of the mean and tidal flows in the strait. 

ln this paper a generation mode! of this kind is proposed. It 
is one-dimensional, hydrostatic and nonlinear; two layers 
of homogeneous incompressible fluids of different densi
ties are considered; a spatially varying topography is allo
wed white the Coriolis force and bottom friction are 
neglected. The model is relatively simple, especially if 
compared with the more sophisticated study by Wang 
(1989) in which the mean and tidal flows are also derived. 
However, despite the simplifying assumptions introduced, 
the model is capable of describing sufficiently weil the 
main features of the oceanographie problem under conside-
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ration. Moreover, this generation model is of the same 
order of complexity as the propagation model by Pierini 
(1989), so that it fits better for a coupled model such as that 
described above. Other generation models for internai tides 
were developed in recent years, e. g. those by Pearson and 
Winter (1984), Willmott and Edwards (1987}, Mazé 
(1987), Serpette and Mazé (1989) and Geyer (1990). The 
relations and differences between the present mode! and 
sorne of these studies will be discussed in the following 
chapters. 

After a detailed discussion of the mathematical model and 
of the numerical method used to solve it, a preliminary 
application to asymptotic steady state solutions in the pre
sence of a constant mean flow will be presented. 
Laboratory experiments and analytical results by Long 
(1954) are thus accurately reproduced numerically. An 
idealized topography representing the Camarinal sill 
within the Strait of Gibraltar will then be introduced and 
numerical experiments will be presented in the case of a 
basic flow given by : a) a constant sheared mean flow 
without tide; b) a semidiurnal tide without mean flow; and 
c) the superposition of both flows. The solutions thus· 
obtained are again in accurate agreement with analytical 
results (case a}, and a reasonable agreement with in situ 
XBT data is found in the most realistic case c. 

THE GOVERNING EQUATIONS AND THE NUMERIC
ALMODEL 

ln arder to describe the internai tides generated by the inter
action between a sheared flow in a stratified fluid with an 
underwater barrier, we have developed a mode! based on the 
nonlinear shallow water equations for a two-layer system. 
These equations are hydrostatic, therefore secondary disper
sive phenomena like lee waves will not be modelled (see the 
end of this paragraph for other, more relevant physical 
consequences of this assumption), while hydraulic transi
tions in the form of jumps or drops will be correctly descri
bed. The hydrostatic hypothesis is valid if the horizontal 
scales of motion are much larger than the typical vertical 
scale and this allows us to neglect vertical velocities and to 
limit ourselves to a system of two or more homogeneous 
incompressible layers in each of which the horizontal velo
cities are depth-independent. Moreover the flow is assumed 
to be one-dimensional and the Coriolis force bas been 
neglected altogether. Although during the propagation of the 
internai tide in the strait a fast semigeostrophic adjustment is 
to be expected with a consequent formation of an internai 
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Kelvin wave (Pratt, 1983, Renouard et al., 1987 a) whose 
associated cross-channel variation bas in fact been obser
ved in field data (Lacombe and Richez, 1982), in the stage 
of formation of the wave in the vicinity of the sill the 
Coriolis force may be neglected in the frrst approximation. 
Eddy viscosity and bottom friction are also neglected in the 
equations of motion, on the assumption that such effects 
are not important over a time scale such as that of the pre
sent study. These simplifying assumptions are ali found 
compatible with a sufficiently detailed description of the 
problem under investigation. 

The momentum and mass conservation equations in the 
two layers are given by (Fig. 1; e. g. Gill, 1982): 

(la) 

( Pl) , 
Uzt + UzUzx = - - grux - g 'Yizx (1 b) 

Pz 

a 
'Yilt =- àx [(Hl+ 'Yil- 'YJz) u1 +(Hz- b (x)+ 'tlz) uz] (1 c) 

à 
'YJZt =- OX [(Hz- b (x)+ flz) Uz] (1 d) 

where x and t denote partial differentiation and g' = g llp/p 
is the reduced gravity. We shall now introduce the rigid-lid 
approximation. This assumption is acceptable because, as 

llp/p << 1, the internai dynamics is virtually independent 
of the state of the sea surface. Indeed, the surface displace
ment induced by an internai wave is given by 

llpHz 
'Yil =- (- -) 'YI2· 

p H 

This approximation leads to equations that are not necessa
rily much simpler than those for a free surface model; 
however the reason for adopting the rigid-lid will be dari
fied later, in the discussion on the stability of the numerical 
scheme. Equation (1 c) thus reduces to: 

C (t) = (Ht- 'Ylz) u1 +(Hz- b (x) +flz) uz (2) 

H 

x 
Figure 1 

The two-layer madel. 
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where C (t) is the total flux independent on x, to be deter
mined by imposing the boundary conditions. The remain
ing equations are unchanged, including the momentum 

equations in which the terms involving fllx are still present, 
giving the pressure gradients provided by the "rigid lid" at 
z = H. It is, however, desirable to eliminate these terms 

since 'Yil is not contained in the continuity equations (2, 1 d). 
This can be done by passing to the new variable V represen
ting the difference in velocity between the two layers: 

V= Ut- Uz (3) 

Subtracting (1 b) to (1 a) one obtains: 

(4) 
In conclusion, the system is governed by the two evolution 
equations (4, 1 d), which we can rewrite in flux-conservati
veform, 

v G=( ), 
'YI2 

L
l u2t-! u22- g'fl~ p- 2 2 
(Hz - b (x) + 'tlz) u2_ 

(5) 

and by the two algebraic equations (2, 3) for the four unk

nowns V, Ut.U2 and 'YI2· 

We look for solutions of the form: 

{
Ut= UOl (t) +U't 

u2 = U02 (t) + u'2 

{ UOI (t) =Ut +At sin (wt +'PI) 

U02 (t) = Uz + Az sin (wt + q:>z) 

(6) 

(6') 

where Ut and Uz are given constant mean flows, At and Az 
are given current tidal amplitudes (usually At= Az for a 

strictly barotropic tide), w is the angular frequency corres
ponding to a given tide (M2 in our case, although addition-

al tidal components could be included), 'PI and q:>z are the 
phases in the two layers and u't and u'z are the unknown 
current perturbations superimposed on the mean time 
dependent state. 

We have adopted initial conditions given by: 

u' t (x, 0) = u' 2 (x, 0) = 'Y12 (x, 0) = 0 (7) 

which are equivalent to switching impulsively the mean 
flows uot,2 at time t = O. Moreover, the boundary condi
tions must require that the perturbation velocities ~· 1,2 
vanish sufficiently far from the underwater barrier. 
Therefore if the domain of integration is taken at such a 
length that in the numerical runs the internai tides genera
ted over the obstacle remain always far from the ends of 
the domain, the following boundary conditions can be 
imposed: 

{ u't (0, t) = u'z (0, t) ='YJz (0, t) = 0 (8) 

u'1 (L, t) = u'z (L, t) =flz (L, t) =0 

where the origin of the axis is taken at' the beginning of the 
domain of integration and L is its length. 

' 
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We are now ready to describe the numerical mode! used to 
solve the goveming equations. Thanks to the flux-conser
vative form of the initial value problem (5) we have adop
ted a generalized Lax-Wendroff method suitable for our 
specifie context, in which the additional equations (2-3-6) 
have to be taken into account. At time t, u 1 and uz are eva
luated by solving the system (2-3), in which V is given by 
the previous iteration and C (t) is obtained by using (6) and 
the boundary conditions (8). The "flux" F can then be cal-

culated and the unknown G is obtained at time t + lit/2 at 
staggered grid points by means of the explicit Lax method 
(e. g. Press et al., 1986). u1 and Uz are now evaluated at t + 
At/2 as before, F is calculated at the same time and G is 

finally obtained at t + lit by applying an explicit leapfrog 

(Press et al., 1986) to the fields at t and t + lit/2. 

This mathematical model shares sorne similarity with those 
developed by Willmott and Edwards (1987) and Pearson 
and Winter (1984) for an analogous oceanographical pro
blem, but differs from them in severa! important respects. 
Here no normal mode approach such as that adopted by 
Willmott-Edwards is used and this constitutes a simplifica
tion in a two-layer system. Moreover the present model dif
fers from that by Pearson-Winter because here the rigid-lid 
is introduced. From a physical point of view no appreciable 
difference is to be expected in the solutions, as noticed 
above, but by removing the free surface the barotropic 
mode, i. e. the surface wave dynarnics, is filtered out. As a 
consequence, the Courant-Friedrichs-Levy stability condi
tion applicable to the explicit fmite-difference scheme des
cribed above is given by: 

Ax 
At\...fi (9) 

where c =ci= (g'HtHzfH)112 is the phase speed of long 
internai waves. If the free surface were retained c would 
be the phase speed of surface waves: c8 = (g H)lf2. Now, 
c8 = 0 (50 Ci) for the Strait of Gibraltar, thus for a fixed 

Ax a factor 0 (50) is gained in computation time in this 
case just thanks to the rigid-lid assumption. 

As far as the boundary conditions are concemed, the choice 
of (8) together with a sufficiently long domain allows us to 
avoid imposing complex radiating boundary conditions 
like those of Pearson-Winter. Of course, in the case of the 
internai tides in the Strait of Gibraltar the integration bas to 
be carried out over a length (150 km) rouch larger than the 
whole strait, but under the acceptable assumption that the 
near field is not affected significantly by the far field (that 
in this case talees the form of two-dimensional solitary 
waves outside the strait), the wave forms taken near the 
obstacle (within the strait) do represent the real response at 
that location. 

It should be stressed that while the present model is able to 
describe the formation of nonlinear disturbances close to 
the sill, it fails to reproduce the subsequent propagation far 
from the generation site. Apart from frictional and rotatio
nal effects which in the envisaged situation modify the 
wave only slightly, it is phase dispersion and the diffrac
tion outside the strait that change drastically the character 
of the evolution. As far as phase dispersion is concemed, 
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The two topographies used in the numerical experiments of this section. 

while negligible in the stage of formation (which is the 
subject of this paper), during the propagation dispersion 
together with nonlinearities lead - for long waves - to the 
formation of solitary waves that can by no means be obtai
ned in the framework of a nondispersive model. For a pro
pagation model inside the strait one should then use (in the 
lD approximation) the weil known Korteweg-de Vries 
equation, which applies to the case of the Strait of 
Gibraltar (Pierini, 1989), or in general another ID weakly 
nonlinear and dispersive evolution equation such as the 
JKKD (Joseph, 1977; Kubota et al., 1978) or the BO 
(Benjamin, 1967; Ono, 1975) depending on the kind of 
stratification. In addition, once the wave bas reached the 
end of the strait it starts diffracting into the open sea so 
that a two-dimensional nonlinear mode! including disper
sion is then to be used (e. g. Pierini, 1989; 1991). 
Therefore our generation model bas to be matched with a 
propagation model such as one of those described above in 
order to provide the evolution for intermediate or long 
times. For a discussion of this point with reference to the 
Strait of Gibraltar and the adjacent Alboran Sea, see the 
final conclusions. Finally it should be added that inside the 
strait (so still within an approximately one-dimensional 
situation) important effects may derive from weak but 
non-negligible topographie variations. In such a case a 
nonlinear dispersive model for wave propagation should 
include variable topography (e. g. Helfrich and Melville, 
1986; Melville and Helfrich, 1987; see Renouard et al., 
1987 b, for an experimental study). 



ASYMPTOTIC STEADY-STATE SOLUTIONS FOR A 
CONSTANT MEAN FLOW 

In this section numerical results will be reported concer
ning the case of a constant mean flow in order to show 
how the mode! can reproduce the subcritical, supercritical 
steady states and hydraulic transitions and drops of 
hydraulic control theory. To this aim we have carried out 
numerical experiments that reproduce the experimental 
and analytical results of Long (1954) concerning steady 
flows in a two-layer system. We have solved the inital 
value problem (2, 3, 5, 7, 8) with the basic flow (6') in 
which A1= Az = 0 and U1 = Uz = U. The asymptotic states 
thus obtained near the obstacle reproduce accurately the 
steady flows studied by Long. 

The parameter values H1 = 0.58 rn, Hz= 0.28 rn, bmax = 

0.057 rn and !lp/p = 0.025 used by Long have been chosen 
for our numerical experiments, for which two topographies 
have been used (Fig. 2 a, b). The critical velocity derived 
from the critical curves by Longis Uc = 0.12 rn/s. The 
theory affmns that if U < Uc the flow is absolutely subcriti
cal, if U = Uc the flow is critical and a stationary hydraulic 
jump downstream the obstacle is expected, while if U is 
sufficiently larger than Uc the flow is supercritical. In the 
following we shall present numerical results and their rela
tive comparison with the analytical stationary theory for 
each of these cases. We will also present another case 

- which may be described as near critical; 

- obtained when U is slightly larger than Uc: the numeri-
cal results show an upstream wave of elevation and a 
downstream depression that increase in width as time 
elapses. Of course this behaviour cannot be described by 

a 
2 

Eo 
x 

u 
0 0 0.5 1.0 1.5 

-1 

-2 

b 
x 

Figure 3 

a) Shapes of the interface for subcriticalflow (U = 0.1 mis) at t = 2, 4, 
6, 8, 10 s.; b) Theoretical stationary solution obtained by solving 
equation (10) {topography of Fig. 2 a]. 
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Figure4 

a) Shapes of the interface for supercriticalflow (U = 1 mis) at t = 0.2, 
0.4, 0.6, 0.8, 1 s.; b) Theoretical stationary solution obtained fry solving 
equation ( 10) [ topography of Fig. 2 a]. 

a stationary theory, but is in fact accounted for indirectly 
by it. Indeed the upstream wave produces a new, larger 
effective upstream lower-layer thickness which repre
sents an adjustment of the system to the condition of cri
tical flow at the crest. 

Long (1954) bas shown that the relation between the cur
rent velocities, the channel geometry and the deformation 
assumed by the interface between the two fluids over the 
underwater barrier is given by.the following equation: 

FrZ ( RZ (1 - R)Z ] 
- -- +a+~-R=O (10) 
2 aZ (1 -a- ~)Z 

where Fr= U/(g'H)liZ is the internai Froude number, U is 
the upstream current velocity (equal in the two layers), H = 
H 1 + Hz, R = HzfH, a (x) = h (x)/H and ~ (x) = b (x)/H (see 

Fig. 1). Equation (10) gives a fifth order polynomial in a, a 
single root of which is physically meaningful. This solution 
gives the interface configuration of the stationary theory. 

The subcritical case with a velocity U = 0.1 m/s is shown in 
Figure 3. In (a) the numerical simulation is given while in 
(b) the theoretical solution derived from (10) is reported. 
Figure 3 a shows that the stationary depression over the 
obstacle is reached after a transient phase during which dis
turbances are generated and propagate leaving the obstacle. 
The supercritical case with a velocity U = 1 m/s is shown in 
Figure 4. Note that in this case, since the phase speed of the 
internai disturbances is smaller than the current velocity, no 
upstream propagation is found. The numerical and theoreti
cal solutions are in perfect agreement in both cases. 

The near-critical case is reported in Figure 5. This beha
viour is found to hold for our parameter values in the range 
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Shapes of the inteiface for a near-critical flow (U = O.J6 mis) at t = 5, 
JO, 15, 20, 25 s. Pseudo-viscosity has been introduced with K = 0.005 
ml!s [see equation (11); topography of Fig. 2 a]. 

Uc < U < 0.22 rn/s. If U = Uc a stationary hydraulic jump is 
formed (Fig. 6) in agreement with the theory. In these two 
cases the introduction of a pseudo-viscous term F' in equat 

F'= [-KVxJ 
0 

(11) 

is necessary to contrast the dramatic reduction of the stabi
lity of the scheme due to the strong velocity gradients (e. g. 
Richtmyer and Morton, 1957). 

Finally Figure 7 shows a subcritical (a) and a supercritical 
(b) configuration induced by a different topography, that of 
Figure 2 b, which differs from the topography of the pre
vious numerical experiments (Fig. 2 a) for its width and 

2.5 

§po 
x 

0 0.5 1.0 4.0 
m 

-2.5 

Figure7 

a) Shapes of the inteiface for subcritical flow (U = O.J mis) at t = 2, 4, 
6, 8, JO s.; b) Shape of the inteifacefor supercriticalflow (U = 1 mis) at 
t = 0.2, 0.4, 0.6, 0.8, 1 s (topography of Fig. 2 b). 
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a) Shape of the inteifacefor criticalflow (U = O.J2 mis) at t = 25 s, K = 
0.001 mlls (topography of Fig. 2 a). 

shape but not for its maximum height. The theory predicts 
that only the latter determines the amplitude of the distur
bances (Long, 1954 ), and indeed the results of Figure 7 a, 
b compared with those of Figures 3 a, 4 a confrrm this pro
perty. Numerical experiments have also been carried out by 
varying the width of the topography of Figure 2 b and, 
again, no variation whatsoever bas been found in the maxi
mum amplitude of the response. 

THE GENERATION OF INTERNAL TIDES IN THE 
STRAIT OF GIBRALTAR 

The interaction of strong tidal currents with topographie 
variations in the Strait of Gibraltar leads to the generation 
of internai tides in this strait. ln order to elucidate the gene
ration mechanism let us frrst summarize the main morpho
logical and hydrological features of the strait. The bathy
metry presents two main sills: the Camarinal Sill is the 
main one, with a local height of about 200 rn, 300 rn below 
the surface, and the Spartel Sill which is located 20 km 
west of the main sill (Fig. 8). Although the latter is known 
to affect the hydraulic regime in the strait (Armi and 
Farmer, 1985) it is the Camarinal Sill that produces the 
main internai tides. ln the model we will consequently limit 
ourselves to considering this sill only, introducing it in a 
simplified form. From a dynamic point of view the Strait of 
Gibraltar pla ys a fundamental role in the circulation of the 
Mediterranean basin, because the exchange between 
Mediterranean and Atlantic water takes place within it and 
is partly determined by its features. The density structure is 
represented sufficiently well by two layers: the lighter 
inflowing Atlantic water above the outflowing 
Mediterranean water. The total flow passing through the 
strait consists of a mean flow representing such an exchan
ge on which a mainly semidiurnal tidal current with a typi
cal spring-neap cycle is superimposed (Lacombe and 
Richez, 1982; Candela et al., 1987; La Violette and 
Arnone, 1988). The tidal current derives from a difference 
in tidal ranges in the western and eastern ends of the strait 
of the order of 0.5 m. Moreover the phase difference is 
almost zero (La Violette and Lacombe, 1988; Bray et al., 
1990, Fig. 9), which implies that the tidal current is a stan
ding wave, so that our position (6') is well justified. 
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Asymptotic steady state solutions for a 
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In the numerical experiments of the preceding 
section only the case Ut = Uz = U was conside
red. Now we shall study the case in which a 
sheared mean flow is present but still without 
tide, in our idealization of the Strait of 
Gibraltar. In the next subsection, the tide 
without mean flow will be considered, while in 
the third subsection both forcings will be taken 
into account. 

Strait of Gibraltar 
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Figure 8 

Bathymetry of the Strait of Gibraltar (modified by Armi and Farmer, 
1985,from Lacombe and Richez, 1982). 

The mathematidtl model has been applied to an idealized 
situation representing the oceanographical conditions near 
the Camarinal Sill. A single sill of sinusoïdal form has been 
introduced in the centre of the integration domain (Fig. 10). 
The parameter values are chosen as follows: bmax = 200 rn, 

Ht = 150 rn, Hz= 350 rn, sill width = 4 km, Ap/p = 0.002. 
The length of the domain of integration has been chosen as 
150 km although the length of the strait is only about 40 
km, but this does not represent any problem; on the contra
ry, it is advantageous as far the boundary conditions are 
concemed, as previously discussed. 

In the second sub-section we shall show that the internai 
waves generated by a barotropic tide without mean flow 
depend on the maximum intensity A of the tide in a way 
analogous to that of a stationary disturbance generated by a 
stationary flow of intensity A, as described in the preceding 
section. From Long (1954) the critical internai Froude 
number is Frc = 0.13 in our case, which corresponds to a 
critical constant velocity Uc = 0.4 rn/s, i.e. a constant flow 
smaller than Uc would be absolutely subcritical while a 
flow larger than Uc would be absolutely supercritical. As 
stated above, Uc gives a useful value also for time-depen
dent flows. In the third sub-section, the tidal current will be 
superimposed on a mean sheared flow and the generation 
mechanism will thus be clarified. However let us start with 
a stationary flow case (first subsection) in order to analyze 
an important aspect of the generation of internai distur
bances when U 1 ;o~ Uz. 
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According to Arroi (1986) the hydraulic regime 
of a two-layer system when Ut ;o~ Uz is gover
ned by a composite Froude number G, that in 

our case (PtfPz •1) is defmed by 

G2=p2t +F22 

uz. 
p2 -~ 
i- 'h g i 

The flow is subcritical, critical or supercritical if 
G2 <, =, > 1 respectively. Moreover the theory 
allows one to determine the thickness of each 
layer ht,2 through the formula 

. {i~ l/3 F.-2/3 hi ' 1 g_ 

190 
OCT. Hl "83 TIDAL VARIATIONS 

.... 
"' ~ 118 

"' .... 
~ 
~ 82 
"' ore 
w 
"' 

46 

r 
10o~--~---,~2--~1~8--~24~/0~~~--~,2~--,~8--~24 

7 OCT 8 OCT 
TOTAL HOURS 

Figure 9 

Hourly tide-height va rations for 48 hours at Tarifa ( solid line) and Ceuta 
( dashed li ne) [ after La Violette and Lacombe, 1988]. 

where Qi = Ujhj. From these relations it may be concluded 
that the stationary disturbance over the sill does not depend 
on the direction of the flow of either layer. This property 
bas been verified numerically for the values UQl =Ut=:!: 
0.1 m/s, uoz = Uz = + 0.1 rn/s. As noticed above Uc = 0.4 
m/s for this geometry and stratification, therefore a subcri
tical flow is expected. In Figure 11 the flow is shown for 
Ut=+ 0.1 m/s (a) and for Ut= -0.1 m/s (b). The depres
sion over the obstacle is exactly the same in the two cases, 
as expected. Only the right running and left running tran
sient waves are slightly shifted. 
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ldealized bathymetry of the Camarinal Sill. 
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Figure 11 

Shapes of the interface at t = 3 hfor A= 0, Uz = 0.1 mis with U1 = + 0.1 
mis (a) and ul =- 0.1 mis (b). 

Numerical experiments with tidal flows in the absence 
of a constant mean flow 

Let us now pass to present two examples of internai tides 
generated by the tidal current, but without mean flow. The 
basic flow (6') is given by: 

001 (t) =A sin (rot) 

{ 002 (t) =A sin (rot) 

where ro = 2Jt{f, T = 12 hours and <r1=<p2=0. In the mathe

matical model we have used Ax = 50 m and At = 25 s. In 
the two experiments we have imposed A= 0.1 m/s and A= 
0.4 m/s which are values corresponding to the subcritical 
and near-critical regimes, according to the analogy discuss
edabove. 

In Figure 12 the shape of the interface in the four phases of 
the cycle is shawn; in (a, b, c, d)/(a', b', c', d') the cases A 
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Figure 12 

Shapes of the interface in the case U1 = U2 = 0 at t = T/4, T/2, 3T/4, T 
for A= 0.1 mis (a, b, c, d) and for A= 0.4 mis (a', b', c', d') respectively. 

= 0.1/0.4 m/s are given respectively. Figures 12 a,a' show 
the interface when the tidal flow is maximum and positive. 
The shape is qualitatively the same in both cases. In the 
second case, however one may note a more pronounced 
depression whose position is not perfectly symmetric with 
respect to the obstacle. This behaviour is analogons to that 
of the stationary theory for a near-critical flow at the crest 
of the sill. When the tidal flow vanishes (Fig. 12 b, b') the 
depression is found le ft of the sill and with a decrease in 
amplitude, which is more pronounced in the second case 
(Fig. 12 b'). When the tidal flow is maximum to the left 
(Fig. 12 c, c'), the configuration near the sill is substantial
ly the same as fort= T/4 (overtumed). Both the waves of 
elevation and depression are, however, slightly wider but 
this difference occurs during the transient state and would 
disappear already in the second tidal cycle. Finally, when t 
= T (Fig. 12 d, d') one may note a further propagation (to 
the right) of the depression previously present over the sill 
and of the other perturbations far from the sill itself. 

From the analysis of these numerical experiments the well
known mechanism for the generation of internai tides by a 
sinusoïdal barotropic tidal current is observed. When the 
tidal flow is maximum the perturbation blocked over the 
obstacle moves with respect to the current with its same 
velocity toward the opposite direction. When the tidal flow 
slackens the perturbation starts travelling upstream so as to 
preserve its speed with respect to the surrounding fluid. 



r. ... 

Finally, when the flow reverses, the perturbation (which 
had already left the sill) is now advected by the flow itself, 
thus increasing its speed with respect to the frame at rest. 

Figures 13 a, b give the time series of the interface at a 
point located 10 km left of the obstacle for a whole tidal 
cycle in the two cases of Figure 12. Also in this figure, the 
important difference in amplitude due to the difference in 
the amplitude of the tidal current is evident. Their respecti
ve ratios are, of course, not the same because of nonlinear 
effects, which also act to produce a steeper negative wave 
and a less steep positive wave when the flow is larger (the 
opposite would happen if H 1 were larger than Hz). Figure 
13 c reports two complete tidal cycles for A = 0.4 rn/s. It 
shows that already the second cycle of our initial value pro
blem gives the asymptotic periodic solution. Moreover, by 
comparing the second tidal cycle with the first, one may 
note that even the latter is virtually free of transient defor
mations, except for the initial positive part of the response. 

Numerical experiments with tidal flows superimposed 
on a constant mean flow 

Here we shall present more realistic numerical experiments 
in which also mean constant flows U 1 and Uz are included 

-10 
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Time series at x= 65 km for a tidal cycle: a) for A= 0.1 mis; b)for A= 
0.4 mis. Time series for two tidal cycles in the case A= 0.4 mis (c) 
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Figure 14 

Shapes of the interface in the case with constant mean flow for A = - 0.1 
mis at t = T/4, T/2, 3T/4, T (a, b, c, d). Corresponding time series taken 
at x= 85 km (e). 

in the basic flow (6'). We have chosen U1 = 0.25 m/s in 
accordance with La Violette and Arnone (1988), while the 
outflow in the bottom layer has been chosen to give a zero 
total net mass flux: Uz =- 0.1 m/s (of course the small 
influx needed to balance the mass loss in the 
Mediterranean is of no relevance in this simplified 
context). Two cases have been studied: A = - 0.1, - 0.4 rn/s, 
in analogy with the preceding sub-section. 

The case A=- 0.1 rn/sis shown rn Figure 14 a, b, c, d fort 
= T/4, T/2, 3T/4, T respectively. Fort= T/4, when the tidal 
outflow is maximum, a depression is observed over the 
obstacle. The perturbations located on the two sides of the 
obstacle are strong and steep, unlike those relative to the 
case without mean flows. The corresponding waves after 
the first, transient period will be less pronounced. When 
the tidal flow vanishes (Fig. 14 b), the interface depression 
formed over the obstacle shows a reduced amplitude. 
When the tide reverses (Fig. 14 c) the depression will travel 
eastward, as in the case with U = 0, while no newly formed 
perturbation analogous to that of Figure 12 c is observed, . 
this being due to the asymmetry introduced by the mean 
sheared flow. Finally, at the end of the tidal cycle (Fig. 14 
d) the perturbations previously Iocated at the two sides of 
the obstacle travet in opposite directions, thus leaving the 
sill, over which a new negative wave is forming, as for t = 
T /2. The corresponding time series (Fig. 14 e) taken 10 km 
right (east) of the sill shows a behaviour similar to that 
without mean currents (Fig. 13 a) except for a small negati
ve peak just after the main perturbation. 

The numerical experiments with A = - 0.4 m/s allow for a 
comparison with field data: the interface configurations 
during the various tidal phases are qualitatively and -to a 
certain extent- quantitatively in agreement with in situ 
XBT measurements taken along the line A-B over the 
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Figure 15 

Cross section of the Camarinal Sill ( after La Violette and Arnone, 1 988). 

Camarinal Sill, as in Figure 15 (La Violette and Arnone, 
1988). In these numerical experiments the introduction of 
the diffusive term (with K = 150 m2/s, see equation (11)) 

has proved necessary. The values.Ax =50 rn and At=12 s 
were chosen. 

When the tidal flow is maximum toward the Atlantic a sort 
of hydraulic jump is observed downstream of the sill (Fig. 
16 a). This is similar to the thermal interface (16°C iso
therm) showed in Figure 16 b for the same tidal phase. 
When the tidal flow slackens the depression overcomes the 
obstacle and travels toward the Mediterranean. 

When the tidal flow is maximum toward the Mediterranean 
(Fig. 17) a depression over the obstacle can again be obser
ved, and also in this case a reasonable agreement is found 
with the isotherms of Figure 17 b. It can be noticed that the 
internai tidal depression that propagates toward the 
Mediterranean (whose initial state is shown in Fig. 16 a) 
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Figure 16 

a) Shape of the interface in the case with constant mean flow for A = -
0.4 mis at t = Tl4; b) Ship-type XBT cross section across the Camarinal 
Sill approximately during the maximum tidal flow toward the Atlantic 
Ocean ( after La Violette and Arno ne, 1988 ). 

has a larger amplitude than that propagating toward the 
Atlantic (Fig. 17 a). This is experimentally confmned and 
commonly accounted for by the asymmetry in the geome
try and bathymetry of the strait. Here, however, the only 
asymmetry is in the mean currents in the two layers, there
fore the importance of this factor in the selective genera
tion of the internai ti des in the Strait of Gibraltar appears 
evident. 

Finally, in Figure 18 the time series taken at x= 85 km is 
shown. The waveform represents the eastward travelling 
internai tide. 

In conclusion, let us discuss a possible utilization of this 
generation model in conjunction with the propagation 
model by Pierini (1989). The time series in Figures 14 e, 18 
are taken in a location near the sill that corresponds 
approximately to the position where the internai tide was 
prescribed in the above-mentioned propagation model. 

x 

150 

km 

a 

Figure 17 

a) Shape of the interface in the case with 
constant mean flow for A = - 0.4 mis at t = 
314 T; b) Ship-type XBT cross section across 
the Camarina/ Sill approximative/y during the 
maximum tidal flow toward the 
Mediterranean Sea (after La Violette and 
Arnone, 1988). 
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Time series at x = 85 km, for a tidal cycle in the case with constant 
mean flow for A=- 0.4 mis. 
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Therefore these signais constitute possible inputs for the 
propagation model (note that in Pierini, 1989, only negati
ve waveforms were considered because in those numerical 
simulations emphasis was laid on the solitary wave forma
tion that derives entirely on the negative part of the interfa
ce displacement). The oceanographie information needed 
to feed this coupled model now reduces to the knowledge 
of the mean and tidal flows in the strait. 
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