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Revisiting the short-wave spectrum of the sea surface

in the light of the Weighted Curvature Approximation

Alexandra Bringer, Bertrand Chapron, Alexis Mouche and
Charles-Antoine Guérin

Abstract—Existing models for the short-waves spectrum of the

sea surface are not consistent with microwave satellite data when

multi-bands and multi-incidence data sets are considered. We

devise a simple parametric model for the short-wave omnidirec-

tional spectrum of the sea surface on the basis of a three-band (C,

Ku, Ka) and multi-incidence (low, moderate and large) data set

and an improved analytical scattering model, namely the non-

Gaussian Weighted Curvature Approximation. This spectrum

is also constrained by several optical measurements which pro-

vide a priori conditions on the total and filtered mean-square

slopes. It is compared with classical models such as Elfouhaily

and Kudryavtsev unified curvature spectra. Significant differ-

ences are observed at wavenumbers corresponding to the range

of decimeter scales. The new spectrum is by construction fully

consistent with the omnidirectional normalized radar cross sec-

tion of the multi-band data set.

Keywords— microwave ocean remote sensing, omnidirectional

spectrum

I. Introduction

The characterization of the spectral properties of the sea sur-
face has a long history dating back to the pioneering works of
Phillips [1] and Pierson-Moskowitz ([2]). Today it is commonly
accepted that the description of long waves has reached a ma-
ture state. The description of short gravity and capillary-gravity
waves, however, is still undergoing research. Some recent im-
provements of the wave number spectrum in the millimeter and
centimeter range of scales have been proposed in the last decade
by different means. Among modern models, we can distinguish
two paradigmatic spectra corresponding to conceptually differ-
ent approaches. The first one is the popular model by Elfouhaily
et al. [3], which unifies previous tank, in situ and optical mea-
surements. The second is the model by Kudryavtsev et al. [4],
which relies on a physical description of the the energy balance
equation. A brief description of these models (henceforth re-
ferred to by the name of their first author, that is Elfouhaily
and Kudryavtsev spectra) and their respective properties can
be found in [5]. However, some differences if not contradictions
are found between these models so that the question of the rel-
evance and correctness of the short-wave curvature spectrum is
is still open. Now, a precise description of the latter is more and
more needed for an correct interpretation of the backscattered
electromagnetic signal from the sea surface in the microwave
regime. The aim of this article is to develop a spectral model
which is fully consistent with a variety of scattering data at
various incidences and frequency bands.

On the other hand any simulation or interpretation of sea sur-
face backscatter is bound to a scattering model, which should
be able to cover a large variety of sea state conditions and ac-
count for the relevant geophysical parameters. In this respect
the simplest model is Bragg scattering as the resulting backscat-
ter is merely proportional to the wavenumber spectrum. This
property was used three decades ago in the pioneering work
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by Lawner and Moore [6] to estimate the short-wave wavenum-
ber spectrum from the Marsen radar experiment. However, the
Bragg regime is in general not attained at microwave frequen-
cies and might appear as a very crude approximation. Now
many progresses have been made recently in scattering mod-
els from the sea surface (e.g. [7]) with the construction of so-
called unified models which can operate a dynamical transition
between the different asymptotic regimes (Bragg diffraction as
well as Physical and Geometrical Optics). However, an addi-
tional key ingredient in the scattering models is the inclusion
of non-Gaussian characteristics of the sea surface. In the last
two decade, a certain number of theoretical attempts have been
made to incorporate non-Gaussian features in analytical models
([8], [9], [10], [11], [12], [13], [14], [15], [16], [17]). We will pursue
along these lines with a recent, versatile and accurate electro-
magnetic model, namely the Weighted Curvature Approxima-
tion [18].

This study is concerned with the omnidirectional spectrum
only, directional aspects being left for further research. As we
will see, this will imply neglecting the influence of the two-point
skewness function of the sea surface and rather consider the two-
point kurtosis function, which is related to kurtosis of slopes.
The omnidirectional spectrum will be reconstructed from the
Normalized Radar Cross Section (NRCS) arising from a set of
multi-incidence and multi-frequency spaceborne and airborne
data. The sole vertical polarization will be used for the inversion
since horizontal polarization is in our opinion not sufficiently
well described by the current models. Another limitation is
the restriction of the geophysical parameters to the sole wind
speed, additional descriptors of the sea state (e.g. swell, fetch,
breaking, etc) being not taken in to account. Hence our final
result should be thought as a mean spectrum over the variety
of sea states at a given wind speed.

An useful guideline for the construction of the omnidirectional
spectrum is an ensemble of integral constraints prescribed by
various optical measurements, as recalled in section II. The
scattering model is provided in section III. The reference data
sets are presented in section IV. They are used to evaluate
the performances of the existing classical spectra in term of
simulation of the NRCS (section V). The new parametric model
is introduced and discussed in section VI.

II. The integral constraints

We recall that the omnidirectional wavenumber spectrum
S(k) is obtained by azimuthal integration of the directional
spectrum S(k, φ):

S(k) =

∫ 2π

0

S(k, φ)k dφ (II.1)

The first few moments of the omnidirectional wavenumber spec-
trum S(k) can be interpreted in terms of experimentally measur-
able quantities. This imposes some a priori global constraints
on this unknown function and helps to reduce the domain of
investigation. The integral of the wavenumber spectrum is pro-
portional to the square of the significant wave height,

H2
s = 16

∫

∞

0

dk S(k) (II.2)

The significant height is the most fundamental and intuitive
parameter to describe the sea state. It can be easily measured
by the time variations of a wave probe at a given location and
is well quantified in terms of wind speed, fetch and swell. As
the wavenumber spectrum loosely follows a k−3.5 or k−4 power-
law decay, the value of the integral II.2 is imposed by the long

vthome
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waves. The second moment yields the so-called mean square
slope (mss),

mss =

∫

∞

0

dk k2S(k), (II.3)

to which the small and large waves have comparable contri-
butions. The mss is an important variable for the description
of air-sea interactions as it controls the effective surface of ex-
change between the two media. Also, it describes the steepness
of waves and is related to the breaking rate. The mss is also a
key parameter in scattering of electromagnetic waves from the
sea surface. In the Geometrical Optics limit of very short radi-
ations it monitors the width of the scattering diagram. In the
classical ([19]) or improved ([20]) Two-Scale Model it is involved
in the tilt-modulation by large waves.

The mss can be accurately measured by optical means using
either light boxes in laboratory ([21]) or the sun glint in in situ

conditions as was done in the celebrated experiment by Cox and
Munk ([22]) henceforth referred to as CM. In the latter case a
simple parametrization of the mss was obtained as a function
of wind,

mss = 0.003 + 5.12 10−3U12.5 ± 0.004, (II.4)

where U12.5 is the wind speed recorded at 12.5 m above the
sea level. Note that the usual reference wind is taken at 10 m
above the sea surface (U10), a convention which will be used
throughout this paper. The CM mss corresponding to a given
wind speed will be calculated by converting U10 to U12.5 using
a classical von Karman logarithmic profile. In some instances
one can also measure the partial or filtered mss which is the
integration of the slope spectrum k2S(k) over a restricted range
of scales,

∆mss =

∫ k2

k1

dk k2S(k), (II.5)

This is the case for the “slick mss” observed by CM over arti-
ficially smoothed surfaces. In presence of oil slick it was esti-
mated that wavelengths smaller than about 30 cm are damped
due to the increased viscosity of the surface while longer waves
are not modified. This implies a filtered mss (II.5) with cut-
off values k1 = 0, k2 ≃ 2π/0.3. The experimental values were
parametrized in the same manner:

mssslick = 0.008 + 1.56 10−3U12.5 ± 0.004 (II.6)

The “slick” mss was later reevaluated by [23] by integration of
a k−3 spectrum up to the corresponding cutoff (ks = 2π/0.3).
A logarithmic rather than linear dependence was found,

mssslick = 4.6 10−3 log(ks/k0), (II.7)

with k0 = g/U2
10. For waves longer than 30 cm we will rely on

this last relation. Another partial mss is provided by the air-
borne measurements described in [24]. In this experiment three
vertical lasers set up in a triangle with one meter spacing are
used to measure the slopes of one-meter chords in two directions
at the sea surface. These segments are interpreted as the slopes
of the large-scale process with wavelengths larger than about 1
meter and therefore give access to a low-pass filtered mss with
k1 = 0, k2 = 2π.

The fourth moment of the directional spectrum is the mean
square curvature (msc), which describes the sharpness of waves.
It is dominated by small waves and very sensitive to the shape
of the wavenumber in the millimeter range. Hence it is a very
discriminating parameter for the determination of the short-
waves wavenumber spectrum. It has also a strong effect on the
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Fig. 1. Omnidirectional curvature spectrum k3S(k) after Elfouhaily and

Kudryavstev model, binned by 2 m/s wind speed starting at 5 m/s.

radiative properties of the surface, as the level of curvature de-
termines the polarization ratio [15], [18]. There is, however, lit-
tle knowledge of this parameter even though some recent works
have provided its estimation using spaceborne radar data and a
heuristic approach [25].

When integrated, the omnidirectional Elfouhaily and
Kudryavtsev spectra give a consistent evaluation of the mss as
compared with the reference value of CM, with a maximum dis-
crepancy of the order of 10-15 %. The msc, however, varies
dramatically from one model to another. For instance, the to-
tal msc at 10 m/s wind speed after Kudryavtsev spectrum is
found more than three times larger than the same quantity af-
ter Elfouhaily model (≃ 20000 m−2 versus 6000 m−2). This is
due to important differences in the short wave curvature spec-
trum as shown on figure 1.

III. Scattering model

A. The Weighted Curvature Approximation

The calculation of the NRCS from the sea surface requires
a so-called unified scattering model (e.g. [7]), that is a model
which is able to cope simultaneously with large scales as well
as small ripples. Such a model should be consistent with the
asymptotic regimes in the appropriate limits. It should coin-
cide with the Kirchhoff Approximation (KA) and Geometrical
Optics for large Rayleigh parameter and Bragg theory for small
Rayleigh parameter.

Since the historical Two-Scale model, there have been sev-
eral attempts to build unified models resulting in more or less
complicated formulations. Without being exhaustive we can
mention the second-order small-slope approximation SSA2 [26],
the Three-scale model [27], the local curvature approximation
[28], the resonant curvature approximation [29], the cut-off in-
variant Two-Scale model [20] and the Weighted Curvature Ap-
proximation [28], [30]. This last model was recently revisited
and simplified [18] in the case of the oceanic surface, where
it was shown to enjoy an elementary formulation in terms of a
combination of Bragg and Kirchhoff kernels. The simplicity and
numerical efficiency of this model designates it as an excellent
candidate for the inversion of remote sensing data, wherein a
large number of direct problems have to be solved. The main
limitation of WCA with respect to a more complex model such
as SSA2 is its inability to predict correctly the cross-polarized
components of the backscattering cross-section. In this context,
however, this is not restrictive as only co-polarized components
(namely the vertical polarization) will be used. We recall here-
after the geometry of the scattering problem. We consider a
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rough interface z = η(r) separating air (upper medium) from
water (lower medium). We denote r = (x, y) the coordinate
in the horizontal mean plane. The surface is illuminated from
above by an incident monochromatic, linearly polarized, plane
wave with wave vector K0. In backscattering configuration it is
convenient to introduce the Ewald vector Q = −2K0 together
with its horizontal and vertical projections QH and Qz, respec-
tively. In the Weighted Curvature Approximation (WCA) the
scattering amplitude (S) is sought as a correction of either the
Kirchhoff or Bragg kernel:

S =
1

Qz

∫

dr

(2π)2

(

K+
i

Qz
T(∇)[η]

)

e−iQHre−iQzη

=
1

Qz

∫

dr

(2π)2
(B− T(∇η)) e−iQHre−iQzη

(III.8)

Again we refer to e.g. [7] for a rigorous definition of the scatter-
ing amplitude and the NRCS. The kernels K and B are the so-
called Kirchhoff and Bragg tensors, respectively, which depend
only on the scattering angles and the complex permittivity. The
tensor T is quadratic in its argument. When formally applied
to the gradient operator (i.e T(∇)[η]), it yields a tensor-valued
second-order derivative of roughness which is interpreted as a
curvature correction of the mere tangent plane approximation.
When applied to the surface gradient itself (i.e T(∇η)), it is a
quadratic function of slopes. Contrarily to K, the tensor T is
polarization-dependent and thus responsible for the difference
between horizontally and vertically polarized backscatter. The
consistency between the alternative expressions (III.8) starting
from the Bragg or the Kirchhoff regime is achieved with a mere
integration by part together with an additional constraint on
the kernel T:

T (∇η = −QH/Qz) = B−K (III.9)

These constraints are not sufficient to determine the kernel T
uniquely. However, for linear sea surfaces the NRCS result-
ing from the different choices of the kernel was shown to follow
closely a unique and simple expression independent on the ker-
nel. To obtain a working formula at all angles of incidences and
for non-linear surfaces, we therefore decided to choose the sim-
plest admissible kernel which is proportional to the Laplacian
operator (∆η = ∂xxη(x, y) + ∂yyη(x, y), where ∂xxη and ∂yyη
are second-order partial derivatives),

T(∇)[η] = T0∆η, (III.10)

where T0 is a constant tensor:

T0 = (B−K)
Q2

z

Q2
H

. (III.11)

We recall that in the original approach ([28]) the WCA kernel
is defined as the difference (B − K) expressed in the variable
(QH , Qz) and with the formal replacement QH → −Qz∇η.
This approach was shown ([18], section 3) equivalent to the
simpler formulation. Under the assumption of a spatially homo-
geneous random sea surface, the global expression of the mono-
static NRCS can then be written as a sum of three terms :

σWCA = σKA + σ(12) + σ(22), (III.12)

where

σKA =
|K|2

Q2
z

∫

dr

π
e−iQH ·r〈eiQz(η(r)−η(0))〉 (III.13)

is the classical expression of the NRCS in the KA and

σ(12) = 2ℜ

[

K
∗
T0

Q2
z

∫

dr

π
e−iQH ·r〈∆η(r)eiQz(η(r)−η(0))〉

]

σ(22) =

∣

∣

∣

∣

T0

Q2
z

∣

∣

∣

∣

2 ∫
dr

π
e−iQH ·r〈∆η(r)∆η(0)eiQz(η(r)−η(0))〉

(III.14)

are polarization-dependent corrective terms. Here the brackets
denote the ensemble average of the random process η. As usual
the contribution of the coherent field in these expressions has
been neglected in view of the elevated value of the Rayleigh
parameter Qz〈η

2〉 in the bands of interest.

B. WCA for linear surfaces

When the sea surface is described in terms of a superposition
of harmonics with random independent phases, the resulting
random process is Gaussian in view of the central limit theorem.
It is then entirely characterized by its autocorrelation function
(ρ) or, equivalently, its structure function (S2):

ρ(r) = 〈η η0〉 − 〈η〉2, S2(r) = 2(ρ0 − ρ), (III.15)

where the notation η, η0 or ρ, ρ0 refers to a quantity evaluated at
an arbitrary position r and at the origin, respectively. Here and
everywhere, the position dependence in the different functions
is omitted for simplicity and will remain implicit.

The different correlators involved in the NRCS can then easily
expressed in terms of these latter functions:

σKA =
|K|2

Q2
z

∫

dr

π
e−iQH ·re−Q2

z
S2/2,

σ(12) = 2ℜ

[

K
∗
T

Q2
z

∫

dr

π
e−iQH ·re−Q2

z
S2/2(∆ρ+mss)

]

,

σ(22) =
|T|2

Q2
z

∫

dr

π
e−iQH ·re−Q2

z
S2/2(∆2ρ−Q2

z |∆ρ+mss|2),

(III.16)

where mss = −(∆ρ)0 is the total mss of the surface. The omni-
directional version of a given quantity is defined as the angular-
averaged value of this quantity over all possible azimuthal direc-
tions QH . In an excellent approximation it can be shown and
checked numerically that the omnidirectional NRCS is given by
the same formula (III.16) applied to the omnidirectional corre-
lation function. The corresponding integrals can then be effi-
ciently performed using a preliminary radial integration using
Bessel functions:

σKA
omni = 2

|K|2

Q2
z

∫

∞

0

drJ0(QHr)e−Q2
z
S2/2,

σ
(12)

omni = 4ℜ

[

K
∗
T

Q2
z

∫

∞

0

drJ0(QHr)e−Q2
z
S2/2(∆ρ+mss)

]

,

σ
(22)

omni = 2
|T|2

Q2
z

∫

∞

0

drJ0(QHr)e−Q2
z
S2/2(∆2ρ−Q2

z |∆ρ+mss|2),

(III.17)

C. WCA for nonlinear surfaces

The hydrodynamic nonlinearities of the sea surface are known
to have a significant impact on the scattering data. The so-
called skewness function,

S3 = 〈(η − η0)
3〉, (III.18)
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is known to be responsible for the upwind/downwind asymme-
try in the classical scattering models [31], [15]. The so-called
kurtosis function

S4 = 〈(η − η0)
4〉 − 3〈(η − η0)

2〉2 (III.19)

significantly impacts the shape of the backscattering diagram at
small angles ([5]). The introduction of these non-Gaussian fea-
tures in the statistical formulation of WCA is, however, far from
being obvious and must be first established. This requires the
calculation of non-Gaussian correlators (sub-scripted by “NG”),

〈eiQz(η−η0〉NG, 〈∆ηeiQz(η−η0)〉NG, 〈∆η∆η0e
iQz(η−η0〉NG,

(III.20)
where η, η0 refers to the surface roughness evaluated at an arbi-
trary position r and at the origin, respectively. Non-Gaussian
corrections to the first correlator are traditionally accounted for
by a cumulant expansion,

〈eiQz(η−η0)〉NG ≃ e−Q2
z
S2/2−iQ3

zS3/6+Q4
zS4/24, (III.21)

The skewness function vanishes at the origin and remains weak
over all distances. Its order of magnitude has been recently
obtained in in situ conditions with help of stereo photographic
technique ([32]), where it was estimated that:

S3(r, φ) ∼ αr3 cos(φ) exp(−r/r0) (III.22)

with r0 ∼ 10−1 and α ∼ 10−4. Now the leading exponential
exp(−Q2

zS2) in the Kirchhoff integral is typically damped over a
few EM wavelengths so that S3 ∼ αλ3

EM over the effective range
of integration, justifying the assumption Q3

zS3/6 ≤ 1. Hence we
can linearize the corresponding exponential and approximate:

e−Q2
z
S2/2−iQ3

zS3/6+Q4
zS4/24 ≃ e−Q2

z
S2/2+Q4

z
S4/24(1− iQ3

zS3/6)
(III.23)

Since S3 is antisymmetric while S2 and S4 are centro-symmetric,
the term involving S3 vanishes after angular integration and
does not contribute to the omnidirectional NRCS. We will there-
fore ignore the effect of the skewness function, an assumption
which is further justified by the experimental and simulation
results presented in [15] which shows that the upwind/downing
asymmetry at moderate angles in vertical polarization is weak
(less than 1 dB in C and Ku band). Hence the introduction
of non-Gaussian characteristics in the scattering model will be
limited to the excess kurtosis function S4. We are not aware
of a general non-Gaussian expansion of the second correlator in
(III.20), which is implied in the σ12 term of the WCA NRCS.
However, the difficulty can be circumvented by performing an
integration by parts,

i

Qz

∫

dr e−iQH ·r〈∆η eiQz(η−η0)〉 =

iQ2
H

Q2
z

∫

dr e−iQH ·r〈eiQz(η−η0)〉 −

∫

dr e−iQH ·r〈|∇η|2 eiQz(η−η0)〉

(III.24)

so that the problem amounts to calculate the non-Gaussian
statistics of the simpler correlator 〈|∇η|2 eiQz(η−η0)〉. This is
done in the Appendix, where it is shown that for small distances:

〈|∇η|2 eiQz(η−η0)〉 ≃

(

mss− (1 +
1

2
γ)Q2

z |∇ρ|2
)

e−Q2
z
S2/2+Q4

z
S4/24,

(III.25)
where γ is the excess kurtosis of slopes. Even though this for-
mula was established in the vicinity of the origin we will assume

it is valid at arbitrary lags. This extrapolation is justified by
the fact that the correlators are mainly involved by their behav-
ior at small lags in the WCA integral. Incorporating (III.25) in
(III.24) we obtain finally:

σKA
omni = 2

|K|2

Q2
z

∫ +∞

0

J0(QHr)e−Q2
z
S2/2+Q4

z
S4/24, (III.26)

and

σ
(12)

omni = 4ℜ

[

K
∗
T

Q2
z

∫

∞

0

drJ0(QHr)e−Q2
z
S2/2+Q4

z
S4/24

((1 +
1

2
γ)∆ρ+mss)

]

,

(III.27)

The unknown kurtosis function in the exponential is extrapo-
lated from small to large lags as already proposed and justified
in [5]:

S4 ≃ γ S2
2 exp

(

−r2/r2c
)

, (III.28)

where rc is a cut-off range defined by K2
0S2(rc) = 2. The third

correlator in (III.20) seems difficult to estimate. However, it
is involved in σ(22) in (III.12) which is already very small with
respect to the leading two terms σKA and σ(12). Hence, non-
Gaussian corrections will be simply ignored in that case.

IV. The reference data sets

The performance of the combined spectral and scattering
model for the sea surface backscatter can be evaluated in the
light of several available data sets. A first assessment of the
models in the nadiral region has been made recently [5] with
the help of a three-band (C,Ku, Ka) data set and has shown
the necessity to incorporate kurtosis effects. Two supplemen-
tary data sets are supplied to complete this study in C and Ku
Band for larger incidence angles.

A. Nadiral Data

The following sets of near-nadir data have already been pre-
sented elsewhere [5] and will be here only briefly discussed. The
first data set has been acquired by the satellite Tropical Rain-
fall Measuring Mission (TRMM) in Ku Band under various sea
states and wind conditions. It covers the 0−18◦ incidence range
in horizontal polarization (which is quasi-equivalent to the ver-
tical polarization at these low incidences). The other two data
sets concerns the C band (STORM, [33]) and Ka-band (SRA,
[34]) and cover a variety of wind speeds and sea states under
different incidence angles (from 7◦ to 16◦ for STORM and 0◦

to 15◦ for SRA).

B. Off Nadir Data

The previous sets are complemented with two other data sets
at moderate and large incidences, namely the classical NSCAT
(Ku band) and the more recent ASAR (C band) data sets, which
are described below.

B.1. . The NSCAT instrument is a fully polarized Ku-band
scatterometer (13.6 Ghz) which used to be mounted on board
the ADEOS satellite. It covers a large range of incidences
(18 − 54 degrees). The present data were collected during the
period from May 14 to June 25, 1997 with a rich variety of
wind and sea conditions. The absolute calibration of these data
is not guaranteed but can be assessed by cross-comparison with
the more recent TRMM instrument at the common available
incidence (18 degrees), as shown on Figure 2. A difference of
about 0.8 dB is observed between the instruments. This gives
the expected level of uncertainty in the magnitude of the NRCS
used in our simulations.
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Fig. 2. Consistency of different sets in C (CMOD/ASAR) and Ku

(TRMM/NSCAT) data at different wind speeds.

B.2. . ASAR stands for “Advanced Synthetic Aperture
Radar” and is one the instruments carried by the ENVISAT
satellite. This C Band (6 GHz) radar is capable of working in
alternating polarization, thus providing the simultaneous verti-
cal and horizontal backscatter with the same instrument. The
vertical polarization has been cross-calibrated with comparison
with the classical CMOD-5 model [35], as shown on Figure 2.
The current data set has been acquired during a period of four
weeks in 2005 and four weeks in 2007. A direct treatment of the
level 0 raw product makes it possible to evaluate and subtract
the contribution of additive instrumental noise. The NRCS is
measured for incidence angles ranging from 20◦ to 45◦ under
various wind conditions and sea states. Instantaneous wind
speed and direction of the satellite track is estimated by ASAR
and also by the collocated scatterometer ASCAT [36]. For this
study, we will use the wind speed estimation by the scatterom-
eter which it is assumed to be more accurate. The NRCS in
different polarizations have been sorted by bins of wind speed
and direction and incidence angles. However, a large dispersion
on the level of NRCS is still observed. This variability has been
smoothed out by a least square regression which best follows
the azimuthal variations of the NRCS. The latter are have been
sought as usual in Fourier series of the azimuth angle with two
harmonics:

σ0 = a0 + a1 cosφ+ a2 cos 2φ, (IV.29)

where σ0 is the NRCS, a0,a1 and a2 are the coefficients of the
regression and φ is the wind direction. This expansion has been
done at each incidence angle and wind speed. Hence, a0,a1 and
a2 are functions of the incidence angles and wind speed. As
an example, Figure 3 shows the azimuthal variations of the raw
(blue points) and smoothed (red solid line) NRCS at 35◦ and
5ms−1 wind speed. A further smoothing over incidence angles
is performed on the coefficients a0,a1 and a2 with an angled
window of 2 degrees.

It is important to note that the absolute level of the radar
cross-section is necessary for the estimation of the curvature
spectrum. This was not the case for nadiral data for which only
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Fig. 3. Variation of the ASAR vertically polarized NRCS with azimuth

φ at 35 degrees incidence by three wind speeds : 5, 10 and 15 ms−1.

the relative NRCS (with respect to their maximum) was needed
to estimate global parameters such as the mss or the kurtosis of
slopes. Hence the nadiral data are free of calibration issues while
the off-nadir might suffer from some bias. However, the data set
we use (ASAT, NSCAT) have been cross-calibrated with other
instruments and will be assumed reliable, even through a value
for their absolute accuracy cannot be given.

V. Performances of existing spectra

A. Nadiral region

The performances of the reference existing spectra in terms
of consistency with the experimental data sets can be evaluated
with the help of the WCA scattering model. In the nadiral re-
gion the NRCS is quasi unpolarized and is accurately described
by the mere Kirchhoff approximation σKA (the corrective terms
brought by WCA are negligible here). Simulations of the omni-
directional NRCS performed with the reference classical spectra
(Elfouhaily and Kudryavtsev) and the KA under a linear sea
surface assumption (i.e. the first term in (III.16) show signifi-
cant differences with the experimental NRCS. As an example,
Figure 4 shows the omnidirectional NRCS in different frequency
bands at 5 ms−1 wind speed according to Elfouhaily spectrum.
A comparison is done with available data (SOWEX, TRMM,
STORM). To eliminate possible calibration errors, only the rel-
ative NRCS is shown (that is the NRCS divided by its maximum
value) with an offset of 3 dB (Ku band) and 12 dB (Ka band)
to clarify the plot. As seen, Elfouhaily spectrum provides a
reasonable agreement with the nadiral data except in Ka band,
while Kudryavtsev spectrum (not shown here) overestimates the
relative NRCS by a few dBs. As was shown in [5], the introduc-
tion of a slope kurtosis parameter improves the simulation of
the nadiral NRCS. The non-Gaussian KA according to (III.26)
and (III.28) is shown on the same Figure 4 with an optimized
value of the excess kurtosis parameter (γ = 0.19 for 5 m/s wind
speed). This brings the simulated NRCS closer to the data but
is not sufficient to ensure a good matching in Ka band.
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Fig. 4. Simulated omnidirectional VV NRCS using Elfouhaily spec-

trum in the Kirchhoff model under a Gaussian (KA/WCA) and non-

Gaussian (KA/WCA-NG) assumption by a wind speed of 5 ms−1.

The NRCS is taken relative to its maximum value. A further offset of

3 dB (Ku band) and 12 dB (Ka band) is applied for better visibility.

B. Off-nadir incidences

Figure 5 shows the simulated (absolute) NRCS in the Gaus-
sian and non-Gaussian WCA at moderate and large incidences
and a comparison with the available off-nadir data sets. An
off-set of 15 dB has been applied to the Ku band for the clar-
ity of the plot. Again the Elfouhaily omnidirectional spectrum
has been used. Even though it gives far better results than
Kudryavtsev model (not shown here), it is still 2-3 dB away
from C band data and the non-Gaussian correction is not suffi-
cient to correct for the discrepancy.

To evaluate the impact of the scattering model, other methods
have been tested and superimposed to the WCA results, namely
the three-scale model [27] (whose code was kindly provided to
us by Dr Plant) and the second-order Small-Slope Approxima-
tion (SSA2, [37]). For this last method, we reported values from
[38] for the upwind and crosswind NRCS after Elfouhaily direc-
tional spectrum and assumed that the omnidirectional NRCS is
the half-sum of the latter (this is actually true if the NRCS is
composed of two azimuthal harmonics, σ0 = a0 + a2 cos(2φ)).
The NRCS values derived from the different scattering models
agree within 1 dB, which is far less than the observed discrep-
ancy with data.

The same qualitative conclusions hold for different wind
speeds and spectra, even through the scattering models may
perform well at higher wind speeds some (but not all) bands, as
for instance Elfouhaily spectrum in Ku band. A non-Gaussian
scattering model incorporating both a realistic excess kurtosis
of slope and an improved shape of the omnidirectional spectrum
are thus necessary to simulate the omnidirectional NRCS in a
consistent way with respect to the experimental data. In the
following, the curvature spectrum as well as the kurtosis param-
eter will be sought and optimized using the non-Gaussian WCA
model.

VI. Parametrization of the spectrum

As shown in the previous section, none of the mentioned clas-
sical spectra can allow for a consistent estimation of the om-
nidirectional NRCS whenever several bands and incidences are
considered simultaneously, even with an improved scattering
model. In addition they do not fully meet the a priori condi-
tions imposed by the total and filtered mss inferred from optical
measurements. It is therefore necessary to devise a modified om-
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Fig. 5. Simulated omnidirectional absolute VV NRCS using Elfouhaily

omnidirectional spectrum in the WCA model under a Gaussian

(WCA) and non-Gaussian (WCA-NG) assumption by a wind speed

of 5 ms−1. A comparison is also given with SSA2 and Three-scale

model using the same spectrum. An off-set of 15 dB has been applied

to the Ku band for better visibility.

nidirectional spectrum in the short-wave domain to correct for
these shortcomings. As it is customary we will use the omnidi-
rectional curvature spectrum,

B(k) = k3S(k), (VI.30)

rather than the omnidirectional spectrum itself in order to com-
pensate the overall k−3 decay which masks the actual spectral
shape. As commonly employed we will split this quantity into
a long wave (Blw) and short-wave part (Bsw):

B(k) = Blw(k) +Bsw(k) (VI.31)

The scattering data in the microwave regime are mostly sen-
sitive to the shape of the short-wave spectrum which we will
seek to optimize. For the long-wave spectrum we will take a
generic wind-dependent parametric model in open sea. We will
ignore the coupling between long and short-wave spectrum and
the modification induced by swell [39], [40] or dominant waves
[41] on the latter. This is probably a limitation for specific sea
conditions but remains relevant in the search of a “mean” spec-
trum (with respect to all possible sea states under a given wind)
which cannot include these additional effects. In the numer-
ical simulations the low-frequency part of the omnidirectional
sea spectrum will thus be simply taken identical to the unified
model of Elfouhaily with an overall multiplicative factor α to
make it consistent with the filtered slopes measured in [24].

Blw(k) = αBE(k), k ≤ k1, (VI.32)

where BE is the omnidirectional curvature spectrum described
in [3]. The factor α is defined by:

α =
mssl

∫ k1

0
BE(k)k−1dk

, (VI.33)

where mssl is the the slope of one-meter segments on the sur-
face, as measured in [24] by means of three one-meter spaced
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vertical lasers. This quantity is interpreted as the mss of scales
larger than 1-2 meters, corresponding to a limiting wave num-
ber k1. A more precise estimation of this value can be obtained
by integrating a reference long-wave spectrum and tuning the
cut-off parameter k1 to make it coincide with the given large
scale mss:

mssl =

∫ k1

0

BE(k)k
−1dk. (VI.34)

This provides an estimate k1 ≃ 2π/1.6 rad/m depending on
wind speed.

The short-wave curvature Bsw is sought as a simple paramet-
ric function of the wave number k for k ≥ k1. The most salient
feature of the Elfouhaily curvature spectrum is a sharp peak at
a certain wavenumber (k3 = 363 rad/m) corresponding to the
minimum phase speed (cm):

Bsw,Elfouhaily =
1

2

cm
c

exp

(

−
1

4

(

k

k3
− 1

))

(VI.35)

This peak is essential to capture the physical mechanism of en-
ergy accumulation occurring around this wavenumber. The ex-
istence of this peak will be conserved in the parametric model
but its position (k3), shape and magnitude will be relaxed and
subject to a certain degree of freedom. In addition it will be
possibly asymmetric and wind dependent. To this aim the om-
nidirectional curvature will be sought in the form:

Bsw(k) =







Ce
−g2

(

log10

(

k

k3

))2

, k2 ≤ k ≤ k3,

Ce
−g3

(

( k

k3
)2−1

)

, k ≥ k3,
(VI.36)

where C, k3, g2, g3 are free parameters and k2 is the crossing
point of the two functions. The Gaussian shape of the curva-
ture spectrum for k ≥ k3 is kept identical to that proposed in
Elfouhaily model and ensures a sharp cut-off due to viscous
damping above a critical wavenumber. The left side of the
peak, however, is modified to produce a smoother decay at lower
wavenumbers. The intermediate wavenumbers are described by
the right half of a Gaussian starting at k1:

Bsw(k) = Blw(k1)e
−g1

(

log10(
k

k1
)
)2

, k1 ≤ k ≤ k2. (VI.37)

The reason for the occurrence of a decreasing function in this
range of wavenumbers is the following observation. The slick
and clean mss predicted by Elfouhaily spectrum are larger than
those experimentally observed by Phillips [23] and CM. On
the other hand the large scale mss calculated for Elfouhaily
spectrum is consistent with the measurements by [24]. Since
Elfouhaily omnidirectional curvature spectrum is almost con-
stant in the range of wavenumbers corresponding to decime-
ter scales, this means that the actual curvature spectrum has
an excavation with respect to the latter in this same range of
wavenumber to ensure a correct estimate of the slick mss.

VII. Inversion of the spectrum

The spectral parameters C, g1, g2, g3, k3 as well as the kurtosis
parameter γ have been numerically optimized in order for the
simulated NRCS to match as best the full set of experimental
data. This consists in minimizing the following cost function:

〈
∣

∣(σ0
omni(model))dB − (σ0

omni(data))dB
∣

∣〉 (VII.38)

where the average is performed over all available incidences and
bands and the NRCS are taken in dB prior to the substrac-
tion. As before relative NRCS are taken at near-nadir angles
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Fig. 6. Evolution of the different parameters of the inverted spectrum as

a function of wind speed .

and absolute values at off-nadir angles and the same weight is
applied to each available data set, so that the cost function is
robust to the incidence binning. The calculation of the coeffi-
cients has been performed with the help of the Matlab routine
lsqnonlin ([42]). This function solves a non-linear minimization
problem based on the least square method for the set of en-
try parameters. The evolution of the different parameters with
wind speed is shown on Figure 6. In view of their smooth varia-
tions, these functions can be accurately described by low-order
polynomial approximations of the wind speed variable u = U10.
The following expressions are found in the range u = [5 − 15]
ms−1 (the minimum number of significant digits is given for the
coefficients).

g1 = 6.1 10−2 u− 3.3 10−2

g2 = −1.314 10−4 u5 + 7.036 10−3 u4 − 1.468 10−1 u3

+ 1.4741 u2 − 6.9122. u+ 12.162

g3 = 1.5378 10−4 u5 − 7.1804 10−3 u4 + 1.2835 10−1 u3

− 1.095 u2 + 4.4721 u− 5.52

C =− 8.6 10−6 u3 + 3 10−4 u2 − 1.6 10−3 u+ 5.1 10−3

γ = 1.486 10−4 u4 − 5 10−3 u3 + 5.86 10−2 u2

− 2.99 10−1 u+ 1.07

(VII.39)

The high-wavenumber cut-off parameter is found independent
of wind speed and equal to k3 = 308. The excess kurtosis of
slopes reaches a minimum value 0.36 at 12 ms−1. This qualita-
tive behavior has already been observed experimentally in [24].
The mixing effect of wind renders the surface statistics more
Gaussian-like until it reaches a state where breaking phenom-
ena and sharp crests become important and deviate from the
Gaussian statistics.

The omnidirectional curvature spectrum is plotted on Figure
7 together with the reference Elfouhaily model. The main qual-
itative novelties are an excavation of the curvature spectrum at
intermediate scales and a slight downshift of the peak position.
The total and partial mss of the inverted spectrum are shown on
Figure 8 as a function of wind speed. By construction the calcu-
lated large scale mss is consistent with the experimental obser-
vations. The total and slick mss are in very good agreement with
CM values (within 5% error) except at small wind speed where
they are slightly overestimated (by about 15%). Note that these
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values result from the integration of the new omnidirectional
curvature spectrum, obtained itself from an optimization of the
sole NRCS with no a priori constraints on the total and slick
mss. The good agreement observed with the latter experimental
values at moderate wind speeds confirm the correctness of the
novel omnidirectional curvature spectrum. The slight discrep-
ancy observed at small wind speeds is explained by the lesser
quality of the matching of simulated and experimental NRCS
data, especially in C band. A possible explanation for this could
be the inability of the current surface scattering model to cap-
ture additional non-Gaussian phenomena such as those caused
by the variability of the statistics from one patch to another [10].
Figure 9 shows the evolution of the partial mss as function of
the high-frequency wavenumber at different wind speeds. The
median wavenumbers, that is the values at which half of the
total mss is attained, are marked by red crosses. Contrarily to
the common expectation the median wavenumber is shifted to
the right as wind increases. This shows that short scales have
an increasing contribution to the total mss even through there
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C Ku Ka

ws NOS Elf NOS Elf NOS Elf

5 1.24 2.68 0.52 1.30 0.35 0.40

7 0.78 2.09 0.54 0.99 0.49 0.43

9 0.61 0.90 0.40 0.66 0.25 0.19

11 0.64 0.76 0.42 0.52 0.21 0.10

13 0.87 1.24 0.34 0.22 0.40 0.42

15 0.90 1.38 0.46 0.37 0.24 0.30

TABLE I

Performances of the scattering model using the new omnidirectional

spectrum (NOS) in the different bands. A comparison is given with

Elfouhaily model (Elf)

is a constant increase of large scale mss with growing dominant
wave.

VIII. Quality of the inversion

The quality of the inversion can be assessed using the same
criterion as previously, with the refinement that the cost func-
tion (VII.38 ) can be calculated separately over different bands.
Results are summarized in Table III. As can be shown, the new
spectrum allows for an overall better reconstruction of the om-
nidirectional NRCS, with a marked improvement in C band and
Ku band by small winds and equivalent performances otherwise.
The performances of the model in the different bands is exam-
plified on Figure 10 at 5 ms−1 wind speed. The vertically po-
larized NRCS is shown as a function of incidence and compared
with available data sets (an off-set of 10 dB has been applied to
Ku data for clarity). As can be seen, a significant improvement
over Elfouhaily model is obtained for off-nadir incidences in C
and Ku bands.

IX. Conclusion

This work addressed the issue of consistent simulation of mi-
crowave back-scattering from the sea surface whenever several
bands and incidences are considered. It has set a methodology
for the construction of a pure “remote sensing spectra”. When
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Fig. 10. Simulation of the omnidirectional VV NRCS according to the in-

verted omnidirectional spectrum and the non-Gaussian WCA model
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given with available data and simulations according to the Elfouhaily

model (WCA-NG+Elf). An off-set of 10 dB has been applied to Ku

data for clarity.

off-nadir angles are considered, the level of the short-wave spec-
tral curvature is a very discriminating parameter for the NRCS
which renders possible an inversion procedure from the latter.
The main outcome of this study is that at least two conditions
are necessary to bring simulations closer to the experimental
observations. First, a non-Gaussian scattering model should be
employed, as was already emphasized elsewhere for the nadiral
region [5]. Second, inversion of the curvature from the multi-
band data sets reveals important differences with the classical
spectra, in particular at intermediate scales (20 cm- 2 meter)
where a pronounced dip of energy is observed. Further investi-
gations are necessary to confirm and refine this marked result
with the help of most complete data sets. The restrictive as-
sumptions which have been adopted for this first study (omni-
directional NRCS, vertically polarized data) should be relaxed.
In particular, directional aspects, fully polarized data and abso-
lute calibration issues should be considered. Also, our present
findings should be consolidated by other bands and data sets,
in particular L band to refine the decimeter range of the spec-
trum where a dip is observed, especially by small winds where
the calculated mss has been found less accurate. These ques-
tions, however, go beyond the scope of this paper and are left
for future research.

Appendix

The correlator 〈|∇η|2 eiQz(η−η0)〉 is explicit in the Gaussian
case,

〈|∇η|2 eiQz(η−η0)〉 =
(

mss−Q2
z(∇ρ)2

)

e−Q2
z
S2/2 (.40)

but is otherwise unknown. However, a relevant approximation
can be established in the non-Gaussian case using a cumulant
expansion. To simplify the approach we will first consider the
one-dimensional case (η(r) → η(x), ∇η(r) → η′(x), ∇ρ →
ρ′, mss → mssx) and will discard the skewness terms (that is
third-order moments involving η − η0 and η′). We first observe
that:

〈η′2eiQz(η−η0)〉 = −

[

∂2

∂α2
〈eiQz(η−η0)+iαη′

〉

]

α=0

(.41)

Now performing a cumulant expansion of the random variable
X = Qz(η − η0) + αη′ ,

log〈eiX〉 = −
1

2
〈X2〉+

1

24
(〈X4〉 − 3〈X2〉2) + ... (.42)

we obtain:

〈η′2eiQz(η−η0)〉 = −(A2
1 + 2A2)e

A0 , (.43)

with

A0 = −
1

2
Q2

zS2 +
1

24
S4

A1 = Qzρ
′ +

1

6
Q3

z(〈(η − η0)
3η′〉 − 3ρ′S2)

A2 = −
1

2
mssx +

1

4
Q2

z(〈(η − η0)
2(η′)2〉 − 2ρ′

2
−mssxS2)

(.44)

Approximating the involved functions by their leading term at
the origin we obtain more simply:

A0 = −
1

2
Q2

zS2 +
1

24
(S4 − 3S2

2)

A1 = Qzρ
′

A2 = −
1

2
mssx +

γ

4
Q2

zmssxx
2 ≃ −

1

2
mssx +

γ

4
Q2

zρ
′2

(.45)

where γ is the excess kurtosis of slopes. The extension to a 2D
isotropic process is straightforward, leading to:

〈|∇η|2 eiQz(η−η0)〉 ≃

(

mss− (1 +
1

2
γ)Q2

z |∇ρ|2
)

e−Q2
z
S2/2+Q4

z
S4/24,

(.46)
As expected the formula reduces to (.40) in the Gaussian case
(γ = 0, S4 = 0).
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