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ABSTRACT The present work establishes clear relationships of amplitude and phase 
variation of barotropic A42 the velocity the current with the 

flow in Strait The analytical procedure 
is applied data from Gibraltar Experiment 

and amplitude and phase variation of signal series 
involves and complex 
demodulation. In addition, cross-spectral analysis has been applied to study 

A42 
subinertial oscillation is proposed the responsible physical mechanism. 

this type 
the experimental results. 0 Elsevier, Paris. 
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les relations les variations 
dans le dCtroit flux 
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INTRODUCTION both basins mainly. Over this other 
water mass movements with different temporal variability 

controlling 
the exchange of water masses between the Mediterranean 

stationary scale, the 
responsible mechanisms 

differences between 

scales are found. According to their temporal scales the 
flows in the Strait of Gibraltar can be (Lacombe 
and Richez, 1982) as: long-period, subinertial and tidal. 

The forcing mechanism of subinertial 
atmospheric 
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pressure fluctuations over the Mediterranean Sea (Crepon, 
1965; Garrett, 1983; Garcia, 1986; Candela, 1989; Candela 
et al., 1989). Estimated low-frequency variability transports 
are 0.37 and 0.22 Sv for Atlantic inflow and Mediterranean 
outflow respectively (Bryden et al., 1994). 

The tidal flow in the Strait is the result of the coupling 
between the Atlantic and Mediterranean tidal regimes 
(Garcia, 1986; Candela, 1989; Rufz, 1994). The estimated 
tidal transports are 2.3 and 1.3 Sv for inflow and outflow 
respectively (Bryden et al., 1994). 

The tidal and subinertial flows can be considered almost 
unidirectional, with a clear predominance of the west-east 
component of the current velocity “u” over the south-north 
component “v” (Pillsbury et al., 1987). 

An important feature of the tidal and subinertial flows 
is that they can be considered, as a first approach, as 
barotropic, i.e. depth-independent. Candela (1989) and Rufz 
(1994) have found that 93 and 84%, respectively, of the 
variance of current velocities in semidiurnal and subinertial 
bands have a barotropic character in the Strait of Gibraltar. 
The 2Mz signal explains over 64% of the tidal barotropic 
flow variance (Candela, 1989; Candela et al., 1990) and 
can therefore be used to characterize a very important part 
of the tidal phenomenon in the Strait. 

One of the pending subjects of oceanographic studies in the 
Strait of Gibraltar is the analysis of non-linear phenomena 
affecting tidal and subinertial oscillations. Several authors 
have studied this problem in connection with sea elevation 
records taken along the Strait (Garcia, 1986; Garrett et al., 
1989; Maiianes et al., 1995). The present work establishes 
clear relationships of the amplitude and phase-lag variation 
of the barotropic Mz signal in the velocity of the current 
with the barotropic subinertial current in the Strait of 
Gibraltar. These relationships will be explained, taking 
as a basis the non linear interactions between M2 and the 
subinertial signals in the current velocity. 

The organization of the paper is as follows. The first part 
describes data records and their processing in order to 
obtain the barotropic subinertial oscillation mode and the 
amplitude and phase variation of the Mz barotropic signal. 
In the second part, the relationship between the series 
already described is established and discussed. The third 
part is devoted to semidiurnal residues and their spatial 
variations along the Strait. In the fourth part, the non- 
linear interaction between M2 and subinertial oscillation 
is proposed as the physical mechanism responsible for the 
generation of the semidiumal residues. A quasi-analytical 
solution characterizing this kind of non-linear interaction 
is used to explain the experimental results. In the fifth 
and final part, the comparison between the observed and 
theoretical results is discussed. 

DATA AND METHODOLOGY 

Current velocity data were obtained from the Gibraltar 
Experiment (1985-1986). Not all the moorings available 
in this experiment were used, but only those which met 
the following conditions: they must be located close to the 
longitudinal axis of the Strait, and be well separated from 
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Figure I 

a) Map of the studied zonP, with the location of the selected moorings 
MS, M3 and M7; b) detail of the selected moorings. 

each other; and they must be the subject of the longest 
simultaneous period of recordings. On the basis of these 
criteria, moorings MS, M3 and M7 were selected (Fig. la). 
The longest simultaneous record comprised about three 
months of hourly data (Table 1). 

The purpose now is to determine the series which represent, 
on the one hand, the barotropic subinertial signal and, on 
the other hand, the amplitude and phase variations of the 
barotropic M2 signal in the velocity data of the current. 
It will be found that the barotropic subinertial signal can 
be represented by a common oscillation mode along the 
entire Strait which will be characterized by its temporal 
weight MI (t). After the distorted Mz signal is obtained, 
the slow variations in time of the amplitude and phase 
of the Mz signal are computed by the application of 
complex demodulation to the distorted M2 signal. These 
slow variations in time of amplitude and phase have been 
called U, (t) and &,, (t), respectively, and are determined 
together with Ml (t), for use in the next section to analyse 
the relationship of Ml (t) with U,,, (t) and & (t). 
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Table 1 

Information concerning the moorings M3. MX and M7 used in the pwsent wvk. 

Moorings Water Depth 
tm) 

Latitude Longitude Start stop Depth of 
instrument 

fm) 

M3 190 m 3Y53.42’ 05”44.20’ 21/10/85 2114186 110 m 
21/10/85 2 I I4186 140 m 
21/10/85 2 I I4186 180 m 

M7 916 m 35O59.98’ 05’22.75’ 19/10/85 2713186 54 m 
19/10/85 2713186 193 m 

M8 610 m 35O53.16’ 05”50.55’ 17/10/85 2613186 30 m 

To obtain the barotropic semidiurnal signal at each 
mooring, the following procedure was followed: 

Empirical orthogonal function analysis (EOF) (Kundu 
et al., 1975; Kundu and Allen, 1976; Candela, 1989; Bruno 
er al., 39966) was applied to the original current velocity 
series to obtain the total barotropic signal. Since there was 
only one current meter at a depth of 30 metres at M8 
(Fig. lb) it had to be assumed that the recorded signal 
was the barotropic one. Results of the EOF at moorings 
M3 and M7 are shown in Tables 2a and 2b, respectively, 
where mode 1, showing the same sign in the spatial weights 
(eigenvectors) for all current meters and approximately 
constant values with depth, is the most energetic one, 
and can be understood as a close approximation to the 
barotropic mode. These results agree with those obtained 
by Candela (1989) for the tidal barotropic mode (see values 
in brackets in Table 2). 

Table 2 

Results of EOF application to the originnl hourly data of current 
meters. (I) At mooring M3; 6) at mooring M7. * means for percentage 
of variance explained for each mode in each of the current meters. 
** means for total percentage of variance explained ,for each mode. 
Values obtained by Candela (I 989) for mooring M3 are .shown between 
brackets. 

a) 

Mode Eigenvectors Variance* Var** 

c3110 c3140 C3180 C3110 C3140 C3180 Total 

10 82.0 71.2 46.5 99.6 99.7 97.4 99.31 
(92.6) (83.6) (55.8) 

20 -3.9 -0.3 -4.1 0.2 0.00 0.3 0.50 
30 2.9 4.1 1.3 0.1 0.3 0.08 0.19 

h) 

Mode 

10 
2” 

Eigenvectors Variance* Var** 

c754 c7193 c754 c7193 Total 

16.3 23.4 54.3 81.6 69.1 
-15.4 II.1 45.7 18.4 30.3 

l”he Fast Fourier Transform filter on the total barotropic 
signa1 was applied to the isolate barotropic semidiumal 
signa1 on each mooring. Once this signal was obtained, 
a least-squares harmonic analysis (Foreman, 1976) was 
appfied to estimate the harmonic constants for the 

main semidiumal tidal constituents. These constants are 
presented in Table 3 for the three selected moorings. 

Once the barotropic semidiurnal signal was obtained, the 
U,, (t) and $m (t) series were obtained as follows. 

A prediction without the Ma constituent was generated 
using the constants of Table 3 and subtracted from the 
barotropic semidiumal signal. The resulting signal was thus 
composed of the I& signal plus the semidiumal residue, 
and can be understood as a distorted Ma signal which can 
be characterized by the expression: 

& (t) = u,,, (t) cos [WAfP t - 4,L (t)] (1) 

where ud nf2 (t) is the distorted M2 signal and U, (t) and 
&, (t) are the slow variations in time of the amplitude 
and phase lag of the M2 signal. It should be noted that 
the semidiumal residue contains not only the distortion 
effects felt by the M2 signal but also those felt by the 
other semidiurnal constituents. However, considering that 
the MT constituent accounts over 64% of the variance 
contained in the semidiumal band, the distortion of the 
total semidiumal signal can be basically represented the 
distortion of the M2 signal. Hence the signal given in 
equation (1) is called the distorted M2 signal. 

Table 3 

Harmonic constants estimation qf the tidal barotropic semidiurnal 
signal in the current velocity ut the moorings M8, M3 and M7. A is 
the amplitude br on so’ md G is the Greenwich phase lag in degrees. 

Component Period Mooring 8 Mooring 3 Mooring 7 
(hours) 

A G A G A G 

EZ 13.12 1.58 117.3 0.71 123.9 1.27 72.6 

l&L 12.87 3.29 138.5 0.33 59.8 4.10 110.7 

NS 12.65 14.98 134.6 17.87 120.9 6.80 129.9 

lvfz 12.42 65.15 156.5 90.83 146.6 24.85 159.5 

LE 12.19 1.37 154.3 2.46 171.3 2.67 310.9 

s.1 11.99 22.60 185.1 30.70 170.5 12.43 177.9 

h; 11.96 6.78 185.8 9.21 171.2 3.73 178.6 

m Il.75 0.65 97.4 0.91 18.6 0.30 331.7 

Next, the U,, (t) and & (t) series were obtained by the 
application of complex demodulation at the Mz frequency 
to the series ud n12 (t) (Korn and Kom, 1986; Garrett ef al., 
1989; Bruno et al., 1996~; Maiianes, 1996). 
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Table 4 

Results of EOF application to the subinertial signal of currenf meters at moorings M3, M8 and M7. * means for percentage of variance 
explained for each mode in each of the current meters. ** means for total percentage of variance explained for each mode. Values obtained 
by Candela (1989) for mooring M3 are shown between brackets. 

Mode 

I0 

2” 
3” 
40 
5” 

c3110 

16.8 
(17.3) 
-2.1 

3.3 
0.6 
1 .o 

Eigenvectors Variance* Var** 

c3140 c3180 c7193 C830 c3110 c3140 C3180 c7193 CKUJ Total 

16.5 11.2 4.6 5.3 93.5 97.3 83.2 54.1 38.6 86.3 
(17.4) (12.0) (80.0) 

1.4 4.1 I .5 -5.6 2.4 0.7 11.0 6.1 43.2 7.1 
a.3 -2.4 -0.8 -3.7 3.6 0.0 4.0 1.9 18.2 3.7 
-1.3 -0.5 3.8 0.1 0.1 0.6 0.2 37.0 0.0 2.0 
-1.9 1.6 -0.6 0.1 0.3 1.4 I .7 0.9 0.0 0.9 

The barotropic subinertial signal was obtained as follows: 

The moving average filter Az4 A24 A25 (Godin, 1972), 
which has a cut frequency of 0.033 cycles/hour 
corresponding to a period of 30 hours, was applied to 
the original hourly data yielding the subinertial signal at 
all the current meters. 

EOF is applied on the subinertial signal of all current 
meters in order to seek a common mode characterizing the 
barotropic subinertial oscillation along the Strait. Current 
meter C754, located at mooring M7 at a depth of 54 m 
(Fig. lb), was not included in the analysis because of 
its anomalous behaviour with respect to the other current 
meters deployed in the Gibraltar Experiment. In this current 
meter, the subinertial signal accounted for 53 % of the total 
variance, while the characteristic percentage of the variance 
explained by the subinertial signal in the others was 6% 
(Candela, 1989; Candela er al., 1990). The results of the 
EOF analysis are presented in Tables 3 and 4, where it 
should be noted that the spatial weights of mode 1 show 
the same sign for all the current meters and the spatial 
weights associated to this mode are nearly uniform with 
depth at the M3 mooring, which was therefore chosen as 
the representative barotropic subinertial mode and called 
Mr (t). Results follow those obtained by Candela (1989) 
and Candela et al. (1989) for barotropic subinertial mode 
in M3 (see values between brackets in Table 4). 

RELATIONSHIP BETWEEN AMPLITUDE AND PHASE 
VARIATION OF THE M2 SIGNAL AND SUBINERTIAL 
BAROTROPIC MODE 

The U,, (t), drn (t) and Ml (t) series having been obtained, 
the relationships between both amplitude and phase 
variation of the Mp signal in the barotropic current velocity, 
and the barotropic subinertial mode were analyzed for each 
of the moorings used. 

In Figure 2, certain relationships between both pairs of 
series (Ml (t) with U,,,(t) and & (t)) can be observed. 
To look into this relationship a cross-spectral analysis 
between both pairs of series was performed. Results from 
these analyses for each mooring are shown in Figures 3-5. 
From Figures 3-5a and 3-5b it can be seen that in the 
frequency range where the explained percentage of energy 
is higher for all series (from 0.0432 to 0.1296 cycles/day), 

the coherence shows significant values, between 0.5 and 
0.8, implying a significant correlation of the two pairs 
of series at all moorings. From Figures 3c and 4c and 
Figures 3d and 4d, the phase lag between Ml (t) and both 
U, (t) and & (t) series is a function of the frequency at all 
moorings, yet in the frequency range where the explained 
percentage of energy is higher its value is located, in the 
case of U, (t), between 90 and 180 ’ for all moorings and, 
in the case of $m (t), between 180 and 270” at moorings 
M8 and M3 and close to 360” at mooring M7. Thus the 
relationships between the barotropic subinertial mode and 
both amplitude and phase variation of the M2 signal show 
a greater similarity of behaviour between the moorings at 
the western side of the Strait (M8 and M3) than between 
these and the mooring at the eastern side (M7). This can 
be explained by the different dynamic conditions existing 
on each side of the Strait. 

SEMIDIURNAL RESIDUES IN THE CURRENT VE- 
LOCITY ALONG THE STRAIT AS A FUNCTION OF 
SLOW VARIATIONS IN TIME OF AMPLITUDE AND 
PHASE OF M2 SIGNAL 

The semidiumal residue in the barotropic current velocity 
is defined as 

ur (t) = ‘IL&z (t) - Uhf2 COS (WMP t - &‘M2) (2) 

where u&z (t) is given by equation (1); Uhf2 and S,hrz 
are the estimated harmonic constants, amplitude and phase, 
of the M2 signal in the current velocity; and ~~12 is the 
angular frequency of the M2 signal. The u$12 (t) series in 
equation (2) can be expressed (Bruno et al., 1996~) as: 

?L”n2 (t) = UfifZ u, cos (w*rz t - &I2 $!Q) 

where: 

(3) 

u = um (t) 
t- 

UM2 

6 uM2 

are nondimensional factors which express the proportion of 
amplitude and phase variations with respect to the harmonic 
constants for the Mz constituent. Developing equation (3) 
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Figure 2 

312 signal amplitude and phase distortion 
series in current velocity, U., (t) (solid 
lines) and G,~ (t) (dotted lines) at: a) MS; 
b) M3; c) M7; d) barotropic subinertial 
mode M1 (t). 
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as a function of  Ut and qSt by Taylor's series around the 
undistorted signal (Ut = 1 and qSt = 1) and truncating it 
in the first order (Bruno et al., 1996a; Mafianes, 1996) 
results in 

o u d 4 2  
udl2 (t)  = "adl2 (1, 1) + ~ - t  [(1,1)(Ut - 1) 

Ou~2 
+ - ~ - I ( ~ , ~ ) ( + t  - l )  (4) 

Evaluating the partial derivatives in Ut = 1 and Ot = 1, 
and taking in account that 

u~t 2 (t)  (1, 1) = UM2 cos (WM2 t -- SuM2 ) 

in equation (4) we obtain 

ur  (t) = u ~ 2  (t)  - UM2 cos (WM2 t -- 6uM2) 

UM2 COS(WM2 t -- 6 . . . . .  ) (Ut - 1) 

AV 5u~I2 UM 2 sin (wa12 t -- 5~M~ ) (~bt - 1) (5) 

equation (5) (Fig. 6b), for mooring M3, during the 
analyzed period. Also, the differences between the residue 
and its approximation (Fig. 6c) are shown. In Table 5 it 
should be noted that the quotient between the standard 
deviations of  the series in Figure 6c and the series in 
Figure 6a is 0.0839, and therefore the approximation to the 
semidiurnal residue by equation (5) is quite satisfactory. 

From equation (5), the residual variance can be divided 
into two parts, of  which the first one is proportional to 
the M2 signal 

ur l  = Co cos (WM2 t -- 5uMZ) (6) 

Table 5 

Standard deviation of semidiurnal residues at moorings M8, M3 
and M7: or.,. for the residue from equation (2); (r~,-~ for the 
residue approximation equation (5); ~r~, l for the contribution to the 
semidiurnal residue from the 21/L2 signal amplitude variation; ¢r~.2 for 
the contribution to the semidiurnal residue from the M.2 signal phase 
variation; and tYDl F for the difference between the observed and the 
approximated residue. 

M o o r i n g  o" ur O" ur a  Cr D i f  ~3r u r l  O" ur2  

( m  s - l )  ( m  s - I )  ( m  s - l )  ( m  s - l )  ( m  s - l )  
The right-hand side of  equation (5) can then be 
considered as an approximation to the semidiumal residue M8 0.076 0.078 0.0096 0.033 0.070 
ur(t). Figure 6 shows the residual series estimated M3 0.083 0.084 0.0070 0.036 0.076 

M7 0.039 0.039 0.0067 0.023 0.031 
from equation (2) (Fig. 6a) and its approximation from 
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where 

co = Unr, (Ut - 1) 

explaining the contribution to semidiurnal residue by the 
amplitude variations; the second one is proportional to an 
orthogonal phase-lag signal with respect to the A42 one: 

‘&. , = _ SO sin (wnf2 t - L,,,) (7) 

where 

The standard deviation of the residues computed from 
equations (2) and (5) and of the Mz signal amplitude and 
phase variation contributions from equations (6) and (7) 
are shown in Table 5. The residual signal is higher at 
mooring M3, like the Mz tidal signal (Table 3) showing at 
mooring M7 a reciprocal behaviour with the lower values. 
At mooring M8, values are close to those of mooring 
M3. Western-side moorings have a contribution of phase- 
lag variation to the residual signal almost double that of 
the amplitude variation. At mooring M7 the ratio between 
these contributions is close to unity. 

so = L712 UAJa (h - 1) 

for the contribution to semidiurnal residue by the phase- 
lag variations. The different contributions to semidiumal 
residue from amplitude and phase-lag variations on the 
Ma signal can thus be evaluated. The 7~~1 and 71,~ series 
obtained from mooring M3 are shown in Figures 6d and 6e, 
respectively. 

SECOND-ORDER QUASI-ANALYTICAL SOLUTION 
FOR THE NON-LINEAR INTERACTION BETWEEN 
TIDAL AND SUBINERTIAL BAROTROPIC OSCILLA- 
TIONS 

To explain this relationship between amplitude and phase 
variation of M2 and the barotropic signal in the current 
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velocity, non-linear interaction between subinertial and 
semidiumal signals in the flow will be proposed as the 
responsible physical mechanism. A second-order solution 
characterizing this type of non-linear interaction can be 
established after considering the following: 

a) A barotropic 1D flow along the longitudinal z axis of the 
Strait is assumed. The current velocity in the longitudinal 
direction is thus characterized by a cross-strait averaged 
value. Also, sea elevation < is assumed to be constant in the 
cross-strait direction, and is characterized by a cross-strait 
averaged value. The Coriolis-term effect on the longitudinal 
momentum balance is considered to be contained in these 
averaged values. 

b) The bottom friction term is disregarded because of the 
high cross-strait averaged depth values (Maiianes, 1996). 

c) The Strait geometry is treated as an ideal channel of 
variable rectangular section along the longitudinal co- 
ordinate 5, A = bh being the area of the section, where 
b is breadth and h is the effective depth (the cross-strait 
averaged depth). 

d) h + < = h is assumed in the mass conservation equation. 

e) The subinertial oscillation in the flow is assumed to 
behave as a simple harmonic of frequency wl. 

f) The semidiumal residue uF arises exclusively from linear 
interaction between the subinertial and iI signals in the 
flow. 

According to these assumptions, the equations for 
momentum and mass balances can be expressed as: 

(8) 

(9) 

Next, the variables C and u are expanded using perturbation 
techniques as a power series of the small parameter 
E = Cfh 

C=df+&%+... (10) 

u=EUf+E2U,9+... (11) 
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c) phase diagram, cross between MI (t) ad U,,, (t) d) phase diagram, cross between MI (t) and I+!J,,~ (t). Spectral estimations have been 
done with nine degrees of .freedom and the band width used was Aw = 0.0432 cycles/day, confidence intervals for phases were obtained 
in accordance with Box and Jenkins (1970). 

of which only the first two terms will be considered, 
implying that the solution to equations (8) and (9) consists 
of a first-order solution, <f = e& and r~f = EGO; plus a 
second-order one, & = ~~ I$ and U, = ~~ &. It will now 
be assumed that the first-order terms in equations (10) and 
(11) are composed of 

c.f = Cnrz + t (12) 

ULf = U.&f2 + Ul (13) 

i.e. by A& plus a subinertial signal, ur and cr. 

Taking equations (12) and (13) into equations (8) and (9) 
and neglecting terms with powers of E greater than two, the 
following system of equations accounting for the effects 
of non-linear interaction between UM~ and ur variables 
is obtained 

(14) 

a= _bs 
az at (15) 

the first stands for the momentum balance and the second 
for mass conservation and where the first-order solutions 
for current velocity associated to the interacting oscillations 
are characterized as 

uA.fZ = uhf2 (XI) cos [wM2 t ~ &Ml (x)] (16) 

2L1 = Ul (x) cos [WI t - s,1 (Lr)] (17) 

VA,, (z) and Ui (x) being the amplitudes of M2 and 
subinertial oscillations and &~2(2) and &i(z) their phase 
lags. All of them, amplitudes and phase lags, are functions 
of the spatial z co-ordinate. 

Substituting the first-order solutions given by equations 
(16) and (17) into equation (14) and operating with 
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Figure 6 

T~mporai series of the semidiurnal residue 

in the current velocity at mooring M3. 

0) .semidiumal residue obtained from 
equation (2) u, (t); b) semidiurnal residue 

~~pproximation from equation (5) urn (t): 

(.) dgference between the residues of cases 
rr, and b) u,- (t) - %, (t); d) contribution 

NJ the semidiurnal residue from the 

,I[~ signal amplitude variation T,.~ (t); 

p) contribution to the semidiurnal residue 

from the A& signalphase variation ~1~2 (t). 
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equation (15), the following differential equation for sea- 
level second-order solution <a is obtained 

= Bl Ux kJJM2 - WI) t - (Sum - s,,, )] 

+ Bz sin [(~-JAB - WI) t - (S,,W + S,,)] 

+ B3 sin [(WMZ - wl)t - (cL,~~ - &)I 

+ B4 sin [(w2 + w)t - (6ahf2 + s,,)] (18) 

where the coefficients B; are expressed as: 

B;(= [ -~__F+G+G 1 2 2 

B = 4 ~+F+YC+G 
2 2 1 

G = ui L, uh12: H = s:, Ul UAl2 s:,,,, 

y paramet;: is defined as y = ‘cl/AJ (dA/d:c) and 
apostrophe ’ means derivatives with respect to :I: co- 
ordinate. Thus, coefficients B, are functions of; U,l,,, U,, 

Kf29 u;, G,29 Sh, and y parameter. 
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If solution CS is evaluated between two sections separated 
by a small enough distance, then it can be assumed that: 

B;, l&2, Ui, SLn12, S;, y = constants 

that is, the amplitudes, phase lags and area of the sections 
can be assumed to behave following a linear variation 
along z axis. After solution Q is obtained under this 
assumption, its substitution in equation (8) leads to the 
following second-order solution for current velocity ‘Us 

us = cm ax (wnr2 t - St,,,,) + S, sin (WW~ t - S,,,,) 

(19) 

where 

C”, = x,. cos (WI t - 6,, + pcm) (20) 

s,, = x.9 cm (WI t - s,,, + cpsm) (21) 

are time-dependent coefficients, which can be understood 
as low-frequency harmonics of the same frequency 
as subinertial oscillation. The constants X, and X,T 
represent the theoretical contribution of the amplitude 
and phase modulations of the A42 signal, respectively, 
to the amplitude of the non-linearly generated semidiumal 
residue. The constants cpC and p, represent the phase lag 
between the modulation of amplitude and phase of the M2 
signal with respect to subinertial flow. These constants are 

functions of W,W, WI, U,VZ, UI, UJk12, U;, &.1,, SL and 
y in the following manner: 

XC = R: + Ri, pcrn = arctan 

X, = 

where 

R1= - 
[ 

23 24 

(WA12 - Wl) - (WM2 + WI) 1 
R2 = 

[ 

22 21 _ 

(WA12 + WI) (WA12 -WI) 1 
R3 = 

21 

(wnrz - Wl) +( 

22 

WAf2 + Wl) 1 
23 24 

(wnrz - Wl) +( WA12 + Wl ) 1 
and 

A+D 
21 = (S’,,,, - 6:,,) g (G3 cos cpl - Gl sin cpl) + 2 

A+D 
Z2 = (%M, + Sll) g sin CPI (G4 - G2) + 2 

C-B 
Z3 = -(Sh,,, - Sl,) g (G3 sin cp1 + Gr cos cpl) + 2 

B+G 
z4 = (k,,, + ‘$,, g ax (02 (G4.- G2) + 2 

being given G, and cpi as 

G1=$ G2 = 2 

c,+ G4 = 2 

(pt = arctan (Tl) 

cp2 = arctan (T2) 

with 

St = 
1 

(fJJM2 + WI) 
2 2 

sp = 
(EM2 + t&)2 - 

gh 1 

The structure of the solution given by equation (19) is 
presented in a identical manner to the expression for 
semidiumal residue given for equation (5). Therefore, if 
this semidiumal residue is the result of the described non- 
linear mechanism, uT = ?L,~ then the behaviour of the 
observed time-dependent coefficients Co and Sa must be 
similar to that showed by the theoretical ones C,, and S,. 

To compare the observed series Ca and Sa with the 
theoretical ones C,, and S&, the solution given by 
equation (19) will be evaluated at half-distance between 
the sections corresponding to moorings M8 and M3. 
The constants of the solution given by equation (19), 

XC, X,, (P~~,~ and vsrn, are functions of the quantities 
when, U,vfa, Ui,,, and 6:,,, associated to the Ma signal, 
and wt, Ul, Ui and S:,,, associated to the subinertial 
oscillation. An estimation of the quantities Uhfa, lJif2, 

and 6&,, U1, Ui can be given if it is supposed that the 
current-velocity measurements at moorings M3 and M8 are 
representative for the cross-strait averaged current velocity. 
As the solution given by equation (19) will be constructed 
on the above parameters, estimated from the observed 
current-velocity series, the result will be a quasi-analytical 
solution. 

The parameters associated to the Ms signal, of angular 
frequency w~a = 1.4 x 10-4rads-1, can be estimated 
from Table 3, with a distance between moorings M8 
and M3 of 10 km and assuming a linear variation of 
current-velocity amplitude between these moorings. Thus 
the values, U~.f2 = 0.77 m.s-l (the mean value between 
moorings M3 and M8) and Uh12 = 2.5 x 10-5s-1 are 
obtained. Taking into consideration that the phase lag of 
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the M2 signal in sea elevation varies very slightly in the 
along-Strait co-ordinate (Garcia, 1986; Candela, 1989) a 
value Sh,,, = 0 is also assumed for the current velocity 

phase lag. 

As more than 90% of the subinertial current variance, 
moorings M8 and M3, was explained by the barotropic 
mode during the subperiod from 3 December 1985 to 
] I January 1986, this was selected to extract the estimates 
to the associated subinertial signal parameters. A series of 
depth-averaged values of the subinertial signals from the 
three current meters of mooring M3 (after removing the 
mean values of the series) is thus taken to characterize the 
barotropic subinertial signal in the M3 section. It is further 
assumed that the M8 subinertial signal is representative for 
the barotropic subinertial signal in the MS section. 

Once the barotropic subinertial current velocity series have 
been obtained for the selected subperiod, the parameters 
associated to the subinertial current oscillation can be 
estimated via the cross spectral analysis between the 
subinertial signals at moorings M8 and M3. 

From this cross-analysis, we obtain the modulus of the 
transfer function and phase lag for the three frequencies 
whose barotropic subinertial variance was higher (see 
section 2). They are the same for the subperiod used. 
From these results, see Table 6; lJ; and SL, can be 
estimated giving a distance between moorings M8 and 
M3, L = 10 km, and using the transfer function modulus, 
Z(wi). and phase lags, cp(wi), values: 

CJ; (wl) = 
UlM3 (w) - ~1AfS (Wl) 

L 
u1hf3 (Wl) = 2 (W)hf8 (“‘1) 

where Ulfifs (WI) and Ulhf3 (WI) are the amplitudes of 
the subinertial oscillations for each frequency which are 
obtained by 

UlM8 (Wl) = [SMS (WI) A4 l/2 

UlM3 (~1) = [Snfa (wl) A4 “’ 

Table 6 

Results of cross-spectral analysis hehwen the subinertial signal at 
moorings MS and M3 for the period from I5 November 1985 to 
25 December 1985 and estimation of the parameters IJI ( 1Ji and 6:, I. 

Frequency Coherence Z (w 1) UI (w 1) U\ (w I) 6 iI (w 1) 
(cycle/day) (m 8’) (s-l) (rad m -I) 

0.0432 0.83 1.61 0.06 3.7 lOA -1.6 IO4 
0.0864 0.95 1.60 0.1 I 5.3 10” 4.7 lomj 
0.1296 0.97 1.53 0.05 2.2 10-h I.0 10-5 

where SMM8 (wl) and Shfs (wl) are the spectral densities of 
the subinertial signal at each mooring and Aw is the band 
width used in the cross-spectral analysis, Aw = 0.0432 
cycles/day. Proceeding in this fashion, the values for 

2.0&J ’ 1: I 

0 10 20 30 40 50 
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Figure 7 

Cross-section area variation along the Strait of Gibraltar. Vertical 
dotted lines indicate locations r?f moorings MS. M3 and M7. 

Ul = (Ulhfs + Ulhfa)/2, Ui and Sl,, presented in the 
last columns of Table 6 are obtained. 

Once the parameters associated to the interacting lirst- 
order oscillations are obtained, and after taking the value 
of y = -7.5 lop5 (see Figure 7 where the area variations 
of the ideal rectangular sections along the Strait are shown), 
and h = 200 m as the mean depth between moorings M8 
and M3, the constants of the solution (eq. (19)) can be 
evaluated. Since the theoretical solution has a very slight 
dependence on the frequency wi in the range from 0.0432 
to 0.1296 cycles/day, a first idea about how this solution 
is behaving can be achieved by evaluation at a medium 
frequency wi = 0.0864 cycles/day through different values 
Ul, Ui and Sh,. To perform these computations an averaged 
value of admittance 2 (~1) along the three frequencies 
from Table 6 is taken. Once this value is established, the 
following relation between the parameters Ul and U,l is 
obtained 

u’ = 2!” (Wl) - 11 u1 

l [Z (Wl) + 11 L 

Under these conditions, the theoretical solution now 
depends only on two parameters U1 and bb,. Thus the 
theoretical solution is evaluated through the values lJ1 
running from 0.01 to 0.40 m s-’ each AU1 = 0.01 m ss’ 
and through the values for Sh, from -lop1 rad n-l each 
A& = 10m6 radrri-l. The limits of the S:,, values 
correspond to a phase lag between the two sections, 
that when they are translated to time, given the value 
wi = O.O864cpd, they represent a maximum time delay 
of 1.84 days. 

The values for the constants X,, X,, cpr and cps resulting 
from these computations are shown in Figures 8 and 9. 

It can be seen that both X, and X,q increase when the 
amplitude of subinertial current velocity Ul increases. 
When Shl is zero, a zero value for X, is obtained while 
significant values of X, can still be produced. In general, 
X, has a stronger dependence on S:,, than on X,s. 
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U, (m S’) 

Figure 8 

Consmnt.s X, and ‘P~,,Z of the quasi-cmalytical solution given by 
equation (19) through d@rent values of l/j und 6:,, and,for a value 
ofwl = 0.0864 cycles/day. u) X, in m SF’; h) (prm in degrees. 

The phase lags of the variations in amplitude and phase 
of the A42 signal with respect to the subinertial signal Q+ 
and cp.?, depend only on b:, and maintain a constant value 
along the different values of Ur. For negative b:, values, 
cpr lies between 0 and 100” and (Pi between 180 and 260’ 
while for positive values cpc is between 180 and 240 and 
cps between 0 and 180 ‘. In these results, the variable S:,, 
plays an important role in determining the phase lag of 
modulations in amplitude and phase of the Mz signal with 
respect to subinertial flow. 

COMPARISON BETWEEN THE THEORETICAL SO- 
LUTION AND THE OBSERVED RESULTS 

In this part, the theoretical results, based on the quasi- 
analytical solution obtained in the previous section, will be 
compared with the observed results obtained at mooring 
M3. Using the results of Table 6 (obtained for the subperiod 
from 3 December 1985 to I I January 1986) the previous 
solution is evaluated for each of the frequencies where the 
major part of the variance of both subinertial oscillation 
and variations in amplitude and phase of the Mz signal 
was contained. These were: w1 = 0.0432, 0.0864, 0.1296 
cycles/day. 

In each of these frequencies the behaviour of the observed 
series Ca and Sa given in equations (6) and (7) is compared 
with the theoretical series C, and S, given by equations 
(20) and (21). In order to perform this comparison, the 

Figure 9 

Consmnts X, and ‘p, 7,, of the quasi-analytical solution given by 
equation (19) through di$krent values of UI and A:,, and fk a value 
of WI = 0.0864 cycles/day. a) X,. in m .TK’; h) ‘p ,,,, in degrees. 

variances in each frequency of the observed series are 
computed as: 

vc, (Wl) = .%Y~ (Wl) nw 
v,, (WI) = Sso (~1) Aw 

where SC,-, (WI) and Ssa (WI) are the spectral densities 
of series Co and Sa, respectively: and aw = 0.0018 
cycles/day is the band width used in the spectral 
estimations. Next, the phase lag of Ca and Sa series 
with respect to the subinertial signal ur are computed 
via cross-spectral analysis and defined as cpca and cpsa, 
respectively. 

On the other hand, the variances of the theoretical series 
C, and S,,, in each frequency are defined as 

vcm (4) = [Xc (w1)12 

v5h (Wl) = [X5 (Wl)]" 

and their phase lags with respect to subinertial signal as 
in equations (20) and (21). 

All of the above quantities are presented in Table 7 for 
each of the three frequencies, together with the value of 
coherence among the subinertial flow and the Cc and So 
series. 
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Table I 

Comparison between observed Co and So (from mooring M3) and 
theoretical, C,,, and S,, , series. Second column shows the coherence 
values obtained from the spectral cross of series Co and So with 
the subinertial oscillation in the current velocity (at mooring M3). 
a) Values for Co and C,,,. b) Values for So and S,,,. 

a) 

Frequency Cohe- 
rence 

vco Vcm cpco vcm 

It should be noted that despite of the strong restrictions 
under which the quasi-analytical solution has been 
obtained, it does seem to the able to describe a significant 
part of the investigated phenomenon. Therefore the 
variations in amplitude and phase lag of the M2 signal 
in the current velocity can be partially explained by the 
proposed non-linear mechanism, interacting non-linearly 
with the tidal and subinertial flows through the advective 
term in the momentum balance equation. 

(cycles/day) (cm* s-~) (cm* s-~) (degrees) (degrees) 

0.0432 0.65 5.71 2.56 147 108 
0.0864 0.83 12.60 2.82 121 13 
0.1296 0.61 3.61 0.06 225 226 

b) 

Frequency Cohe- 
reuce 

VSO VSm cpso (Psm 

(cycles/day) (cm* s-2) (cm2 s-2) (degrees) (degrees) 

0.0432 0.46 3.92 3.96 270 280 
0.0864 0.93 10.00 11.00 209 234 
0.1296 0.23 2.62 1.02 164 178 

From Table 7, it can be seen that the theoretical results 
are in good agreement with the observed ones in those 
frequencies where the coherence between the subinertial 
flow and the Cn and Su series is higher and where at the 
same time the major part of the variance is concentrated. 

As to the comparison between C, and Co series, their 
maximum variance is located at the frequency 0.0864 
cycles/day, although the values for the observed series are 
much greater than the theoretical ones. The theoretical and 
observed values for the phase lag with respect to subinertial 
flow are agree quite well in all the three frequencies being 
close to 100” in the two first and having a value of 226’ 
in the third one. 

In order to read this quasi-analytical result in a more 
intuitive physical frame, we can take as an example the 

(P- and VL,, values corresponding to S;, = 0. In this 
case, from Figures 8 and 9 we have values close to 360” 

for pcrn and 180 ’ for psrn. The value of psrn means 
that when the subinertial flow is directed towards the 
Mediterranean (~1 > 0), S,, and therefore &, decreases 
with a time ahead in the occurence of the tidal current 
velocity maximum. When the subinertial flow is towards 
the Atlantic (~1 < 0), the inverse situation with a time 
delay in the occurence of the tidal current maximum is 
produced. On the other hand, a vcrn close to 360” means 
that when ~1 > 0 or ‘1~1 < 0 the tidal current amplitude 
increases or decreases. 

In terms of tidal propagation through isophase and 
isoamplitude lines of the tidal current velocity (Mafianes, 
1996), the above result could be translated into a 
displacement of these along the Strait direction (east or 
west) according to the subinertial flow direction. The larger 
the subinertial flow, the larger this displacement. 

Finally, the authors wish to point out that the results 
obtained are only referred to the western side of the 
Strait. Further measurements and analyses are needed to 
investigate the way in which this non-linear interaction 
affects the tidal signal on the eastern side. 

Concerning the S, and So series, their maximum variance 
is also located at the frequency 0.0864 cycles/day and 
here the values for the theoretical and observed series are 
fairly similar, as well as the values of their phase lag with 
respect to subinertial flow. 
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