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exploration appeared to us to be the most convenient
way to contrast the behavior of the system for O(1)
supercriticality to the behavior for A < 1.

d. Principal results

The detailed results of roughly thirty numerical ex-
periments will be discussed in following sections. Here
we present a short synopsis of our conclusions.

Pedlosky and Frenzen (1980) expressed their despair
in the fact that the eighty experiments they conducted
with the system (7), (8) were obviously insufficient to
fully describe the parameter dependence of the solution
for the wave amplitude on . For larger supercriticality
it can be appreciated that the situation becomes even
more difficult for two obvious reasons. First, the pa-
rameter space is now three (4, v, @) dimensional rather
than two dimensional (0, v, @) as in the limit A — 0.
Second, the potential of greater interaction between
higher harmonics of the solution and the fundamental,
(interactions which are ignorable as nonresonant and
negligible for small A) means that the dependence of
the solution on the initial values of the spectrum of
higher harmonics vastly increases the intrinsic space
of possible dynamical states. Fortunately, at least for
the cases to be described the sensitivity to initial data
seems weak.

An additional qualification which must be kept in
mind is that the increased computational burden pre-
sented by the full quasi-geostrophic equations does not
allow us to run the calculations for as long as we might
really like. Hence some solutions that appear chaotic
may, with time, éventually become steady. This so-
called “pre-turbulence” (Sparrow, 1982) behavior can
be expected on the parameter border between chaotic
and steady behavior. Generally we allowed the nu-
merical calculation to proceed to 500 and occasionally
to 1,000 linear e-folding times in an effort to be rea-
sonably certain in our characterization of the wave be-
havior. Nevertheless, the value of the boundary be-

tween apenodlc and steady behavior, for example, may -

be somewhat i 1mprec1se

After all these warnings and qualifications, certain

broad qualitative features appear from the detailed cal-

" culations described in section 3. In these calculations
the supercriticality of the system, A, ranged from being
very small (A = 0.02) to a value of about four times
the critical value of F, (A = 45).

Our final conclusion is that the interval in v over
which aperiodic amplitude behavior exists increases
with increasing supercriticality. Rather than being a
consequence of any delicacy of weakly nonlinear the-
ory, chaotic, “Lorenzian” behavior appears robust and
enhanced by higher supercntlcahty For a fundamental
wave which is square, i.e., whose half-wavelength is the
channel width (4> 21:1), the boundary between steady

and aperiodic behavior moves from ¥ ~ 0.18 for A -

=0.02 to ¥ ~ 0.25 for A = 14. (This represents an
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increase of more than an order of magnitude in the
value of r for which aperiodic behavior occurs.) The
overall behavior of the solutions as a function of ¥ and
A, as determined by our calculations, are described in
the map shown in Fig. 1.

The parametric complexity of the dynamical behav-
ior, found in weakly nonlinear theory, remains in ev-
idence, at least for O(1) values of the supercriticality.
For 4 = 0.2 for example, integrations of the full equa-
tions with an adequate representation of the solution
structure revéal isolated islands of steady state behavior
{e.g., in the range 8 < A < 10), and isolated intervals
of periodic behavior (3 < A < 5) both embedded in a
zone of aperiodic behavior. For small A, ¥ = 0.2 has
only steady solutions. However no period doubling
phenomena was observed as A increased although this
may be the result of the absence of a sufficient fineness
in the parameter net used.

The amplitude scaling used in weakly nonlinear the-
ory (1) ensures that steady solutions of (7), (8) for 4
are equal to unity. If the same measuring scale is used
for the amplitude of the fundamental wave of the full
system our results show that this scaled amplitude de-
creases with increasing A. Since the overall amplitude
is proportional to A? [i.e., (1)] this implies that as A
increases the amplitude of the steady solutions in-
creases, but less rapidly than AY?. In section 2c this
result is explained as a nonlinear “stiffening™ of the
system and can be accurately forecast by a truncated
representation of the solution.
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FIG. 1. Map of the solution type in the y-A plane. Points marked
S correspond to solutions observed to become eventually steady. The
points marked A, refer to solutions which are aperiodic. Points
marked P refer to solutions which become periodic in which the
amplitude of the fundamental passes through zero. Points marked
LC refer to sotutions which are periodic for which the amplitude is
always different from zero. These two solutions are also referred to
in the text as the E > 0 and E < 0 limit cycles respectively. The
calculations shown here were done for the case where the fundamental
wave had a? = 2x% Two labels are shown for each parameter value.
The upper label refers to calculations employing the full representation
of the solution while the lower label refers to calculations with the
representation of the wave truncated to a single harmonic component.
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The role of the higher harmonics of the fundamental
wave is observed to be a rather subtle one, at least for
the supercriticalities studied. We observed (see Fig. 1)
that the truncated system, consisting only of the fun-
damental wave and the mean flow, often predicted
aperiodic behavior for those parameter values where
the full system predicts steady or periodic solutions. A
series of numerical experiments with various altered
forms of the funddamental equations (see sections 2 and
3) leads us to believe that the most important effect of
the higher zonal harmonics is the manner in which
they change the meridional structure of the funda-
mental wave and the result which that altered merid-
ional structure has on the structure of the evolving
mean flow. This indirect stabilization effect of the
higher harmonics is ovérwhelmed at higher supercrit-
icality where both the full and truncated systems be-
come aperiodic.

The calculation at A = 45, i.e., at about four times
the critical value, presents a situation in which six waves
present in the calculation are unstable. The most un-

- stable wave is the wave with half-wavelength of the
fundamental. Nevertheless (see Fig. 20) our calculations
show that the most unstable wave gives way, after a
short initial interval of dominance, to the longer fun-
damental wave. This longer wave then dominates the
solution except for periods of minor bursts of activity
of the shorter waves in a manner that has previously
been seen in weakly nonlinear theory (Pedlosky, 1981).
These are the principal conclusions drawn from the
calculations we have completed. They are described
more completely below along with other interesting
but more technical results.

2. Formulation of the mathematical problem
a. The spectral model

A spectral numerical method (similar to the one used
by Boville, 1980, 1982) based on Fourier series has

been used to integrate the quasigeostrophic equations

(15). For the zonal channel domain considered, an ap-
propriate spectral representation of the streamfunc-
tions, in the lower and upper layers, which satisfies the
boundary conditions, i.e.,

\ﬁ(x + % , y)' = Yx, )
?i B Lx/L a\p
ax 0, .[) dy

has been chosen as
V=3 Ape™ sinnwy + 3 Ao, cospmy  (19)

m n p
with k = 2w L/L,, Amn = A*un, | < M with m # 0,
I <n<Nand 1 < p < P. An asterisk denotes complex
conjugation. The wavelength L, is of the fundamental

—dx=0 on y=0,1,
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wave (which corresponds to m = 1, n = 1). In this

“study we have chosen L, = 2L which means that the

fundamental is square. In (19) 4,,, and 4, designate
the Fourier components respectively of the wave field
and of the zonal flow correction (which is the com-
ponent of Y independent of x). The wave field involves
the fundamental and its harmonics. ‘
Two sets of simulations corresponding to different
values for M and N have been run. The first set con-
cerns the so-called “truncated system” which involves
only the fundamental for the wave field and corre-
sponds to M = N = 1. The second set concerns the so-
called “full system” where the wave field is represented
by the fundamental wave and its harmonics. In this
case four or eight (when specified) zonal harmonics
and eight meridional harmonics have been considered,
which correspondsto M = 4 or 8 and N = 8. For both
systems, the spectral representation of the zonal flow
correction contains 24 components (P = 24). In most
of the experiments carried out the fundamental is the
only unstable wave and when it is not the case, (A
= 16), the fundamental becomes rapidly the dominant
one. The harmonics are generally stable and from.the
numerical results their amplitudes are several orders
of magnitude lower than the fundamental one. The
calculated Fourier spectra (discussed in section 3) fall
off very rapidly from the fundamental and display a
very negligible fraction of energy retained in the latter
harmonics. This has encouraged our belief in the ad-
equacy of the representation used for the wave field.
Substituting the spectral representation (19) in Egs.
(15) yields a coupled set of equations for the time evo-
lution of the spectral coefficients A4,,, and Ag,. These
equations have been integrated in time using a leapfrog
differencing scheme for the advective terms, with ap-
plication of a Robert filter (Asselin, 1972) to control
and damp out the computational mode, while an im-
plicit trapezoidal scheme (Kurihara, 1965) was used
for the dissipation terms. The nonlinear Jacobian terms
have been evaluated by using appropriately a spectral
transform method introduced by Orszag (1971).

b. Equations in Jacobian form

In the results reported here, the fundamental wave,
which is generally the dominant wave, displays in many
cases a different behavior whether the effects of higher
harmonics are taken into account or not. These effects
are involved in the nonlinear interaction terms. In order
to understand the role of the higher harmonics and
what aspects of the dynamics produce these changes,
several test simulations were run in each of which some
specific contributions to the nonlinedr interactions
terms, involved in the fundamental wave and the zonal
flow correction equations, were arbitrarily deleted.

More precisely, the nonlinear Jacobian terms in-
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volved in (15) are expanded as the streamfunction (19)
in a Fourier series, i.e.,

J =2 2 Jume™ sinnzy + X Jo, cospry  (20)

m n ) p

withjm/ < Mandm+#0,1<n<N,l<p<Pand
Jon = J¥%u,. Attention has been focused on Jy;, the
nonlinear term involved in the equation for the time
evolution of the amplitude of the fundamental wave
(A1) and Jy, (1 < p < P) the nonlinear terms involved
in the equation for the time evolution of the zonal
mean flow components (4q,). Here J;, is the sum of
three contributions: J{;, which is the interaction of the
fundamental with the zonal flow; J?;, which is the in-
teraction with the zonal flow of the waves with the
same zonal wavenumber as the fundamental but with
higher meridional wavenumber and Jf,, the wave-
wave interactions involving waves with a higher zonal
wavenumber than the fundamental. Also Jy, is the sum
of three contributions which are J§p the self-interaction
of the fundamental wave, Jo,, the wave-wave interac-
tion involving waves with the same zonal wavenumber
as the fundamental but excluding its self-interaction
and J§, the wave-wave interaction involving waves
with higher zonal wavenumber.

In the test simulations reported below, the effects of
these different contributions on the behavior of the
fundamental wave have been evaluated.

c. The truncated system

In the limit of weakly nonlinear theory only the in-
teraction of the fundamental wave with the mean flow
is dynamically significant. Thus, in that limit there is
a natural truncation of the solution representation in
terms of a single harmonic. It is natural to wonder how
well such a representation works at higher supercriti-
cality, especially as the results to be described indi-
cate that the energy in the higher harmonics is usually
small (section 3) although not altogether negligible at
larger A.

In discussing the truncated system it is useful to con-
sider the equations for the barotropic and baroclinic
components of the streamfunction, i.e.,

Yr= @1 —¥2)/2

in terms of which (15) becomes

d K
(az ;)‘” + UT Ix VZ‘PT + J¥s, gp)+ ST, a) =

94z

r
+ = V7 + Upr— (V2
ar T V¥r UT o V¥ + 2Fp)

+JW¥s, gr) + J¥r, g5) = 0, (22a,b)
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where
Ur=UyJ2=U;=-U,
ds = VZKI/B
gr = V¥¥r — 2F)r. (23a, b, ¢)

We consider a formal solution to (15) of the form

Vg = Ae™ sinly + * =g

Yr=Be™sinly+» + &y, )=or+ & (24a,b)

where 1 is an integral multiple of .

Note that the only mean flow correction occurs for
the baroclinic portion of the flow. Again an asterisk
denotes complex conjugation.

Since for this truncation

JWs, q8) =0
JYr, ar) = Jer, &, — 2F®) — P, (a® + 2F)¢7)
a‘PT
ax 3y {<I>yy+ a’®}
Js, qr) = —(a* + 2F)J(ps, ¢1)
ach 6
&, — 2FP
ax { s
295
JWr, g8) = —2FJ(er, ¢5) + a i (253 b, ¢, d)
while . . :
JHes, o1) = ikl sin2ly(AB* — A*B) , (26)

it follows that the equations for 4, B and & may be
written

1

r #®

F —; = ikI2F sin2ly(AB*
2<I>} 26)72 ikI2F sin2ly(

— A*B)
(27)

dB
(a2+2F)—£+a2£

3 B ~ ikUrQ2F — adA4 + ikld2

1 2‘1)
X J; sinZIy{‘;—yz— - QF - az)cb}dy =0 (28)

2(2 + )A + a%ikUrB + iklB2

L L) 5
X J; sm21y(5-;2- +a d))dy =0. (29)

For small A, weakly nonlinear theory shows that B
is O(A!?) with respect to A4 and a balance of the un-
derlined terms in (29) results. All terms in (28) are of

- the same order (O(A)) with respect to 4. An interesting

departure from weakly nonlinear theory occurs in the
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final term in (28) representing the wave-mean flow
interaction. For small A, 2F = a? + O(A) and the final
term in (28), 2F — a?)®, is negligible. Hence for small
A, the advection of barotropic relative vorticity by the
baroclinic zonal flow correction essentially cancels the
advection by the barotropic wave of the “thickness”
portion of the zonal flow potential vorticity correction.
This cancellation leaves only the interaction of the
barotropic wave with the relative vorticity of mean flow
_ correction as the sole wave-mean flow stabilization ef-
fect for small supercriticality. For larger supercriticality
2F — a? will be >0 and the final term will usually be
of the same sign as the relative vorticity, 3*®/dy?. This
enhances the magnitude of the wave-mean flow inter-
action for large A.

Note that for all A, (28) and (29) imply that A and
B will remain out of phase by exactly 90°, a result
which appears to be true even for the complete system
when the results are scrutinized. The truncated system
(27), (28) and (29) was run as a companion to the sys-
tem using the complete spectral representation. In gen-
eral the results of the truncated system (in which & is
represented for the numerical calculations by the full
cosine series of section 2a) tended to overestimate the
domain of chaotic behavior. However we found that
when both systems indicated steady amplitude behavior
as a final solution, the truncated solution accurately
predicted the amplitude of the full solution.

It is therefore of some interest to examine the steady
state form of (27), (28) and (29).

Writing .

= irG/(2kUr), (30)

we obtain, as a solution to (27) satisfying d®/dy = 0
ony=0and I:

-- L [sin2ly — 2ly — 2)JAG ~ (31)
Uy
leading to
~ A'_
%G WU2AA + 4Fk212A"G|: %F] ~o0
(32)
A-G- 4re ,50”2(1 —3"—2) =0 (33
Uia® 4 [?
where
A =F - a?2,

i.e., A;is the supercriticality with respect to the inviscid
criteria F = a?/2 obtained from (5) when r = 0. If we
write, in analogy with (1)

172
A=8"Yr,

al

172
G A - IUT G, (34a, b)
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a*r? 24, 3 A;
G- A +A2G(1 +—)(1 +——') =0

8A,~k2UT 2 2

(35)

A,’ 3 a 2 _ .
A G+2a2(1 +2 )(4 B I)AG V—O. (36)

The first term on the left hand side of (35) is O(y?)
and for all the cases considered represents a negligible
contribution to (35). If that term is ignored, a partic-
ularly simple result for 4 results, namely

3AN!
A= (l+§'l—2') .

As A; — 0 the amplitude of the steady solution ap-
proaches 1 in agreement with weakly nonlinear theory.
However when Ay/I? is no longer negligibly small the
overall amphtude increases less slowly than A2 by the
factor 1/(1 + 2A;/1%). This represents a nonlinear “stiff-
ening” of the system. For 2F — a? # 0 the advection
by the mean flow of the perturbation vorticity no longer
cancels the wave advection of main flow thickness. This
cancellation as A; — 0 is the reason only the relative
vorticity of the mean flow correction enters (7). For
A;/1? = O(1) this is no longer the case. We will discuss
the details of the numerical results in section 3. How-
ever we remark here that the estimate (37), based on
the truncated system gives an excellent prediction of
the wave amplitude when the complete calculation
shows that solution becomes steady. What is not true
is that the truncated system can predict the nature of
the ultimate form of behavior. To predict the nature
of the final state the complete dynamics is required.
When the solution is captured by a steady equilibrium
point the resulting simplified steady dynamics allows
the truncated system to give a good description of the
end state. From a conceptual point of view greater sig-
nificance should be attached to the concept of nonlinear
stiffening. We shall see that even for the time dependent
states a stiffening is observed although the full system
is required to accurately calculate the solution. In each
case the stiffening is manifested by a reduction in the
amplitude that would be expected on the basis of a
naive extrapolation of the scaling appropriate to weakly
nonlinear theory.

(37)

d. Scalzng used for the presentation of the numerical
results

As discussed in section 1, numerical calculations of
this study were conducted in the parameter space of F
and r along lines of constant 4 mainly in an attempt
to focus on the new effects of nonlinearity, in contrast
with the weakly nonlinear theory. The vy and o are
defined [see (18)] in terms of the fundamental wave in



15 JUNE 1986

our spectral expansion, since it is the most unstable
wave except for a single experiment (A = 45).

Most of the numerical results reported below con-
cern the time evolution of the scaled amplitude 45 of
the barotropic part of the fundamental, defined as

_ AU~ Uy

Vs 2aw

Ag(H)e™ sinzy + x.  (38)

The development time ¢ is scaled by the linear
e-folding time, and Ag(f) is a complex number. Our
numerical results revealed that, generally (mainly when
A < 20), the ratio of the real part of Az to its imaginary
part is constant for 4 and o fixed: this ratio is infinite
when A < 1, which means that A4 is real, and is O(1)
when A = 5. This means also that in most simulations
the real and imaginary parts of Az go through zero
simultaneously and this fact has been exploited for the
presentation of the numerical results. The plotted am-
plitude 4 corresponds to the modulus of A5 with a sign
equal to the sign of the real part. Note that this sign is
also an indicator of the phase difference between the
barotropic and the baroclinic part of the fundamental
wave, which has been observed to be always +u/2.

3. Discussion of the numerical results

Integrations of the spectral equations for the quasi-
geostrophic equations were run over a parameter range
in v that embraced the interval over which Pedlosky
and Frenzen (1980) found periodic, chaotic and steady
solutions. The value of the supercriticality, A = F — F,,
was increased from a small value, to establish a con-
nection with the results of weakly nonlinear theory and
to establish confidence in our numerical method. The
largest value of A attained in the calculation was A
= 45, about four times the critical value of F for a wave
with zonal wavelength equal to twice the channel width,
i.e., for a2 = 272, In all calculations the longest possible
mode had a? = 272 and except for A = 45 this longest
wave was the linearly most unstable wave.

Figure 1 shows a table, or map, of the points in pa-
rameter space at which calculations were made. In this
figure each point is labeled twice. The upper label refers
to the numerical calculation with the full system while
the lower label refers to the calculation done with the
truncated system in which the wave field is truncated
to a single zonal and meridional harmonic (the zonal
flow correction is represented in each case by the full
cosine series).

For small A, e.g., A = 0.02, there is excellent agree-
ment between our results and the results of weakly
nonlinear theory. Figure 2 shows the amplitude oscil-
lation at A = 0.02, v = 0.12. A periodic solution with
a period equal to 24 linear e-folding times is observed
in complete agreement with the calculations of Ped-
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losky and Frenzen. Similarly, at A = 0.02, v = 0.14
an oscillation of doubled period (not springing from a
period doubling cascade of the solution at vy = 0.12)
is found, Fig. 3, again in complete agreement with the
results of weakly nonlinear theory. At A = 0.02, v
= (.17 aperiodic behavior is observed, shown in Fig.
4, while at A = 0.02, v = 0.2 a steady solution is
obtained. Pedlosky and Frenzen’s results show that
for small A the solution in fact becomes steady by
v =0.18.

As the map in Fig. 1 demonstrates, increasing the
supercriticality extends the interval of chaotic behavior
to larger v (Note, as previously remarked even at fixed
v increasing A increases the value of 7). For example
at v = 0.2, A = 1, for which the weakly nonlinear
solution is steady, Fig. 5a shows that the solution is
now aperiodic. Figure 5b shows the portrait of the same
solution in the phase plane (4, d4/dt) while Fig. 5¢
shows the Lorenz return map for the solution in which
the absolute values of the Mth maximum in the so-
lution are plotted against the (M — 1)st. The steep
cusplike peak to the return map is a characteristic sig-
nature of chaotic motion normally associated with the
existence of a strange attractor (Sparrow, 1982). The
solution calculated here used eight zonal harmonics
and eight meridional harmonics to represent the wave
field.

For v = 0.2 the character of the solution changes in
the neighborhood of A = 2 and appears to be sensitive
to the number of zonal harmonics used in the calcu-
lation. When either the truncated system is used or a
system involving only four zonal harmonics is used the
solution is aperiodic. However the solution with eight
zonal harmonics shown in Fig. 6 is periodic. This pe-
riodic solution differs however from the periodic so-
lutions found at lower supercriticality. The amplitude
now does not go through zero and has a well defined
minimum. A similar periodic solution occurs at A = 3,
v =0.12and at A = 3, v = 0.2 for both four and eight
zonal harmonics in the solution representation, (see
Fig. 7). However at & = 0.25 the solution rapidly tends
to a steady state (Fig. 8). The appearance of this new
periodic solution is strikingly similar to the form of
the unstable limit cycles, found in weakly nonlinear
theory (Pedlosky 1982). Two types of limit cycles were
shown to exist at small A and small v, e.g., the so-
called E > 0 cycle, similar to that shown in Fig. 2
which is a stable solution as A — 0 and the E < 0 limit
cycle which was shown to be unstable. We here spec-
ulate that the effect of nonlinearity is to stabilize the
E < 0 cycle which, over part of the parameter space,
now becomes the realized solution.

Aside from the new form of the periodic solution
for A = 3, v < 0.25, it is more important to emphasize
the fact that increasing the supercriticality from A = |
to A = 3 has produced a more regular solution. Whereas
the solution was chaotic aty = 0.2, A = 1, it is periodic
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aty = 0.2, A = 3. The solution at y = 0.2, A = S is
also periodic, again with the form of an E < 0 limit
cycle (Fig. 9). The phenomenon of nonlinear stiffening
may be observed as both maximum amplitude and
amplitude range are decreased (after removing the
factor of A'? in the overall scaling) in moving from
A=3toA=5.

As A increases further, the solution becomes steady
as shown in Fig. 10. The reemergence of a zone of
steady amplitude solutions confounds the notion of a
simple progression to turbulent or time dependent be-
havior with increasing A. The amplitude of the steady
solution ~ 0.45 is nearly exactly predicted by (37) as
indeed are the steady solutions at other parameter val-
ues and illustrates the nonlinear stiffening of the dy-
namics with increasing A.

We wish to emphasize again that although the trun-
cated model is a good estimator of the steady amplitude
when it occurs, it is a poor predictor of the character
of the realized solution. As Fig. 1 shows, the truncated
system persistently predicts aperiodic behavior over a
wide range of parameters for which the full system
yields steady or periodic solutions. We will return to a
more detailed diagnosis of this phenomenon shortly.

Proceeding to increase A at v = 0.2 produces ape-
riodic behavior at A = 12, 14, 16 and 20, e.g., Figs.
11a, b. The parameter mesh in Fig. 1 is admittedly
coarse and it is quite possible that different dynamical
behavior may occur in the intervals between the se-
lected points. Generally however the aperiodic domain
increases with increasing A. Even with the aperiodic
solutions the phenomenon of stiffening is observed as
the amplitudes, after the removal of the scale factor
A7, decrease with increasing A.
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Aty =0.2,A=20themodesn=2,m=1and m
= 2, n = 1 are both weakly unstable in addition to the
fundamental at m = 1, n = 1. Calculations were done
to test the sensitivity of the results with different initial
conditions for these modes. We found in the cases
tested that these higher modes rapidly diminished in
amplitude and the general behavior of the aperiodic
solution for the fundamental 1 = 1, n = 1 mode was
unaffected. This is not a proper test of the survivability
of the most unstable mode, a point to which we return’
in our discussion below of the calculation at A = 45,

First, however, we wish to return to the nature of
the differences of the solutions at lower A between the
truncated and full systems. Figure 12a shows the so-
lution for the truncated system for A = 14 and v = 0.05.
The solution is periodic and looks very much like the
periodic solutions achieved at small supercriticality.
Figure 12b shows the calculation of the solution of the
full system at the same parameter value. Although the
solution is once again periodic it is of a different type,
1.e., of the E < 0 limit cycle type mentioned above.
The effect of the higher harmonics has been to exchange
the type of realized limit cycle from the E > 0 type,
stable in weakly nonlinear theory, to the F < 0 type.
This effect of the truncation is even more dramatic at
larger v where the effect of the truncation misrepresents

. a periodic solution as a chaotic one. Figure 13a shows

the phase plane solution at A = 5, v = 0.2 while Fig.
13b shows the phase plane solution at A = 5, vy = 0.2
for the aperiodic solution predicted by the truncated
system. We were astonished to realize that the limiting
trajectory of the periodic solution of the full system
formed almost exactly the inner boundary of the tra-
jectories of the aperiodic solution as they circled the
equilibrium point in the relevant half plane. There are
two possibilities we can imagine. We have tentatively
identified the periodic solution of the full system as an
E < 0 limit cycle stabilized at larger A by the presence
of zonal harmonics. In the absence of the zonal har-
monics this trajectory, as well as all others are desta-
bilized producing chaotic behavior but remarkably this
E < 0 trajectory then forms the inner boundary of the
aperiodic solution which the solutions may not pene-
trate. The second possibility is that the oscillation ob-
served in the full system may in fact by very slowly
decaying. Were this the case the inner boundary of the
aperiodic solution would represent an unstable limit
cycle. Solutions with' the zonal harmonics then are
found within the unstable limit cycle and wind down
to the steady solution. This certainly occurs at A = 10,
v =0.2. Howeverat A = 3 or A =5 fory = 0.2 we
believe the former description is more apt.

We do not pretend to have a full dynamical expla-
nation for the changes in behavior and the appearance
of new forms of periodic solutions or the role of the
higher zonal harmonics in producing steady solutions.
However we have tried to isolate what aspects of the
dynamics are responsible.
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We have focused on the case ¥ = 0.2, A = 5 where
the full system yields a periodic solution of a single
sign for 4 (the E < 0 limit cycle) while the truncated
system predicts aperiodic behavior as shown in Fig.
13a, b. In order to determine which aspects of the dy-
namics were responsible for the differing behaviors of
the solutions a variety of test calculations were run in
each of which some aspect of the full dynamics was
arbitrarily deleted from the calculation. As described
in section 2, the nonlinear interactions can be appor-
tioned into three terms which contribute to the evo-
lution of the fundamental wave. They are J{;, the in-
teraction of the fundamental wave with the mean flow,
J?, the interaction with the mean flow of waves with
the same zonal wavenumber as the fundamental but
with higher meridional harmonics and J{, which rep-
resents direct wave-wave interactions of higher zonal
harmonics resulting in an alteration of the fundamen-
tal. Note that J}, represents the effect of the altered
meridional structure of the fundamental wave in its
interaction with the mean flow. Similarly, we have
noted that a similar partition of the contributions to
the zonal flow correction equation can be effected. The
three relevant contributions are J§,,, J(’)’,,, J§p which rep-
resent the self-interaction of the fundamental, the mu-
tual interaction of waves with the same zonal wave-
number as the fundamental but excluding its self-
interaction and the mutual interaction of higher zonal
harmonics respectively. In addition, of course, a similar
partition can be made for any harmonic so that, for
example, there will be terms in the equation for the
higher meridional harmonics of the basic wave from
wave-wave interactions as well as wave-mean flow in-
teractions. :

After a series of tests we found two cases which ap-
peared to isolate the significant dynamical agent re-
sponsible for the changed character of the solution.
Figure 14a shows a test calculation where in the equa-
tion for the fundamental wave only the interaction be-
tween the fundamental (m = 1, n = 1) wave and the
mean flow is retained and where, in the equation for
the mean flow correction, we retain both the self-
interaction of the fundamental wave and the interac-
tion of waves with the same zonal harmonic as the
fundamental—excluding the self-interaction of the
fundamental.

Hence this system represents only wave-mean flow
interaction insofar as the fundamental is concerned
but it fully represents how the altered meridional
structure of the wave with the same zonal wavelength
as the fundamental alters the zonal flow. Moreover, in
this system the higher zonal harmonics continue to
affect the flow insofar as they contribute to the evo-
lution of the higher meridional harmonics of the basic
wave. We see from Fig. 14a that this rather minimal
representation of the amplitude dynamics reproduces
the qualitative character of the full solution although
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the amplitude of the solution is smaller in the case
where the full effect of wave-wave interaction is re-
tained as shown in Fig. 9. Figure 14b shows a calcu-
lation with the same model as Fig. 14a with a single,
slight change. As in Fig. 14a only Jf, is retained in the
equation for the fundamental and only J§, and J§, are
retained in the equation for the mean flow correction.
However for the calculation shown in Fig. 14b the effect
of the higher zonal harmonics of the fundamental are
completely suppressed in the equations for the evolution
of the higher meridional harmonics of the fundamental.
Since these higher meridional harmonics can, in this
system, only affect the dynamics by altering the mean
flow it appears that the crucial role of the zonal har-
monics is to allow a sufficiently accurate description
of the meridional structure of the basic wave so that
the correction to the zonal flow may be calculated cor-
rectly. That is, unless the y-structure of the basic wave
takes into account wave-wave interactions, the zonal
flow correction produced by the heat fluxes and Reyn-
olds stresses of the basic wave will not be calculated
accurately enough to get the wave-mean flow inter-
action of the fundamental correctly. This is a very sub-
tle role for the zonal harmonics, a very indirect one
but similar to a type already observed in a somewhat
special problem in weakly nonlinear theory on the
B-plane (Pedlosky, 1982) where this indirect role of the
higher zonal harmonics also appears vital to the dy-
namics.

A somewhat more complex situation was encoun-
tered at A = 10, v = 0.2. At this parameter value the
full system predicted an ultimately steady solution, Fig.
15a, while the truncated system showed aperiodic be-
havior Fig. 15b. The same sequence of tests was per-
formed as reported above, deleting various aspects of
the nonlinear dynamics arbitrarily. As in the case re-
ported on at A = 5, ¥ = 0.2 the deletion of the direct
effects of the wave-wave interactions of the higher har-
monics on the dynamics of the fundamental and of
the mean flow had qualitatively little result on the so-
lution. It again became steady. That is, the deletion of
J§; and J§, had no qualitative effect on the dynamics.
When J?, was deleted, i.e., when the effect on the fun-
damental of the interaction of its higher meridional
harmonics was also deleted (i.e., with J?;, J§; and J§,
were deleted) a limit cycle was obtained as shown in
Fig. 15c. When in addition only these same terms are
neglected but the effects of the higher zonal harmonics
are suppressed, insofar as they affect the dynamics of
the higher meridional harmonics of the fundamental,
aperiodic behavior once again appears Fig. 15d. Thus,
once again, the qualitative nature of the dynamics is
governed by the interaction of the basic zonal harmonic
with the mean flow. The effect of the higher zonal har-
monics is crucial but indirect. The higher zonal har-
monics are largely important in accurately specifying
the meridional structure of the basic wave and how

i
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this wave rectifies to alter the zonal flow. In this case
(A =10, v = 0.2) the full system is “two steps” removed
from the truncated system, i.e., steady as opposed to
aperiodic. Suppression of the interaction of the altered
meridional structure with the mean flow is enough to
lift the system out of the steady state but it requires
the complete suppression of the zonal harmonics to
make it chaotic. Thus we conclude that for the cases
studied at supercriticalities up to twice critical, that the
dominant dynamics is overwhelmingly wave-mean
flow interaction. Departures from weakly nonlinear
theory enter primarily through the nonlinear alterations
of the meridional structure of the basic wave. The ac-
curate calculation of this alteration however requires
the retention in the dynamics of the effects of the higher
zonal harmonics.

These results are also consistent with our findings,
which we do not present in detail here, that the Reyn-
olds stresses in the fully developed waves remain small
while the heat fluxes remain similar, though slightly
reduced, to what would be expected from weakly non-
linear theory. Thus the dynamical processes are still
largely those of weakly nonlinear theory although sig-
nificant alterations in the amplitude and time depen-
dence of the system are produced by the production
of higher harmonics by frankly nonlinear processes.

Energy spectra have been estimated from the nu-
merical results. It appeared to us more convenient to
differentiate the energy spectrum for the wave field
from the energy spectrum for the zonal flow correction.
If ¥’ and ¢ designate the streamfunctions respectively
for the wave field and for the zonal flow correction,
energy spectra are estimated by

moe [ a3+ (3]

= 2 2 (MK + i)l = 2 Ak (39)

m n
Iml<M l<neN
m#0

with k = [(mPk? + n2ad)/(k? + 7))
_ 6_@ 2 _ 2,242 —
E, = J; dy(ay) = ?p‘erop— ?Az(x) (40)

with k = [p*n?/(k* + =?)]'/2. Spectra represent A,(x)
and A4.(«) as functions of «.

Figures 16 and 17 show energy spectra for the cases
A=1,y=0.2and A = 3, ¥ = 0.2 when eight zonal
and eight meridional harmonics are considered. The
first noticeable feature concerns the steepness of the
calculated spectra. Energy spectrum for the zonal flow
exhibits a small plateau and then falls off again very
rapidly with a ™ slope. Energy spectrum for the wave
field falls off more rapidly with a x~” mean slope. The
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fraction of energy retained in the latter harmonics is
quite negligible with respect to the others. Besides the
fundamental wave, the main components which
emerge from the spectrum for the wave field correspond
to the meridional mode m = 1, n = 3 and to the higher
zonal modes m = 2, n = 2 and m = 3, n = 1. The
other components are smaller and decay more and -
more rapidly as k increases. This feature-has encour-
aged our belief about the representation used for the
streamfunction.

The energy spectra for the cases A = 14, y = 0.2 are
shown on Fig. 18 and display the same features as
with smaller A, in particular concerning the steepness
of the slopes.

Experiments were also carried out at much higher
supercriticality at v = 0.2, A = 45, i.e., with F about
four times its critical value for the fundamental wave.
At this parameter setting six of the harmonics are lin-
early unstable and, for the first time, one of the higher
harmonics m = 2, n = 1 is the most unstable wave.
Table 1 gives the (nondimensional) growth rates of the
six modes.

Figure 19a shows the evolution of the solution for
the case where, initially, the higher harmonics are zero.
The solution is aperiodic. Note that the most unstable
wave is not directly forced by the interaction of the
fundamental with its higher harmonics and this com-
ponent will remain zero if it is so initially. In this case
we, a priori, expect a fairly sensitive dependence, then,
on the initial data. Figure 19b shows the solution for
the same parameter setting for which the initial am-
plitudes of all the higher harmonics is initially nonzero.
The differences on short times, ¢ < 50, is rather striking.
As might be expected from linear theory the most un-
stable wave grows rapidly and initially dominates the
spectrum. The initial spike in Fig. 19a for the m = 1,
n = 1 mode is now absent being suppressed by the
growth of the m = 2, n = 1 mode. However, shortly
thereafter the amplitude level of the most unstable wave
sinks to negligible levels not greatly different from other
higher harmonics of the fundamental. After 300 e-
folding times (of the fundamental) and a sign reversal,
the fundamental experiences a period during which its
amplitude develops an oscillation of increasing mag-
nitude symptomatic of a preparation for another sign
flip. During this entire period, which lasts about 400
time units, the amplitudes of the higher harmonics
hover near zero but never completely disappear. At ¢
~ 750 the amplitude of the fundamental goes through
zero and does not begin a new cycle of single signed
oscillation for another 100 time units. In response to
this temporary disappearance of the fundamental wave,
the unstable higher harmonics spring to life. However
there appears to be no simple relationship between the
amplitudes of the harmonics during this burst of ac-
tivity and their linear growth rates. For example, the
harmonic m = 1, n = 2 which is ranked fifth in terms
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FI1G. 16. Energy spectra for y = 0.2, A = 1 (eight zonal harmonics
have been used in the simulation); X and ® symbols correspond to

the spectrum respectively for the wave field and for the zonal flow
correction.

of growth rate seems about as large as the m = 2, n
= 1 most unstable wave during this burst of activity.
The phenomenon of the disappearance of the most
unstable wave and its replacement by a longer less un-
stable wave has been noted earlier, e.g., Hart (1981),
Pedlosky (1981) and for A < 1 can be explained in
terms of weakly nonlinear theory. In that limit the
dominance of wave-mean flow interaction provides
the physical basis for the explanation. The most un-
stable wave saturates at an amplitude that leaves avail-
able energy for the more slowly growing, longer wave.
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FIG. 17. As in Fig. 16 except for v = 0.2, A = 3.
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FIG. 18. As in Fig. 16 except for v = 0.2, A = 14.

As that wave grows it forces the amplitude of the most
unstable wave to decrease. The process continues until
the waves completely exchange roles as dominant and
recessive waves, Clearly the same process occurs here
at larger A. Figure 19c¢ shows the solution evolution at
the same parameter setting when only four zonal har-
monics are present in the solution representation.
Nonetheless the qualitative nature of the solution re-
mains the same. There are some interesting minor dif-

- ferences however to which we would like to draw the

reader’s attention. The amplitude of the fundamental,
after achieving dominance, passes through zero more
often in this case, and we note again that each time
the fundamental either approaches zero closely (e.g.,
at t ~ 625) or passes through zero, a burst of activity
in the higher unstable harmonics occurs.

The apparent discontinuous jump in the amplitude
of the fundamental at ¢t ~ 225 is an artifact of our
representation. The reader will recall that for economy
of presentation we have exploited the observed fact
that generally the real and imaginary parts of the baro-
tropic mode go through zero simultaneously (section
2d). Thus the plotted amplitude has been always the

TABLE 1. Nondimensional growth rates of the six modes.

Mode
(m, n) Growth rate
1 (L 2.107
2 (1,2) 1.382
3 (1, 3) 0.070
4 2,1 3.212
5 2,2) 1.947
6 3G n 1.652
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F1G. 19a. Solution at A = 45, v = 0.2 in which all harmonics
' except the fundamental are initially zero.

modulus of the barotropic mode and the sign has been
the sign of the real part of the barotropic amplitude of
the fundamental. At ¢t ~ 225 we observe the unusual
situation where the wave changed phase by 180° with-
out passing through zero.

We attempted to construct the Lorenz return map
for the oscillation of the fundamental wave, and the
result is shown in Fig. 19d. The map is dominated by
the quasi regular period in which the size of each peak
is increasing and the absence of a well resolved return
map, as in Fig. 5, may be a signal that a much longer
" adjustment time will be required at higher supercriti-
cality to establish definite Lorenz attractor behavior.
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harmonics for A = 45, y = 0.2 for the case where the initial amplitudes

. of the higher harmonics is nonzero. Eight zonal harmonics are used
in the calculation. Labels refer to the harmonics identified in Table 1.
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4. Conclusions and discussion

A series of numerical experiments with the two-layer
quasi-geostrophic equations has examined the behavior
of finite amplitude instability of a baroclinic flow with
initially no meridional shear to disturbances on an f-
plane. Friction acts equally on upper and lower layers.

The main results of our study are reviewed in the
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FIG. 19d. Lorenz return map for the oscillation
of the fundamental shown in (b)."
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introductory section of the paper, and so here we wish
to limit ourselves to a few additional observations. For
supercriticalities up to two to four times the critical
value, the dynamics of the shear flow is complicated
and subtle but its spatial structure remains fundamen-
tally simple. The Fourier spectrum falls off very rapidly
from the fundamental. Moreover certain dynamical
properties found in weakly nonlinear theory, such as
the “Lorenzian” strange attractor behavior, persist and
chardcterize the motion. There is no sign that chaotic
behavior is a particularly fragile aspect of weakly non-
linear theory.

However, we have noted some important qualitative
changes with increasing supercriticality, These include
the expansion of the domain of chaotic behavior and
also the appearance of a new, apparently stable form
of periodic motion. The dynamics also appears to retain
its sensitive dependence on parameters. At higher su-
percriticality intervals of periodic, chaotic and steady
wave behavior are interwoven. The accurate determi-
nation of the nature of the time behavior appears to
require the representation of the interaction of the fun-
damental with its higher zonal harmonics, small though
they may be.

The appearance of nonlinear stiffening of the system
becomes apparent at higher supercriticality and is
manifested by an increase of the wave amplitude with
supercriticality at a rate slower than would be predicted
on the basis of weakly nonlinear theory. It will be in-
teresting to examine the nonlinear behavior of other
models, e.g., on the S-plane, to discover if this is a
general property.

The dominance of wave~-mean flow interaction in
the dynamics of the fundamental wave may be a prop-
erty of the absence of horizontal shear in the basic state.
This dominance is surely responsible for our obser-
vation of the preeminence of the longer wave over the
most unstable wave in the case A = 45 in qualitative
agreement with the weakly nonlinear theories of Hart
(1981) and Pedlosky (1981).

There are a number of considerations which force
us to remain tentative about our conclusions. As always
we can never be sure that numerical calculations ap-
pearing to give chaotic behavior might not develop a
more regular character were the calculation carried
further. The point of view we have taken is {0 consider
a run chaotic if it appears so for 500 to 1000 linear
e-folding times. In fact to be certain about our char-
acterization of the solution at ¥ = 0.25, A = 14 the
solution was run until 1 = 800. One can observe that
a long period of quasi-periodic behavior occurs before
a transition to chaotic behavior becomes evident (Fig,
20). It is also true that we have felt constrained by the
number of harmonics we have been able to include
although the steepness of the calculated spectrum has
encouraged our belief in the adequacy of the represen-
tation used. '
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FIG. 20. Solution at ¥ = 0.25, A = 14 showing the long time
required before chaotic behavior becomes evident. At this value of
A chaotic behavior occurs for y about 1.5 times the maximum value
for chaotic behavior in weakly nonlinear theory.

Our long range goal is to carry out an investigation
at even higher values of supercriticality to try to observe
the transition from a highly structured, albeit very
nonlinear wave system, to fully developed two-dimen-
sional turbulence. Quite clearly the larger A becomes,
the more harmonics we will eventually have to con-
sider. '

Our major source of concern remains with the phys-
ics and not the machinery of calculation. Investigations
of weakly nonlinear systems have displayed a remark-
able, in fact, stunning sensitivity to small changes in
the physical nature of the problem whether it be the
introduction of the B-effect, the presence of an upper
free surface or the presence of horizontal shear. We
confess to continued uncertainty in the generality of
the results presented here with respect to changes in
the physical structure of the basic problem.
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