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Abstract:  
 
Sea surface motions can produce different measured Doppler shifts with respect to instrumental 
configurations (incidence angle, electromagnetic wavelength, polarization). Under Gaussian statistics 
for the sea surface elevation and in the general framework of asymptotic theories for ocean surface 
electromagnetic wave scattering, Doppler shifts can be predicted. The small-slope, Kirchhoff, local 
curvature and resonant curvature approximations are compared in the backscatter configuration. 
Predicted Doppler shifts for Kirchhoff and small-slope approximations in co-polarized configuration are 
insensitive to the polarization state. On the other hand, the local and resonant curvature solutions, 
through a phase perturbation formalism, yield to significant differences between co-polarized predicted 
Doppler shifts. Comparisons with data are shown to confirm the polarization and wind speed 
sensitivities. 
 
 
 
 
 
 
 
 
 
 
1 introduction 
 
It has been recently shown [1,2] that Doppler frequency anomalies, i.e. the difference between the 
measured and the geometrically predicted Doppler shifts, can be systematically extracted from 
satellite-borne Synthetic Aperture Radar (SAR) measurements over ocean scenes. As analyzed, these 
Doppler shifts are directly associated to the distributed motions of the di®erent ocean surface 
roughness scales participating to the scattered signals. As already reported, under the actions of wind 
and current, sea surface roughness elements, in a 
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very short time, can evolve sufficiently rapidly to help mapping instantaneous
motions toward the receiving antenna.

There are very practical interests to obtain direct surface velocity measure-
ments from space, and potential and limitations of using SAR measurements
must be discussed. As foreseen, the use of direct measurements can certainly
help the development of consistent inversions of instantaneous sea surface ge-
ometry and kinematic properties. However, questions regarding the sensor
physics and optimal instrumental configurations (incidence angle, wavelength,
polarization) must be answered to help the analysis of present measurements
and the design of future satellite missions.

To advance in such investigations, our purpose in this paper is to use and
apply the latest improvements suggested in the field of the asymptotic elec-
tromagnetic modeling. Predictions will help to better understand the wave-
length, incidence angle, and polarization sensitivities of time dependent ocean
surface radar backscattered signals. Under Gaussian statistics, time depen-
dent asymptotic solutions are first derived to define a Doppler frequency and
the associated measured motion, section 3. The proposed developments offer
simplified tractable numerical solutions discussed and compared with reported
measurements, section 4. Section 5 summarizes and present investigations.

2 Coordinates system and definitions

To expose the general problem in this paper, we adopt the same vectorial con-
ventions than in [3,4]. The right cartesian coordinate system is defined by the
triplet of normalized vectors (x̂, ŷ, ẑ), where the z-axis is directed upward. Σ
is the rough surface which separates the upper medium and the lower medium
(respectively air and water in our specific case). The (sea) surface elevation
is represented by z = η(x, y, t) = η(r, t), where r is the horizontal compo-
nent of the three-dimensional position wave vector R = (r, z) and t the time
dependence of the sea surface. The sea surface is now defined as:

η(r, t) =
∫

ξ
η̂(ξ)ei(ξ·r−ω(ξ)t)dξ, (1)

where η̂(ξ) is the Fourier transform of the surface elevation, ξ is the wavenum-
ber of the sea surface wave whose wavelength is λ = 2π/|ξ| and ω(ξ) the pul-
sation frequency defined according to the dispersion relationship. We consider
a incident downward propagating electromagnetic plane wave with a wave-
vector K0 = (k0,−q0). The up-going scattered waves is characterized by the
wave-vector K = (k, qk). k0 and k are the horizontal components of the inci-
dent and scattered waves whereas q0 and qk are the vertical ones. We define
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also Qh and Qz related to the coordinates of the wave numbers K and K0:
Qh = k − k0 and Qz = q0 + qk.

The scattered field above and far away (R → ∞) from the sea surface is
assumed to be related to the incident wave through the relation:

Es(R, t) = −2iπ
eiKR

R
S(k, k0) · Ê0. (2)

S(k,k0) is the so-called scattering operator. Es(R) and S(k, k0) can be de-
composed on the fundamental polarization basis:

p±v (±k) =
kẑ ∓ qkk̂

K
p±h (±k) = ẑ × k̂, (3)

where the subscripts v and h indicate the vertical and horizontal polarizations,
respectively. The minus superscript corresponds to the down-going plane waves
while the plus superscript to the up-going waves. In this vectors basis, the
scattering operator is related to the scattering amplitude 2×2 matrix through:

S(k,k0) =
[
p−v (k0)
p−h (k0)

]T

·
[
Svv(k, k0) Svh(k,k0)
Shv(k,k0) Shh(k, k0)

]
·
[
p+

v (k)
p+

h (k)

]
, (4)

where the superscript T stands for the transpose operator. In the 2×2 matrix,
the first subscript indicates the incident polarization whereas the second one
indicates the scattered polarization configuration considered.

For a given polarization configuration pq, Spq(k, k0) is written as:

Spq(k, k0) =
1

Qz

∫

r
Npq(k, k0; η(r, t))e−iQzη(r,t)e−iQH ·rdr, (5)

where N(k,k0; η(r, t)) is a kernel depending on the approach considered to
establish the solution. As already discussed, the kernel expansion can be de-
fined to satisfy the two asymptotic limits given by the small perturbation and
the Kirchhoff solutions. A general development of the kernel N(k, k0; η(r, t))
writes:

N(k, k0; η(r, t)) = N0(k,k0) + N1(k,k0; η(r, t)) + N2(k, k0; η(r, t)) + . . .(6)
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where the sub-kernels up to the second order are expressed as:

N1(k, k0; η(r, t)) =
∫

ξ
N1(k, k0; ξ)η̂(ξ)ei(ξ·r−ωt)dξ, (7)

N2(k, k0; η(r, t)) =
∫

ξ

∫

ξ′
N2(k, k0; ξ, ξ′)η̂(ξ)η̂(ξ′)ei[(ξ′+ξ)·r−(ω+ω′)t]dξdξ′,(8)

and are polarization dependent. As discussed by Irisov [5] for SSA develop-
ments, but also valid for LCA [6] or RCA [3] developments, solutions to satisfy
the two asymptotic limits can be easily found. In this study, we only consider
a development up to the first order, i.e. N2(k, k0; η(r, t)) = 0.

3 Doppler Shift

As obtained for sea surface backscatter simulations, the zeroth order contri-
bution of the scattering matrix expansion apparently significantly dominates
the solution. Higher order contributions for the scattering matrix expansion
can then be introduced using a phase perturbation technique [7]. This has the
advantage to simplify the analytical derivation of the second order statistical
moment of the scattering matrix and to offer tractable numerical computa-
tion [3, 8]. Under this assumption, the general expansion of the scattering
matrix up to first order can be re-written as:

S(k, k0) = N0(k,k0)
∫

r
e−iQzΦ(k,k0;η(r,t))e−iQH ·rdr, (9)

with:

Φ(k, k0; η(r, t)) =
∫

ξ

[
1 +

N1(k, k0; ξ)
N0(k,k0)

]
η̂(ξ)ei(ξ·r−ωt)dξ (10)

In the following, Φ(k, k0; η(r, t)) is considered as a modified sea surface height
function and noted η̃(r, t). η(r, t) is assumed stationary, ergodic and to be
a zero mean gaussian variable, i.e. < eη >= e<η2>/2. To this approximation
order, η̃(r, t) is simply a linearly filtered version of the true surface elevation.
Consequently, η̃(r, t) is also a stationary zero-mean Gaussian variable, and the
correlation function is defined such as < η̃(r, t)η̃(r + ∆r, ∆t) >= ρ̃(∆r, ∆t).
To simplify our notation, in the correlation function expression, ∆r and ∆t
are replaced by r and t respectively. Thus, the normalized radar cross-section
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becomes a function of time and writes:

σ0(θ, φ, t) =
∣∣∣∣
N0(k, k0)

Qz

∣∣∣∣
2

e−Q2
z ρ̃(0,0)

∫

r

[
e−Q2

z ρ̃(r,t) − 1
]
e−iQH ·rdr, (11)

with:

ρ̃(r, t) =
∫

ξ

∣∣∣∣1 +
N1(k,k0; ξ)
N0(k, k0)

∣∣∣∣
2

S(ξ)ei(ξ·r−ωt)dξ =
∫

ξ
S̃(ξ)ei(ξ·r−ωt)dξ, (12)

where N1(k, k0, ξ) and N0(k,k0) depend upon the asymptotic model consid-
ered. ρ̃(r, t) is the correlation function of a filtered surface height spectrum
S̃(ξ).

To express the correlation function as a function of the time from a given
state, we will consider only very short time lags. As an example for the analysis
of the synthetic aperture radar signal onboard the ENVISAT ESA satellite,
the Doppler bandwidth is ∆f = 1652 Hz, i.e. ∆t = 0.6 ms. We can per-
form a Taylor expansion around zero at first order to describe changes of the
correlation function during this small time lag:

ρ̃(r, t) ' ρ̃(r, 0) + t
∂ρ̃(r, t)

∂t

∣∣∣∣
t=0

+ · · · , (13)

with ρ̃(r, 0) the correlation function of the modified sea surface height spec-
trum S̃(ξ):

ρ̃(r, 0) = ρ̃0(r)− ρ̃2(r) cos 2(φ− φw), (14)

where φw is the wind direction and φ the scattered azimuth angle. The isotropic
part ρ̃0(r) and the anisotropic part ρ̃2(r) are given by:

ρ̃0(r) =
∫ ∞

0
S̃(ξ)J0(rξ)dξ (15)

ρ̃2(r) =
∫ ∞

0
S̃(ξ)∆̃(ξ)J2(rξ)dξ, (16)

where Jn is the nth order Bessel function of the first kind and S̃(ξ) = [1 +
∆̃(ξ) cos(2φw)]S̃(ξ)/ξ. Following the same approach, ∂ρ̃(r, t)/∂t|t=0 can be
found to write as:

∂ρ̃(r, t)
∂t

∣∣∣∣
t=0

= ρ̃1(r) cos(φ− φw)− ρ̃3(r) cos 3(φ− φw), (17)
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(a) (b)

Figure 1. (a) Doppler frequency at C-band predicted using KA/SSA-1 (solid), Bragg (dotted) and
geometrical (dashed) models as a function of incidence angle in up-wind configuration. Wind speed

is 7 m/s, (b) Sea surface velocity projected along the line-of-sight of the radar in up-wind
configuration with the same models and wind configuration than in (a).

where

ρ̃1(r) =
∫ ∞

0
ω(ξ)S̃(ξ)

[
1 +

∆̃(ξ)
2

]
J1(rξ)dξ (18)

ρ̃3(r) =
∫ ∞

0
ω(ξ)S̃(ξ)

∆̃(ξ)
2

J3(rξ)dξ, (19)

with ω(ξ) = c(ξ)ξ. c(ξ) is the phase speed of the surface wave at a given
wavenumber ξ. ω(ξ) is calculated according to the dispersion relationship:

ω(ξ) =
√

g · ξ + T · ξ3, (20)

with g the acceleration of the gravity constant and T = 74.10−6 the kinematic
surface tension of water. The numerical computation are done according to
the numerical recipes already reported (see e.g. [9, 10])

Now, the evaluation of the integral in Eq. (11) yields to a complex value.
Keeping our general formulation for the expansion of the scattering matrix,
Eq. (11) can be rewritten as:

σ0(θ, φ, t) =
∣∣∣∣
N0(k, k0)

Qz

∣∣∣∣
2

eiΩpqte−Q2
z ρ̃(0,0)

∫

r

[
e−Q2

z ρ̃(r,0) − 1
]
e−iQH ·rdr (21)
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(a) (b) (c)

Figure 2. (a-b) Doppler frequency at (a) C- and (b) Ku-band predicted using KA/SSA-1 as a
function of incidence angle in up-wind configuration. Wind speeds considered are 5 (solid), 10
(dotted) and 15 m/s (dashed) . (c) Sea surface velocity projected along the line-of-sight of the
radar in up-wind configuration versus incidence angle for a 7 m/s wind speed. C-(dotted) and

C-(solid) band are considered.

Introduction of a time dependent phase term leads to the definition of a
Doppler shift induced by the distributed sea surface motions. This Doppler
pulsation corresponds to an instantaneous pulsation defined as:

Ωpq(θ, φ) =
1
t

tan−1

[
Im

{
σ0(θ, φ, t)

}

Re
{
σ0(θ, φ, t)

}
]

(22)

Assuming a very small phase term, we can also evaluate the Doppler pulsation
as:

Ωpq(θ, φ) =
1
t

[
Im

{
σ0(θ, φ, t)

}

σ0(θ, φ, 0)

]
(23)

The Doppler frequency ∆Fpq used in the following is related to the pulsation
through the relation Ωpq = 2π∆Fpq.

4 Results and Discussion

Interestingly, according to Eq. (23), the zeroth order term of the scattering ma-
trix expansion (i.e. N0(k, k0)) will not influence the estimation of the Doppler
frequency. As a direct consequence, both SSA-1 and KA would yield the same
Doppler frequency. Accordingly, Doppler frequencies predicted by these mod-
els will not be polarization dependent whereas these two asymptotic theories
give complete opposite results to predict the normalized radar cross-section
(NRCS). Indeed, SSA-1 (KA) maximizes (minimizes) the polarization depen-
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dency for backscatter geometry. This clearly underlines the necessity of using
an extended solution to better compare predictions and measurements when
experimental Doppler anomalies are found polarization dependent.

Theories like SSA-2, LCA-1 or RCA enable to take into account higher orders
in the scattering matrix definition and thus will lead to polarization depen-
dent Doppler frequencies. Hereafter, we present simulations for different radar
wavelengths, incidence angles, azimuth angles and wind configurations (speed
and direction) using RCA [3] theory in the backscatter configuration. Indeed,
this model was found to correctly reproduce the polarisation sensitivity of mi-
crowave measurements in the microwave domain [3,13]. To discuss polarization
effect we also present results obtained using LCA-1 [6]. To compute the corre-
lation function of the sea surface, we use the wind driven sea surface spectrum
proposed by Elfouhaily et. al. [12]. The predicted Doppler frequencies are thus
only associated with wind driven sea surface wave distributed motions.

In figure 1 (a), we present the Doppler frequency as a function of incidence
angle predicted by KA/SSA-1 at C-band (λ0 = 5.61 cm) for a 7 m/s wind
speed. We observe that the induced Doppler shift first rapidly increases with
incidence angle from zero Hertz at nadir to a maximum around 10 − 20◦
(depending on the wind speed considered) and then decreases. This decrease
slows down after 30◦ to reach an asymptotic value around 60◦. To interpret
the role of the surface moving waves on the Doppler shift, we also present on
the figure 1 (b) the speed of the surface elements in the line-of-sight of the
radar inducing the Doppler shift. The Doppler shift ∆f and speed of surface
elements in the line-of-sight of the radar c are related by the relation:

∆F = c
QH

2π
, (24)

We observe the speed in the line-of-sight of the radar to decrease with increas-
ing incidence angle. Close to nadir, the waves participating to the induced ∆F
correspond to larger scales which propagate faster. At higher incidence angles,
the impact of waves contributing to the Doppler is dominated by shorter scales
which slowly propagate. For comparisons, we also indicate on both figures the
Doppler frequency associated to the speed of the resonant Bragg waves δ(QH)
and the slopes of the so-called long tilting waves in the framework of the
two-scale or the geometrical optics models. For this geometrical optics ap-
proximation it is often advanced that the slopes of the long waves (ξ < k0/3)
which contribute, and

c =

∫ k0/3
0 c(ξ)ξ2S(ξ)dξ
∫ k0/3
0 ξ2S(ξ)dξ

, (25)
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(a) (b)

Figure 3. Doppler frequency at C-band predicted using KA/SSA-1 (solid), RCA (dotted) and
LCA-1 (dashed) models as a function of incidence angle in up-wind configuration. Wind speed is 7

m/s. (a) VV polarization. (b) HH polarization.

The Doppler shifts induced by the resonant Bragg waves and the slopes of
the longer waves indicate the asymptotic limits of the solution. We observe
that indeed the result given by KA/SSA-1 model lead to predictions between
these two limits. The smaller is the incidence angle, the closer to the longer
wave slope solution are the simulations. As the incidence angle increases, the
simulations tend toward the Bragg result. However, we observe that even at
60◦, the model does not reach the Bragg solution. There is still an impact of
non-resonant background waves in the Doppler evaluation. This is due to the
multi-scale nature of the ocean surface. Interestingly, we notice that this multi-
scale effect is not obvious when simply comparing Bragg and SSA-1 solutions
for the radar cross section evaluation at large incidence angle.

In figure 2, the Doppler frequency is evaluated for two different microwave
wavelengths, (a) C- and (b) Ku-band (λ0 = 2.14 cm), for three wind speeds (5,
10 and 15 m/s) in the upwind configuration as a function of incidence angle.
The KA/SSA-1 solution is used for the computation here. These comparisons
shows that ∆F increases with the frequency. This result can appear non-
intuitive. Indeed, as the frequency increases, the radar cross section is sensitive
to smaller scales and thus to slower waves. Thus we could expect a smaller
Doppler shift. This apparent inconsistency is only due to the relation (see Eq.
(25)) between the Doppler frequency and the speed in the line-of-sight. Indeed,
QH has a significant impact. On figure 2 (c), we present the speed in the radar
line-of-sight as a function of incidence angle in C- and Ku- band for a 7 m/s. As
expected, we observe that the induced speed in the radar line-of-sight is lower



10 A Model for Doppler Shifts induced by ocean surface wave displacements

(a) (b)

Figure 4. Doppler frequency at C-band predicted using KA/SSA-1 (solid), RCA (dotted) and
LCA-1 (dashed) models as a function of azimuth angle at 50◦. Wind speed is 7 m/s. (a) VV

polarization. (b) HH polarization.

in Ku- than in C-band. These simulations also indicates that the Doppler shift
increases with wind speed. Compared to near-nadir configuration, a saturation
effect is obtained for large incidence angles (> 30◦). At these larger incidences,
the radar is more sensitive to the shorter gravity and capillary waves which
are rapidly saturated with increasing wind speed. As their relative weight to
the Doppler signal is more important than larger and faster waves at these
large incidences, the weak wind speed dependency is expected.

In figure 3, we present the behavior of the Doppler shift as a function of inci-
dence angle using LCA-1 and RCA models for a 7 m/s wind speed to take into
account polarization effects through the first order term effect in the scatter-
ing expansion. Figure 3 (a) corresponds to VV-polarization and figure 3 (b) to
HH. KA/SSA-1 results are also presented for comparisons. As anticipated from
the theory, we observe a polarization dependency. The predicted wind induced
Doppler frequency is always found larger in HH than in VV polarization. This
result is expected as the radar signal is more sensitive to the smaller waves
in VV polarization than in HH. This comes from the kernel filter effect on
the surface elevation. As, shorter gravity ocean waves are slower, the natural
consequence is that the relative weight of the larger faster propagating waves
in the calculation of ∆Fpq is more significant in HH than in VV polarization.
As the phase speed of the waves increases with increasing surface wavelength,
∆FHH > ∆FV V . Also, ∆FV V and ∆FHH predicted by RCA/LCA are always
respectively lower and higher than the predicted Doppler frequency given by
the zeroth order solution for the scattering matrix expansion. Focusing on RCA
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and LCA results, we observe that ∆FHH
LCA > ∆FHH

RCA and ∆FV V
LCA < ∆FV V

RCA.
This can be explained by the construction of the two models. The first order
term of the scattering matrix expansions is respectively defined for LCA-1 as:

N1(k, k0; ξ) = −i [B(k, k0; ξ)−K(k,k0)], (26)

and for RCA:

N1(k,k0; ξ) = −i [B(k, k0; ξ)−K(k, k0)]δ(ξ = QH), (27)

where δ is the dirac function. As a remarkable property, B(k, k0; ξ) −
K(k, k0) ∝ ξ2, and in the framework of LCA theory, the correction is as-
sociated to the surface curvature. For an ocean surface, the relative weight of
the smaller and slower waves is larger (respectively lower) in VV (respectively
HH) than with RCA. This explains the difference between the two predicted
Doppler frequency anomalies.

In figure 4, we present the Doppler shift as a function of the relative azimuth
angle between the radar look direction and the wind speed in VV (a) and HH
(b) polarization given by KA/SSA-1, LCA and RCA for a 50◦ incidence an-
gle. As the standard convention, 0◦, 180◦, 90◦ and 270◦ stand for up-, down-
and cross-wind directions, respectively. As anticipated, we observe that when
the wind direction is perpendicular to the antenna direction and the radial
component of the wind is zero, the Doppler shift is zero. Also, when the mean
motion is directed toward the radar antenna (up-wind case) the Doppler fre-
quency is positive whereas it changes sign under down-wind conditions. The
absence of difference between the up- and down-wind configuration is expected
as the Gaussian hypothesis for the surface height statistics was adopted for
the NRCS derivation.

As a first exercice of validation, we use two data sets of Doppler anomalies
derived from the ASAR instrument onboard the ENVISAT satellite. The first
data set was obtained during one month of measurements. It represents more
than 30000 values of Doppler anomalies. It was already used in [1]. The details
about the SAR images processing and the co-located wind speed analysis can
be found in [1, 2]. The radar frequency is 5.35 GHz, the incidence angle 23◦
and the polarization VV. The second data set was processed with the same
methodology and correspond to measurements at 33.5◦ in VV and HH polar-
izations. In both cases, the Doppler shift is evaluated over a 10× 10 km area.
Such a resolution cell and global measurements for the Doppler shift estimation
is expected to minimize the current effects. It is thus adapted to investigate
the wind effect on the Doppler shift. A co-localisation with predicted wind
speed and direction then helps to investigate the relationship between the ra-
dial wind speed component and the Doppler shift. In figure 5, we present the
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(a) (b) (c)
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Figure 5. Analysis of Doppler on a global scale. Joint distributions of observed Doppler anomaly
and line-of-sight analyzed winds from numerical model (color) and predictions given by RCA model
for up-wind (positive value) and down-wind values (negative values). (a) VV polarization and 23◦
as incidence angle, (b) VV polarization and 33.5◦ as incidence angle, (c) HH polarization and 23◦

as incidence angle

result given by RCA considering only a wind speed configuration in the up-
and down-wind direction. The wave spectrum used as input is again the one
proposed by [12]. Given this sea surface description, the overall comparison
with the data is rather good. Discrepancies must certainly be attributed to the
sea surface description at low winds. As measured and predicted, the Doppler
frequencies are smaller at 33.5◦ incidence angle than at 23◦, in VV polariza-
tion. It is also found a slight polarization dependency at 33.5◦ incidence angle.
For the most populated samples, i.e. 7 m/s, the RCA predictions are in excel-
lent agreement. Such a result is consistent with NRCS analysis [13], especially
in terms of predicted NRCS polarization ratio measurements.

5 Summary and Conclusion

In this paper, developments are conducted to use and apply the latest im-
provements suggested in the field of the asymptotic electromagnetic modeling.
Under Gaussian statistics, time dependent asymptotic solutions have been
derived to define a Doppler frequency and the associated measured motion.

As demonstrated, these developments help to better understand time de-
pendent radar backscattered signal sensitivities to both sea surface charac-
teristics and instrumental configurations. As obtained, Doppler shifts will be
wavelength and incidence angle dependent. Using extended scattering solution
polarization dependency is also predicted.

At low incidence angle, the sea surface induced Doppler shifts are largely
dominated by the mean velocity of the larger filtered sea surface slope com-
ponents. At larger incidence angles, predicted Doppler shifts will be more
dominated by shorter, and thus slower, surface roughness elements. However,
at larger incidence angles, predictions do not necessarily converge toward reso-
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nant Bragg solutions. These results confirm the importance of the multi-scale
nature of the ocean surface. This result is consistent with previous NRCS
analysis.

As compared with measurements, the weak but systematic polarization sen-
sitivity of Doppler shifts can only result from the use of extended asymptotic
scattering solutions. In particular, both KA and SSA-1 solutions would fail to
reproduce these measured sensitivity. As presented here, the local and resonant
curvature solution, through a phase perturbation formalism, yield polarization
sensitivity. SSA-2 solution would have also produced this desired polarization
sensitivity.

As foreseen, the use of combined Doppler and radar cross-section measure-
ments can certainly help the development of a consistent inversion of instan-
taneous sea surface geometry and kinematic properties. As an optimal config-
uration, to identify and minimize the wind induced surface motion, the use of
dual-polarized instrument is recommended. Indeed, according to the different
asymptotic electromagnetic models, the polarization sensitivity can certainly
be attributed to the shorter scale roughness elements. As these elements are
the most sensitive to wind changes, the use of dual-polarized measurements
will help to instantaneously evaluate and map both the strength and mean
motion of these elements over the illuminated ocean scenes.
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