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FIG. 1. Time-longitude plot of the mixed layer depth perturbation 
(h* = h - hi with hi = 50 m) for the linear equations, with g' = 0 
and v = 10 m2 çl. Contour interval is 2 m, from -13 to 13 m. 
Positive values (downwelling) are shaded. The velocity of the geo­
strophic jet (m çl) is indicated below. 

ah + h. au = 0 
al 'ax . (5 ) 

A time-longitude plot of the mixed layer depth per­
turbation is shown in Fig. 1 for such a linear solution. 
Hs characteristics can be summarized as follow!i. At 
first, the inertial oscillations have no spatial variability 
and the mixed layer depth remains uniform. However, 
the frequency w of the oscillations is modified by the 
jet vorticity r. The x dependency of the frequency 
causes a growing spatial variability, characterized by a 
pseudowavenumber k = -taw/ax (RR86). This 
growing variability produces the growing oscillations 
of the mixed layer depth apparent in Fig. 1; after 1 ° 
inertial periods the maximum downwelling amplitude 
is 13 m. 

RR86 use the linear form of the momentum equa­
tions but use the nonlinear form of the mass equation 

(3). The mixed layer depth evolution is quite different 
in that case (Fig. 2), with a systematic upwelling in 
the positive vorticity region and large downwelling in 
the negative vorticity region, reaching a maximum of 
52 m after 10 inertial periods. RR86 attribute this effect 
to the nonlinear advection term in (3). 

However, the solution of the fully nonlinear system 
( 1 )-( 3) is very close to the linear solution (Fig. 3) and 
does not display any systematic upwelling or down­
welling. This surprising result motivated a more careful 
analysis of nonlinear effects, using an asymptotic anal­
ysis. 

3. Asymptotic analysis 

Let us nondimensionalize the system ( 1 ) - (3), with 
gr = V = 0, using the jet scale À as a lengthscale, 1 / f as 
a timescale, Vi as a velocity scale, and hi as a depth 
scale. The parameter E = Vi / f À is assumed to be small 
( E ~ 1). Then ( 1 ) - (3) become (nondimensional vari­
ables are noted by an asterisk) 

au* au* 
-- - v* + EU* -- = ° 
al* ax* 

(6) 
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FIG. 2. As in Fig. 1 but for RR86's equations. Contour interval is 
4 m, from -22 m to 50 m; positive values (downwelling) are shaded. 
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FIG. 3. As in Fig. 1 but for the nonlinear equations. Contour interval 
is 2 m, from -II to 15 m; positive values (downwelling) are shaded. 

av* aV* 
-- + w 2U* + EU* -- = ° 
at* aX* 

ah* ah*u* 
at* + é aX* = 0, (7) 

with w2(x) = 1 + r(x)lf. For any variable cp* we use 
the following perturbation expansion in (3: 

cp* = cpri + (3cpi + (32cpi + . . . (8) 

with cp* = (u *, v *, h * ). The zeroth-order solution is 

sin(wt) 
U6 (9) 

w 

vi; = cos(wt) 

hi; = 1. 

(10) 

(11 ) 

The higher-order variables are found by solving a se­
quence of linear systems forced by the nonlinear in­
teractions oflower-order variables. Dropping asterisks 
for the sake of simplicity, hl is solution of 

ah l = _ aUo 
at ax . 

(12) 

Taking into account the initial condition hl = 0, we 
obtain 

hl = - ~ aw sin(wt) _ 2 aw (cos(wt) - 1) 
w 2 ax ax w 3 ( 13 ) 

This solution for hl is similar to KT93's solution for 
the linear system. The tirst term on the rhs of ( 13) is 
dominant for times longer than one inertial period. It 
represents a succession ofupwellings and downwellings 
with an amplitude increasing with time and modulated 
by aw / a x, that is, by the vorticity gradient of the jet 
ar/ax (Fig. 1). 

The zonal velocity UI is 

t aw 
U! = 2w 3 ax (1 + cos ( 2wt » + other oscillatory terms, 

(14 ) 

where other oscillatory terms are the ones that do not 
involve t as a factor. Equation ( 14) shows that the ve­
locity component U! has a nonoscillatory part, pro­
portion al to t, that cornes from the nonlinear inter­
action Uoavo/ ax. More precisely, the linear growth in 
t in ( 14) results from the equilibrium 

2 aVa 
w UI = -Ua ax . (15) 

Note that in the case of RR86's equations, UI and VI 

are identically zero since the advection of momentum 
is neglected. 

To the next order in (3, h2 is solution of 

ah2 = _ ahiUo _ au! 
at ax ax . 

(16) 

Both terms on the rhs include a nonoscillatory part 
that is proportional to t: 

ahiUo a ( t aw) . ----. = - - - - + oscIllatory terms 
ax ax 2w 3 ax 

aUI a ( t aw) . 
ax = ax 2w 3 ax + oscIllatory terms. 

It is readily seen that the nonoscillatory terms cancel 
each ,other. This effect can also be shown by writing 
the product h!Uo as a function of Vo using (9), (10), 
and (13): 

h 
- Uo avo 2 (1 - va) aw 

IUO - 2 -a + ua 3 -a' w x w x 
(17) 

The tirst term on the rhs has a nonoscillatory part, 
which cancels the nonoscillatory part of U! as seen 
from (15). 

Because of this cancellation between nonlinear ef­
fects the rhs of ( 16) is oscillatory, and the solution h2 

has the same characteristics as the linear solution hl, 
namely, oscillations proportional to the jet vorticity 
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FIG. 4. Time-longitude plot of the mixed-layer depth perturbation 
for the nonlinear equations, with If = 2 10-3 m ç2 and v = 10 
m2 

çl. Contour interval is 2 m, from -7 to 9 m; positive values 
(downwelling) are shaded. 

gradient with an amplitude growing in time. This result 
agrees with the numerical experiments, which show no 
dramatic difference between the linear solution (Fig. 
1) and the nonlinear solution (Fig. 3). 

On the other hand, for the equations of RR86 that 
imply u, = 0, the nonoscillatory contribution from 
ah,uo/ax does not cancel out and the leading term of 
the solution for h2 is 

(18) 

The systematic growth or decrease of the mixed layer 
depth is modulated by a2w/ax2 (this term is larger 
than (aw/ax)2 when ri fis small, which is the case in 
RR86's and our experiments). Since rand a2w/ax2 
have similar structure with opposite signs, there is 
downwelling where the vorticity is negative and up­
welling where the vorticity is positive. Those effects 
increase as (2 and dominate the O(~) term hl after 
some time. This explains the strongly asymmetric so­
lution of RR86 (Fig. 2). 

Note that the asymptotic expansion is not uniform. 
This simple expansion is used here to illustrate how 

the nonlinear terms tend to cancel each other. A better 
approximate solution can be found by perturbations 
of the frequency (Y. Desaubies, personal communi­
cation). 

4. Discussion 

We have revisited the dynamics of free inertial os­
cillations in the presence of a mesoscale jet. The linear 
and fully nonlinear solutions of the shallow-water 
equations present similar characteristics. In both cases, 
the mixed layer depth is oscillatory in time, and its 
spatial structure is related to the vorticity gradient of 
the jet. The asymmetric growth or decrease of the 
mixed layer depth found by RR86 results from a partial 
neglect of the nonlinear terms, which is not justified 
by the asymptotic analysis. The spurious upwelling and 
downwelling effects are especially dramatic in the ab­
sence of horizontal dispersion (g' = 0). 

When horizontal dispersion is important, energy 
tends to concentrate in the negative vorticity region as 
shown, for example, by Kunze ( 1985) and RR86, and 
the mixed layer depth oscillations are amplified there 
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FIG. 5. Time-longitude plot of the mixed layer depth perturbation 
for RR86's equations, with If = 2 10-3 m ç2 and v = 10 m2 çl. 

Contour interval is 2 m, from -13 to Il m; positive values (down­
welling) are shaded. 
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(Fig. 4). In that case, RR86's solution (Fig. 5) differs 
less from the fully nonlinear solution. Although a spu­
rious systematic downwelling still occurs in the negative 
vorticity region, its maximum is only 40% higher than 
in the nonlinear solution of Fig. 4. (For the case g' = 0, 
there was a factor of 3 between downwellings in Figs. 
2 and 3.) A similar decrease in amplitude is found be­
tween RR86's Figs. 3 (g' = 0) and 8 (g' i= 0). Note 
that most results discussed by RR86 are obtained with 
a continuously stratified model where horizontal dis­
persion is taken into account and, therefore, should 
not depend much on the artifacts in the mixed layer 
depth response. 

This example shows that when applying a shal­
low-water model to the dynamics of inertial oscil­
lations, one should not neglect the nonlinear ad­
vection of momentum when the mass equation is 
nonlinear. 

Editor's note: David Rubenstein replied to this com­
ment as follows: 

1 agree with the comments ofP. Klein and A. M. Tré­
guier. By including aIl of the nonlinear terms, they 
show that inertial oscillations in the vicinity of a front 
do not lead to systematic downwelling or upwelling of 
mixed layer depth. It is very interesting that the cross­
frontal variations in mixed layer depth predicted by 
the fully nonlinear solution are comparable to those 
of the linear solution. 
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