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Abstract :   
 
We investigate the stability of a composite cyclone representative of Arabian Sea eddies using a high 
resolution primitive equation model. We observe that the eddy is unstable with respect to a mixed 
barotropic/baroclinic instability, leading to the growth of an azimuthal mode 2 perturbation. The latter 
deforms the eddy, which eventually evolves into a tripole after about 4 months of simulation. The presence 
of a critical level for the most unstable mode generates sharp fronts in the surface mixed layer where the 
Rossby number is large. These fronts then become unstable, and this generates submesoscale cyclones 
and filaments. Near these fronts, diapycnal mixing occurs, causing the potential vorticity to change sign 
locally, and symmetric instability to develop in the core of the cyclonic eddy. Despite the instabilities, the 
eddy is not destroyed and remains a large-scale coherent structure for the last 6 months of the simulation. 
Looking at Sea Surface Height only, the composite eddy evolves little, and fairly represents the eddy 
observed in the altimetry which can live for several months. The study of this simulation thus illustrates 
the numerous kinds of instabilities which may occur in large cyclonic eddies but can not be captured 
directly by altimetric data. 
 

Highlights 

► A composite cyclone representative of the Arabian Sea eddies is unstable with respect to a mixed 
barotropic/baroclinic instability. ► Submesoscale features are generated at the surface via barotropic, 
baroclinic, and symmetric instabilities. ► Currently available altimetric and floats data cannot capture the 
instability occurring in the eddy. 
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1. Introduction1

Mesoscale eddies are a prominent feature of the ocean circulation. They have a strong2

influence on biological activity (Chelton et al., 2011), tracer transport (Zhang et al., 2014),3

and physical and chemical properties of the water column (Dong et al., 2014). Examples4

of long lived, coherent, and recurrent mesoscale eddies can be found in every oceanic basin:5

Gulf Stream rings in the western North Atlantic (Richardson, 1983), meddies in the eastern6

North Atlantic (Armi et al., 1989), Agulhas rings in the South Atlantic (Olson & Evans,7

1986), Mozambique channel eddies in the Indian Ocean (Halo et al., 2014), Kuroshio rings8

in the western North Pacific (Li et al., 1998), Loop Current Eddies in the Gulf of Mexico9

(Meunier et al., 2018), the Ras al Hadd dipole in the northern Arabian Sea (L’Hégaret et al.,10

2015, 2016). All play an important role in the transport of heat and salt.11

Mesoscale eddies have been intensively studied over the past 60 years. In particular,12

many studies have focused on their stability properties, using linear stability analysis (Gent13

& McWilliams, 1986; McWilliams et al., 1986; Nguyen et al., 2012; Yim & Billant, 2015), and14

numerical models to study the finite amplitude evolution of unstable perturbations (Carton15

& McWilliams, 1989; Stegner & Dritschel, 2000; Ménesguen et al., 2018). In these studies,16

eddies are modelled using analytical profiles, e.g shielded vortices, Rankine vortices (Carton17

& McWilliams, 1989; Stegner & Dritschel, 2000)), Gaussian vortices (McWilliams, 1985), or18

Lorentzian vortices (Hua et al., 2013; Meunier et al., 2018) assuming that they represent a19

large range of observed eddies (Le Vu et al., 2018). The result of these stability analyses20

is strongly dependent on the initial profile imposed. In most cases, the eddy profiles are21

unstable, and can lead to the destruction of the eddy, the formation of dipoles, tripoles, or22

the long-time decay of the eddy (Carton et al., 1989; Stegner & Dritschel, 2000).23

The increase of computational capabilities has led recent studies to implement very high24

resolution stability analyses in a 3D context. This allows the study of vortex stability beyond25

balanced mesoscale processes, and to observe how submesoscale features can emerge from26

the destabilization of mesoscale structures (Brannigan et al., 2017; Ménesguen et al., 2018).27

Such studies highlight a possible mechanism for the forward cascade of energy toward small28

scales.29

In the past few years, it has become possible to determine the actual shape of oceanic30

2

Jo
ur

na
l P

re
-p

ro
of

Journal Pre-proof



eddies with a fairly good spatio-temporal resolution. Gridded multi-satellite altimetric prod-31

ucts provide increased horizontal resolution (up to 1/8◦) and resolve more accurately eddies32

with radii two or three times the first baroclinic Rossby radius of deformation (RD hereafter)33

than older products with coarser horizontal resolution (1/3◦ or 1/4◦). The rapid growth of34

the Argo database as well as the increase of the resolution of the vertical profiles signifi-35

cantly improved the sampling of the vertical structure of the global ocean. Combining the36

Argo and altimetry datasets, Chaigneau et al. (2011) have shown that composite methods37

are efficient in determining the average 3D shape of eddies and isolating classes of eddies in38

given areas. This effort has been made in several regions, e.g Chaigneau et al. (2011) in the39

eastern South Pacific Ocean, Keppler et al. (2018) in the Southwest Tropical Pacific ocean,40

and de Marez et al. (2019) in the Arabian Sea. In the latter study, the authors computed41

a composite eddy without a priori assumptions (e.g a Gaussian pressure/velocity profile)42

and only from in situ measurements. Because the composite is a mean of a very varied43

population, it may not in fact be representative of all individual element of the population.44

However, through comparison with altimetric and in situ —drifters, floats, and ship— mea-45

surements, authors showed that the composite cyclonic eddy is fairly representative of the46

Arabian Sea’s mesoscale cyclones already observed.47

In this paper, we investigate the stability of a composite eddy, by running a high resolu-48

tion primitive equation model initialized with a composite cyclone computed in the Arabian49

Sea. Contrary to previous studies, we do not use analytical initial conditions. The Arabian50

Sea, in the northern Indian Ocean, between the African and Asian landmasses, is a region51

dominated by the monsoon wind regime. This regime leads to seasonal along-shore current52

reversals. The alongshore currents destabilize and form meanders with 100-200 km wave-53

lengths which eventually detach to form eddies with similar diameters (Schott & McCreary,54

2001). Wind forcing and baroclinic Rossby waves generated at the eastern boundary of the55

Arabian Sea can strengthen the eddies and contribute to their propagation (Al Saafani et al.,56

2007). Eddies have a strong influence on the regional circulation. Mesoscale activity is re-57

flected by high values of Eddy Kinetic Energy (Scharffenberg & Stammer, 2010) and Eddy58

Available Potential Energy (Roullet et al., 2014), nearly reaching the values in the Antarctic59

Circumpolar Current or the Agulhas Current. We refer the reader to Fig. 1 in L’Hégaret60

3

Jo
ur

na
l P

re
-p

ro
of

Journal Pre-proof



et al. (2018) which presents the mean surface circulation in this area, and Fig. 2 in Vic et al.61

(2014) for a description of the mean standing eddies there, such as the Great Whirl and the62

dipole of Ra’s Al Hadd.63

This is the first time to our knowledge that the non-linear stability study of an isolated64

eddy is performed using in situ and satellite observed initial conditions. Here, we focus on65

physical processes underlying the long time evolution of the composite eddy. We address the66

following questions: (1) Is the composite cyclone stable in the primitive equation framework67

? (2) What are the physical mechanisms involved in the destabilization of the eddy ? (3)68

Can the destabilization process, and the shape of the eddy after destabilization, be observed69

using altimetry and Argo data.70

The paper is organized as follows. We present the composite eddy, and describe the71

numerical setup and tools used to study the simulation in section 2. We present the results72

of the simulations, and describe the diagnostics performed to analyse the possible sources of73

instability in section 3. We discuss sensitivity tests of our simulations in section 4. Finally,74

the results are discussed in section 5.75

2. Context and methods76

2.1. The composite eddy and its environment77

The composite eddy was extracted using the following procedure: (1) Mesoscale eddies78

are detected from a 1/8◦ altimetric product using the AMEDA algorithm (Le Vu et al., 2018)79

for the period 2000-2015. (2) A colocalization algorithm is then used to detect if an Argo80

float is located in or out of an eddy. (3) The background stratification of the region (Fig.81

1) is computed by averaging Argo profiles located outside the eddies (7885 profiles). (4) 53182

Argo profiles, collected inside surface-intensified Cyclonic Eddies of radius RD < R < 3RD,83

are isolated. RD = 47 km is the average First Baroclinic Rossby Radius of Deformation84

in the area (Chelton et al., 1998). (5) Density profiles are computed from Argo profiles85

and density anomalies are obtained by subtracting the background density in the area. (6)86

A dimensionless radial position R̃ = dR/R is computed for each profile, where dR is the87

distance between the center of the eddy and the position of the colocalized profile (dR), and88

R is the radius of the eddy. (7) The profiles are averaged depending on their value of R̃, in89
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Figure 1: Background temperature (left, solid), salinity (left, dashed), density (middle) and Brunt-Väisälä

frequency N (right solid) profiles, after a short period of integration. This corresponds to the stratification as

found by Argo floats in the northern Arabian Sea, and used to initialize the simulations, with an additional

thin surface mixed layer generated by the KPP scheme during the first days of the simulation (once created

its depth is constant throughout time). The right panel shows in dashed lines the ratio ∆x
∆z f0 for two

simulations, which can be compared to N ; ∆x and ∆z are the model grid spacings.

bins of width ∆R =0.05, yielding a composite vertical section of density anomaly ρ̃(R̃, z). (8)90

For each depth, the density anomaly ρ̃(R̃, z) is smoothed using a Gaussian Kernel of width91

0.3. (9) Finally, this composite is extrapolated into a 3D structure, by assuming azimuthal92

symmetry. The horizontal extent of the composite is re-dimensionalized by the mean radius93

of all eddies used for the computation of the composite 〈R〉 = 100 km.94

The Structure of the composite Cyclonic Eddy is thus defined in terms of a density95

anomaly distribution. The sum of the density anomaly of the composite and the background96

stratification is shown in Fig. 2. Following the same procedure, a composite structure of97

salinity anomaly is computed (Fig. 2b). de Marez et al. (2019) show that these structures98

are representative of the typical mesoscale eddies observed in the Arabian Sea. Details of99

the composite Cyclonic Eddy calculation and the associated validation are fully described in100

de Marez et al. (2019).101

We compute the temperature anomaly field from the composite salinity and density,102
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Figure 2: Vertical section at the center of the domain (y = 250 km) at initialization, showing the shape of

the composite eddy. (left) Temperature anomaly, (middle) salinity anomaly and (right) meridional (south-

north) velocity v. Iso-density contours of the composite eddy, with a spacing of 0.4 kg m−3, are superposed

in all panels. Insert in the right panel shows the -0.02, 0.02, 0.1, 0.2 and 0.25 dynamic Rossby number ζ/f0

contours at the surface; the colormap in the insert is the same as in Fig. 3.

using the Gibbs SeaWater (GSW) Oceanographic Toolbox (McDougall & Barker, 2011),103

which uses the TEOS-10 equation of state for seawater (Fig. 2(a)). The background profiles104

shown in Fig. 1(a) are then added to the temperature and salinity anomaly fields (note105

that the surface mixed layer is initially not present). The velocity field is obtained via106

the cyclogeostrophic balance, following the procedure described in Penven et al. (2014), see107

Fig. 2(right). The numerical simulations are initialized with the temperature, salinity, and108

velocity fields corresponding to the composite eddy.109

It is worth mentioning that by definition, the composite eddy has a coarse resolution.110

(1) On the horizontal direction: the averages of Argo-collected density profiles are made in111

bins of size ∆R = 0.05. Once re-dimensionalized, this corresponds to a horizontal resolution112

of the composite eddy of 5 km. Since we perform high resolution numerical simulations, the113

composite eddy is interpolated on the fine grid of the simulation using a cubic-interpolation.114

(2) On the vertical direction: while the vertical resolution of Argo float profiles is irregular115

and O(10) m, they were interpolated on a regularly spaced vertical grid, with a vertical116

spacing of 4.4 m. The composite is then linearly interpolated on the finer vertical grid of the117

simulation. In the simulation we will discuss, small scale variations of density and velocity118

6

Jo
ur

na
l P

re
-p

ro
of

Journal Pre-proof



are of O(< 5) km on the horizontal and O(< 10) m on the vertical. Such small scale features119

thus occur at scales that the composite computation could not capture.120

The eddy is intensified at the surface, but has a deep-reaching influence down to about121

1000 m depth. Its horizontal shape corresponds to a shielded vorticity monopole: a positive122

core of vorticity and a shield of negative vorticity (see insert in Fig. 2). Its radius, R = 100123

km, is large compared to the mean regional RD (47 km). The Burger number, defined as124

Bu =
(
Rd
R

)2
scales as Bu =

(
47
100

)2 ∼ 0.25 < 1. In the following, mentions to ’submesoscale’125

refer to features and processes occurring at scales that are small compared to RD (i.e.126

Bu > 1). Typically, the fronts and vortices generated around the eddy have a typical127

scale of O(< 10) km. They are submesoscale features. The Coriolis parameter is kept128

constant in the simulations (f -plane), using the regional average value (latitude of 23◦N):129

f0 = 5.2 10−5s−1. The initial condition’s Rossby Number is small, Ro = Umax

f0Rmax
∼ 0.13,130

with Umax the maximal velocity, at Rmax. Thus Ro/Bu is finite, and the eddy is frontal131

(Stegner & Dritschel, 2000). However, it has been shown that the dynamical Rossby number132

ε = ζ/f0, with ζ the relative vorticity is a more pertinent parameter to study geostrophic133

and ageostrophic dynamics in vortices (Stegner & Dritschel, 2000). In our case, ε ∼ 0.3 in134

the core of the eddy at initialization. Finally, the Froude number is Fr = ε√
Bu
∼ 0.6.135

2.2. Numerical setup136

To study the dynamics of the composite Cyclonic Eddy described in section 2.1, we137

perform spindown idealized simulations, with the surface fluxes set to zero, using the Coastal138

and Regional Ocean COmmunity model, CROCO (Shchepetkin & McWilliams, 2005). It139

solves the hydrostatic primitive equations (PE) for the velocity u = (u, v, w), temperature140

T , and salinity S, using a full equation of state for seawater (Shchepetkin & McWilliams,141

2011). The potential density referenced at the surface ρ is computed offline from T and142

S using the TEOS-10 equation of state for seawater. From the potential density, we also143

compute the Brunt-Väisälä frequency defined by144

N =

√
− g

ρ0

∂ρ

∂z
,

with g = 9.81 m s−2, and ρ0 the mean density in the domain. The simulations performed145
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integrate the PE for about 300 days on the f -plane, with a time step dt = 120 s, respecting146

the Courant Friedrichs Lewy (CFL) criterion. The numerical settings are similar to previous147

simulations performed in idealized contexts (Ménesguen et al., 2018): horizontal advection148

terms for tracers and momentum are discretized with fifth-order upwind advection schemes149

(UP5); the horizontal viscosity and diffusivity are set to zero, since the UP5 scheme damps150

dispersive errors; the vertical advection is discretized with a fourth-order centered parabolic151

spline reconstruction (Splines scheme); the vertical closure is done by adding a small verti-152

cal diffusion in the interior using a K-profile parameterization (KPP) (Large et al., 1994).153

Further discussion about these parameterizations can be found in Klein et al. (2008) or154

Ménesguen et al. (2018).155

The KPP-scheme generates a thin surface mixed layer during the first days of the sim-156

ulation. The latter is not present in the background stratification at initialization because157

it is computed as an average throughout the whole year. Once created (from t ∼ 20 days),158

the surface mixed layer does not evolve, and it is consistent with the surface mixed layer159

observed in the density profiles of the Arabian Sea (except during the winter). It has a160

vertical extension of about 30 m depth, and can be seen in Fig. 1.161

The domain size is 500 × 500 km on the horizontal. Taking a flat bottom at a depth of162

1500 m is enough because the eddy has a vertical extension of about 1000 m. We set open163

boundary conditions at the edges of the domain. This allows the radiation of gravity waves164

generated during the initial adjustment of the eddy. These waves are evacuated out of the165

domain at t = 1 day.166

The vertical and horizontal resolutions are chosen to accurately resolve the frontal dy-167

namics and the forward energy cascade at the surface. The simulation has 256 vertical levels168

stretched at the surface such that the vertical resolution is ∆z = 2 m from the surface169

to about 400 m depth. Deeper, the vertical resolution decreases, with ∆z ∼ 60 m at the170

bottom. This choice was made to observe the vertical structure of the surface dynamics at171

high resolution. The stretching of the vertical levels can be seen in Fig. 1(right). Different172

horizontal resolutions were tested: ∆x = 10, 5, 2, 1, and 0.5 km.173

The primary destabilization of the eddy (studied in section 3.2) depends relatively little174

on the horizontal resolution, since it is observed in all simulations for the range of values of175
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∆x considered. The diagnosis performed to analyze this primary instability were all done176

on the ∆x = 1 km simulation. Secondary instabilities are observed for the simulations177

with ∆x = 2, 1 and 0.5 km. However, the time of apparition and the size of the small178

scale features (e.g the submesoscale vortices) differ in these simulations. To ensure that the179

model correctly resolves the frontal processes occurring at t > 100 days, and to fully resolve180

the O(< 10) km structure, the diagnosis of the secondary instabilities (see section 3.3) are181

performed on the ∆x = 0.5 km simulation. For this one, the ∆x
∆z

ratio is close to N
f0

near182

the surface, see Fig. 1(right). This avoids the presence of spurious gravity waves associated183

with intense frontal processes, and allows a better resolution of the forward energy cascade184

(Snyder et al., 1993; Nadiga, 2014; Ménesguen et al., 2018).185

For the study of the primary instability (discussed in section 3.2), the eddy is disturbed186

using two different methods. In the first one, the only source of perturbation is the numerical187

noise, due to the round-off errors at grid scale. In the second configuration we add a random188

noise. This noise is not spatially symmetric to avoid the dominant growth of specific az-189

imuthal modes. The noise is introduced as a perturbation in the initial density and velocity190

fields. We define the random 2D perturbation P (x, y) as a sum of 5000 random Gaussian191

functions in the horizontal plane:192

P (x, y) =
5000∑

i=0

Ai e
− (x−xi0)

2

2σ2
x,i

− (y−yi0)
2

2σ2
y,i ,

where Ai, x
i
0, yi0, σx,i and σy,i are chosen randomly and independently for each i, with193

−1 < Ai < 1; 50 < xi0, y
i
0 < 450 km; and 5 < σx,i, σy,i < 40 km. Then, the initial density194

perturbation is computed as:195

ρn(x, y, z) = ρn,0 P (x, y) ez/hn ,

with ρn,0 = 0.01 kg m−3 and hn = 500 m. The depth hn = 500 m is chosen so that the vertical196

extent of the perturbation is similar to the vertical extent of the perturbation at t = 7 days in197

the simulation without noise. The velocity perturbation is in cyclogeostrophic balance with198

the ρn field. This avoids the radiation of gravity waves during the first days of the simulation.199

The values of ρn,0 are chosen so that the domain integral of the random perturbation’s kinetic200
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energy E ′k is about 10 times larger than the kinetic energy of the perturbation at t = 7201

days in the simulation without noise. Thus, E ′k(t = 7 days, no noise) = 1.9 107 m5 s−2 and202

E ′k(t = 7 days, noise) = 29 107 m5 s−2. Notice that the energy of the perturbation is very203

weak compared to the total kinetic energy in the domain, which is about 1.8 1011 m5 s−2 at204

the initialization.205

2.3. Definitions and tools for the study of the simulation206

In this section, we describe the diagnostics performed. They allow us to characterize the207

dynamical processes involved in the destabilization of the eddy.208

2.3.1. Different kind of instabilities209

The different instabilities which may occur in geophysical flow can be inferred from the210

Potential Vorticity structure. In the primitive equation framework, the relevant definition of211

Potential Vorticity is the Ertel Potential Vorticity (hereafter PV). It is materially conserved212

in the absence of friction or diapycnal processes (Hoskins et al., 1985; Vallis, 2017), and is213

defined as:214

Q = ω.∇b, (1)

where b = −g ρ
ρ0

is the buoyancy, and ω is the 3D absolute vorticity of the flow, approximated215

here by216

ω = (−∂zv, ∂zu, ζ + f0),

with ζ = (∂xv− ∂yu) its z-component (relative vorticity hereafter). In the following, we will217

use the fully developed expression of the PV:218

Q = (f0 + ζ)∂zb− (∂zv)(∂xb) + (∂zu)(∂yb). (2)

An eddy with no vertical shear can be unstable with respect to barotropic (BT) instability.219

A necessary condition is that its radial gradient of PV, ∂rQ, changes sign on the horizontal220

(i.e within a layer of constant density).221
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Also, an eddy can be unstable with respect to baroclinic (BC) instability. The necessary222

condition is that its radial gradient of PV, ∂rQ, changes sign on the vertical (i.e between223

different layers). This latter change of sign can occur in the fluid interior (Phillips-type BC224

instability). If isopycnals outcrop, surface density gradients generate PV sheets (Bretherton,225

1966) which, in turn, induce sharp PV gradients localized at the surface (Morel et al., 2006).226

The change of sign of the PV gradient can thus also occur between the surface and the227

interior (Charney-type BC instability), or between two sheet-type PV anomalies, at the228

surface and at the bottom (Eady-type instability) (Hoskins et al., 1985). In the mixed229

layer, the conditions for BC instability are changed and the theory described above is rather230

unsatisfactory. We refer the reader to Young & Chen (1995) for further description.231

In geophysical flows, symmetric instability (SI) may also occur when the product of plan-232

etary vorticity and potential vorticity becomes negative (fQ < 0) (Fjørtoft, 1950; Hoskins,233

1974; Bell, 2018). This is an overturning instability occurring in baroclinic currents, which234

results from an imbalance between the pressure gradients and the inertial forces (Thomas235

et al., 2013). It occurs where the dynamic is frontal and where the PV of the flow is negative236

(in the Northern hemisphere) because of the second and/or the third term of its expression237

(eq. (2)). Following Thomas et al. (2013), a necessary condition for SI instability can be238

derived. First, we define the balanced Richardson number of the flow239

Ri =
f 2

0N
2

|∇b|2 , (3)

and the critical Richardson number240

Ric =
f0

ζg
, (4)

where ζg is the absolute vorticity of the geostrophic flow such as241

ζg = f0 + (∂xvg − ∂yug), (5)

where ug and vg are the zonal and meridional components of the geostrophic velocity in the242

simulation. PV of a geostrophic flow is negative when Ri < Ric. When this condition is243

met, SI can develop.244
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2.3.2. Energy transfer terms245

The nature of the instabilities occurring in the flow may be investigated by studying the246

energy transfers. We assume that the flow may be decomposed as u = 〈u〉 + u′, where the247

brackets 〈·〉 denotes a mean state and the prime ·′ is the perturbation relative to this mean248

state. First, the transfer from the mean kinetic energy (MKE) to the kinetic energy of the249

perturbation (EKE) may be expressed as:250

(MKE → EKE) = HRS + V RS, (6)

where

HRS = −〈u′2〉∂x〈u〉 − 〈u′v′〉∂y〈u〉 − 〈v′2〉∂y〈v〉 − 〈u′v′〉∂x〈v〉 (7)

is the contribution from the Horizontal Reynolds Stress, and251

V RS = −〈u′w′〉∂z〈u〉 − 〈v′w′〉∂z〈v〉 (8)

is the contribution of the Vertical Reynolds Stress. Note that eq. (6) is obtained by integrat-252

ing over the whole domain. Thus, formally, there are transport terms at the boundaries of253

the domain. In our simulations, these terms are null. Second, the transfer from the Potential254

Energy of the perturbation to the EKE is the Vertical Buoyancy Flux:255

V BF = 〈w′b′〉. (9)

The predominance of HRS, VRS, or VBF (> 0) in a region indicates a BT, Kelvin-256

Helmoltz type, or a BC instability respectively. More details on this decomposition and257

applications to the case of instabilities in the path of the Gulf Stream can be found in258

Gula et al. (2015, 2016). In our study, we use this decomposition to study (1) the primary259

instability of the eddy (Fig. 7 and A.17), and (2) the secondary instabilities occurring in the260

fronts around the eddy (Fig. A.18 and A.19).261

In the first case, the mean flow defined by the variables 〈u, v, w, b〉 is assumed to be262

the initial state of the eddy. This choice allows to study the transfers of energy from the263

axisymmetric eddy to the perturbation. The perturbations u′, v′, w′, b′ are computed with264

respect to this initial state. Then, all time averaged products 〈·′·′〉 are performed using a265
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rolling time-mean average over a 1-month window (the growth time of the primary instability;266

see the following section).267

In the second case, where we study the energy transfer to small scale structures (fronts268

and submesoscale vortices) rotating around the eddy, we project the variables in the frame of269

reference of the perturbation (rotating at a constant azimuthal velocity). 〈·〉 is defined as a270

rolling time-mean average over a 10-days period in the rotating frame (the typical timescale271

of destabilization of the fronts). Perturbations ·′ are computed with respect to this rolling272

time-mean average.273

2.3.3. Normal mode decomposition274

Perturbations are projected into azimuthal normal modes (Gent & McWilliams, 1986).275

Hereafter, the primed quantities denote the perturbation of A with respect to its initial276

value, such as277

A′(t, x, y, z) = A(t, x, y, z)− A(t = 0, x, y, z).

Also, Am is the decomposition of A into azimuthal normal modes. This decomposition is278

defined as follows:279

A(t, r, θ) =
m=∞∑

m=0

Am(t, r, θ), (10)

in the polar coordinates referenced at the center of the eddy (r, θ), where280

Am(t, r, θ) = am(t, r) cos(mθ + φm(t, r)). (11)

m is the azimuthal wavenumber and am and φm the amplitude and the phase of the mode,281

respectively. The phase velocity of the perturbation for the mode m is:282

cmφ (t, r) = ∂t φm(t, r). (12)

The kinetic energy of the perturbation is defined as:283

E ′k(t) =
1

2

∫∫∫
dx dy dz

(
u′2r + u′2θ

)
, (13)
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where u′r and u′θ are the radial and azimuthal velocity perturbations. Similarly, the kinetic284

energy of the mode m perturbation is:285

E ′mk (t) =
1

2

∫∫∫
dx dy dz

(
(u′mr )2 + (u′mθ )2

)
. (14)

In these two expressions, the integrals are performed over the whole domain of the simulation.286

Using exponential notation, time evolution of normal mode perturbation velocity reads:287

u′m(t) = u′m0 eim(θ−ct), (15)

which yields an exponential form for the the energy growth:288

E ′mk (t) = E ′mk,0 e
2σ t. (16)

Where E ′mk,0 is the initial perturbation and σ = Re(−imc) is the growth rate. In our case,289

we choose to set E ′mk,0 = E ′k(t = 7 days). This reference is chosen as close as possible from290

the beginning of the simulation, without having problem with division by zero when com-291

puting the growth time. In the simulations, perturbation growth rates are inferred from the292

amplification factor (λ):293

λE′mk =
E ′mk (t)

E ′mk,0
. (17)

The growth time is defined as τE′mk = σ−1
E′mk

with294

σE′mk =
1

2t
ln(λE′mk ). (18)

Then,295

τE′mk (t) = −2t ln

(
E ′mk (t)

E ′mk,0

)
. (19)

When τE′mk is small, the growth of the perturbation is rapid.296

2.3.4. Critical level computation297

The position of the critical level for azimuthal mode 2 at the surface is found by seeking298

the position where the phase speed of the mode 2 perturbations is equal to the angular299
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velocity of the eddy. This latter is here an azimuthal average of the azimuthal velocity uθ of300

the eddy. At each time we thus obtain the position of the critical level for the mode 2. We301

then average this position during the period t = [50 : 70] days, to obtain the typical position302

of the critical level during the linear phase of the perturbation.303

The energy of normal modes can concentrate within the critical level, as further described304

in Nguyen et al. (2012) or Riedinger & Gilbert (2014). In our study, we show that the305

presence of the critical level for mode 2 induces an intense stretching of the flow S. The306

latter is defined as the sum of the strain and the shear:307

S = ∂xu− ∂yv︸ ︷︷ ︸
Strain

+ ∂xv + ∂yu︸ ︷︷ ︸
Shear

.

It describes the tendency of the water parcels to be deformed by the ambient flow. Buoyancy308

gradients are steepened by this stretching. To describe the evolution of buoyancy gradients,309

we use the frontogenesis function F associated with the buoyancy. It is calculated using its310

standard definition as follows (Hoskins, 1982):311

F (u, b) = ∂xu(∂xb)
2 + (∂xv + ∂yu)∂xb∂yb+ ∂yv(∂yb)

2. (20)

The opposite of F indicates the tendency of the buoyancy gradients to steepen:312

−F (u, b) =
d

dt
|∇b|2.

3. Results313

3.1. Overall course of the simulation314

We present here the overall course of the simulation, and we separate the different stages315

of the eddy evolution that we will discuss in the following sections.316

Fig. 3 shows the evolution of relative vorticity after 70, 100, 180, and 300 days of317

simulation (panels (a), (b), (c), and (d) respectively). During the first part of the simulation318

(for 0 < t < 100 days), a mixed BT/BC instability causes the eddy core to deform as spiral319

arms grow around it, see Fig. 3(a). Azimuthal mode 2 dominates, and the growth rate of the320

perturbation is roughly constant. The BC component of the instability leads to an intense321
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Figure 3: Snapshots of the normalized relative vorticity ζ/f0 at t = 70, 100, 180 and 300 days in the ∆x =

0.5 km resolution simulation. Notice that the z-scale is very stretched to show the depth extension of the

near-surface dynamics, see horizontal and vertical scalebars in panel (a). Gray rectangles in (b) and (c) show

the regions studied in Fig. 12 and 14.

frontogenesis at the edge of the eddy and in the spiral arms, see Fig. 3(b). Then, secondary322

instabilities occur in the surface mixed layer, see Fig. 3(c). In particular, shear instability323

develops in the spiral arms, generating series of small vortices of O(10) km. The steepening324

of buoyancy gradients at the edge of the eddy also induces diapycnal mixing. This causes325

PV to change sign and yields SI. The latter erodes the edge of the eddy by creating fine scale326

structures of O(2) km which are then ejected far away from the eddy, see Fig. 3(d). While327

secondary instabilities occur, the deepest part of the eddy (z < −50 m) remains a mesoscale328

tripole. It remains coherent during the last 6 months of the simulation. In subsection 3.2,329

we describe the evolution of the cyclone from t = 0 to t ∼ 100 days. Then, we present the330

secondary instabilities which occur in the surface mixed layer in subsection 3.3.331
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3.2. Primary instability: the monopole becomes a tripole332

3.2.1. Growth of normal modes333

Figure 4: Time evolution of the perturbation kinetic energy E′k, for the simulation with random noise (dashed

line) and without noise (solid line). The left panel shows the total kinetic energy of the perturbation (for

all modes). The panels on the right show the kinetic energy of the first six azimuthal normal modes. Notice

that the vertical scale for the perturbation energy is not the same for plots corresponding to m > 2.

Figure 5: Time evolution of the growth time (in days) of the total kinetic energy of the perturbation τE′
k

(dashed line); and evolution of the growth time of the normal modes τE′m
k

for mode 2 (red), 4 (blue) and 6

(green), for the simulation without noise.

During the first 100 days of the simulation, the eddy destabilizes, with a domination of334

even azimuthal modes. To study the evolution of the perturbation, we compute its total335

kinetic energy at all times following eq. (13), and for each azimuthal mode following eq.336

(14), see (Fig. 4). The simulation without initial noise is compared to the simulation with337

a random noise.338
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No difference is discernible in terms of growth of the perturbation between the two cases,339

showing that the structure is intrinsically unstable regardless of the initial perturbations.340

The total kinetic energy of the perturbation increases slowly at the first days of simulations.341

It then grows exponentially after t ∼ 50 days, and tends to a plateau at t ∼150 days.342

The even modes have similar growth rates in the two simulations. In particular, the343

azimuthal mode 2 dominates, with values of energy close to the total energy of the pertur-344

bation. In the simulation where initial conditions are initially perturbed by a random noise,345

odd azimuthal modes are present at the initialization. These modes do not grow during the346

primary stage of the instability, meaning that they are stable. The processes involved in the347

primary destabilization of the eddy are well captured by the simulation without noise. In348

the following, we focus on the simulations performed without random noise.349

The growth time of the perturbation is computed using eq. (19) for the total kinetic350

energy of the perturbation, for modes 2, 4 and 6 (Fig. 5). The growth time of the total351

kinetic energy of the perturbation (i.e for all modes) is, on average, around 30 days. From352

the beginning of the simulation, the growth time of mode 2 is almost equal to the growth353

time of the total perturbation, confirming that the instability is controlled by mode 2. Its354

growth time is roughly constant between day 50 and day 90, indicating that during this355

stage, mode 2 growth is exponential and evolves independently of the other modes (Gent &356

McWilliams, 1986).357

At the beginning of the simulation, transient perturbations occur in the core of the eddy,358

mostly stemming from the initial adjustment of the eddy. They are evanescent and rapidly359

decay (Riedinger & Gilbert, 2014). However, during the first 20 days, their energy has similar360

magnitude to that of the unstable mode 2. They are believed to trigger mode 2. We next361

focus on the evolution of mode 2 since it dominates the instability. One can mention that for362

higher modes, nonlinear interactions most likely occur; their growth rates are not constant363

and have a similar evolution between each other.364

3.2.2. Instability mechanism365

The radial PV gradient ∂rQ is shown in Fig. 6. The horizontal change of sign of ∂rQ366

in the whole water column indicates that the structure may be barotropically unstable.367
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Figure 6: Radial derivative of the PV at t = 40, 50, 60, and 70 days (from left to right), at 3, 39, 100 and

200 m depth (from top to bottom).

Figure 7: Profiles of energy transfer terms integrated on the horizontal at t = 40, 50, 60, and 70 days (from

left to right). HRS, VRS, and VBF stand for Horizontal Reynolds Stress, Vertical Reynolds Stress, and

Vertical Buoyancy Flux.
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Figure 8: Mode 2 of the SSH during the linear phase of the perturbation, at t = 40, 50, 60, and 70 days. It

shows the counter-clockwise rotation of the eddy Rossby Wave (VRW) around the eddy. This wave rotates

of about a quarter turn in 30 days. We superposed the contours (±0.02) of the mode 2 perturbation of

normalized relative vorticity at the surface ζ ′m=2/f0.

At the center of the eddy, isopycnals outcrop (not shown), thus creating regions of high368

PV. Intersection lines between the surface and outcropping isopycnals are places of strong369

horizontal PV gradients. It can be seen in Fig. 6 at z = −3 m. This leads to a change370

of sign of ∂rQ in the vertical direction, between the surface and the interior PV gradients:371

the necessary condition for a Charney-type BC instability. The general stability conditions372

described by Pedlosky (1964); Eliassen (1983); Hoskins et al. (1985); Ripa (1991), stating373

that374

(uθ − α)∂rQ < 0

and375

N2(δzρ)
2 > (uθ − α)2

in the whole domain, for any α, with δzρ the vertical displacement of isopycnals, are also376

not respected in the whole domain (not shown). All necessary conditions for BT or BC377

instabilities to occur are thus met. Such mixed BT/BC instabilities have already been378

observed in high resolution numerical simulations, in particular in the case of Meddy-like379

eddies, see for instance Ménesguen et al. (2018).380

Here, while the instability is mainly BT, it is strengthened by a small baroclinic mode381

near the surface. The energy transfer terms (HRS, VRS and VBF) integrated along the382
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Figure 9: Comparison between the phase of the outer VRW and the inner VRW, in the mode 2 component

of the SSH. Solid (resp. dashed) black lines shows cosinus with the phase of the mode 2 VRW at r=89 km

(resp. 142 km) for the same times as in Fig. 8 (from top to bottom).

horizontal directions are shown in Fig. 7. During the growth of the instability, HRS and383

VBF dominate, confirming that the instability is both BT and BC as predicted by the384

structure of the PV profile (Fig. 6). The HRS term is deep reaching and shows that the385

BT instability dominates the formation of the tripole. This instability penetrates deeply,386

and drives the formation of the tripole in the whole water column during the first 100 days387

of the simulation. The structure of the tripole at depth can be seen in Fig. 3(d), with a388

strong barotropic component of the positive and negative poles, and an outer ring of positive389

vorticity (i.e. the spiral arms). The VBF term is maximum near the surface, at the interface390

between the SML and the interior. This suggests that the instability is intensified by a391

BC component at the surface. Maps of vertically integrated transfer terms are presented392

in Appendix A, in Fig. A.17. In summary, together Fig. 7 and A.17 show that the BC393

instability participates in forming intense spiral arms in the SML, while the BT instability394

leads to the deformation of the core of the eddy.395

To understand the destabilization of the eddy, one can notice that the propagation of396

the unstable mode 2 is that of a Vortex Rossby wave (VRW), rotating around the eddy.397

This wave is supported by the radial gradient of PV of the eddy. This process is similar398

to planetary Rossby waves in the ocean, supported by the meridional PV gradient induced399
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by the β-effect. The signature of the VRW in the simulation can be seen in the mode 2400

component of the SSH. The VRW rotates about a quarter turn in 30 days (Fig. 8) giving401

cV RW = 0.05 rad days−1. This value is consistent with the estimation of the phase speed of a402

baroclinic perturbation rotating around a unstable barotropic eddy in the quasi-geostrophic403

framework (see Appendix B). The mode 2 VRW exhibits different patterns depending on404

its position from the center of the eddy, see Fig. 9. It can be separated into two VRW405

rotating around the eddy at the same speed: an outer VRW (oVRW) at r > 100 km, and406

an inner VRW (iVRW) at r < 100 km. They are phase shifted. The oVRW is in advance407

compared to the iVRW. As these two waves interact, they amplify mutually, and the total408

perturbation rotating around the eddy grows (Flierl, 1988).409

3.2.3. Critical level consequences410

Figure 10: Time evolution of the perturbation of relative vorticity at the surface, at t = 40, 50, 60, and 70

days. Contours of the mode 2 component of the surface radial velocity u′m=2
r for the values -2, -1, 1, and 2

km day−1 are superposed. It shows that the perturbation of the radial velocity is nearly in phase quadrature

with the vorticity. The position of the critical level for the mode 2 is shown with the dashed black circle, at

r = 120 km.

The presence of a critical level (CL) for mode 2 leads to an important frontogenesis at the411

edge of the eddy and in the spiral arms. As discussed in Nguyen et al. (2012), the azimuthal412

speed of the VRW which carry the perturbation is small compared to the maximal swirl413

angular velocity of the eddy. The critical level is thus located far from the center of the414

eddy, where its swirl velocity decreases outward (here on average at r = 120 km). This value415

was obtained during the linear stage, following the method described in section 2.3.4. At416

the initial stage of the instability, for t ∼ 40-60 days, the perturbation is wrapped around417
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Figure 11: Frontogenesis mechanism at t = 100 days. (a) Stretching at the surface normalized by the Coriolis

frequency, and (b) opposite of the Frontogenesis function (−F ) at the surface, reflecting the steepening of

buoyancy gradients. The horizontal velocity at the surface is superposed in both panels.

the eddy in the form of long vorticity filaments near the critical level position (Fig. 10). At418

this time, the eddy is still mostly circular, since the radial velocity is weak. Then, the mode419

2 component of radial velocity u′r grows. It reaches a value of several kilometer per day420

(see Fig. 10). Since it is nearly in phase quadrature with the vorticity, this radial velocity421

perturbation leads to the ellipticization of the eddy, and to the creation of spiral arms around422

the eddy.423

At t ∼ 100 days, after the linear stage of the mode 2 perturbation, the eddy becomes424

elliptical, and two spiral arms form. These arms are very thin since they were initially425

elongated around the CL. Stretching dominates the flow at the edge of the eddy and in the426

spiral arms (Fig. 11 (a)). The flow generated by the primary instability thus forces the427

gradients to steepen, in particular, the buoyancy gradients. The frontogenesis function F428

associated with the buoyancy is computed at the surface and it is shown in Fig. 11(b).429

In the spiral arms and at the edges of the eddy, −F is large. It reflects the steepening of430

the buoyancy gradients with time. Thus, the flow follows a frontal dynamic in these areas:431

the isopycnals outcrop and are very steep. Furthermore, the dynamical Rossby number432

ε = ζ/f0 becomes locally larger than 1 (see Fig. 3), indicating that the circulation is433

mostly ageostrophic in these regions (Stegner & Dritschel, 2000). These observations are in434

agreement with the results of Nguyen et al. (2012) and Hua et al. (2013), who show that435
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density gradients are enhanced at critical levels.436

3.3. Secondary instabilities and their impact on small scale structures437

The primary BT/BC instability saturates at t ∼ 120 days, after the initial monopole438

has evolved into a stable tripole; this tripole remains stable during the next 6 months of439

the simulation below the surface mixed layer. Inside the surface mixed layer, the intense440

frontogenesis leads to sharp fronts near the surface.441

The small scale structures located in the surface mixed layer follow a Surface Quasi442

Geostrophic (SQG) dynamic. Because they have a small horizontal size, these surface fea-443

tures have a small vertical influence. Indeed, in the framework of the SQG model, following444

Isern-Fontanet et al. (2008), the streamfunction is ΨSQG ∝ e
N0k
f0

z
, where k is the horizontal445

wavenumber at the surface. The smaller horizontal scales decay in the vertical faster than446

larger ones. The vertical extension of surface structures scales as:447

Lz =
f0 L

2π N0 f0

,

where L is the horizontal size of surface features and N0 ∼ 10−2 s−1 the typical stratification,448

leading to449

Lz ∼ 10−3 L.

In our case, filaments and submesoscale vortices which evolve at the surface have a size of450

O(< 10) km. Therefore, they have a vertical influence over O(< 10) m. This vertical scale451

applies to the stratified fluid below the surface mixed layer. It shows that the submesoscale452

is largely confined to the mixed layer, as it can be seen in Fig. 3 at t ≥100 days.453

3.3.1. Barotropic instability at the surface as a source of submesoscale454

In the spiral arms, the steep PV gradients create favorable conditions for BT instability.455

BT instability occurs in a thin surface mixed layer in which the flow is confined, and leads to456

the destabilization of the spiral arms at t ∼ 110 days. A mean PV section of a spiral arm (Fig.457

12(b)) was computed by averaging 10 vertical sections at t = 110 days (Fig. 12(a)). The458

PV anomaly of the spiral arm is confined in the upper 10 m. The cross-filament derivative459
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Figure 12: (a) Snapshot of surface PV, at t = 100 days before the BT instability in the spiral arms. The

domain shown is the western part of the eddy. Inserts present snapshots of surface PV at t = 110, 120 and

130 days. (b) Mean vertical section of PV computed using 10 sections perpendicular to the spiral arm at

t = 100 days (their position is indicated in (a) by the grey dashed lines). The colormap of (a) and (b) is the

same. (c) Derivative of the PV along the axis of the section, at the surface (top), and in the first 100 meters

(bottom).

of the PV (∂lQ) changes sign along the section, signature of BT instability (Fig. 12(c)).460

Small ambient perturbations trigger instability, forming a row of small vortices of positive461

relative vorticity. The first ones appear at t ∼ 110 days, at the tip of the arms. At t ∼ 130462

days, the whole arms destabilize (Fig. 12(a)), and evolve into a row of submesoscale vortices463

surrounding the main eddy (Fig. 3(c)). A few of the satellite vortices remain coherent for464

about 6 months. The energy transfer terms in the spiral arm are shown in Fig. A.18, see the465

calculation method in section 2.3.2. It shows a strong signature of positive HRS in the arm466

when it becomes unstable, confirming that destabilization is due to a purely BT instability467

in the surface mixed layer. These observations show that BT instability of the spiral arms of468
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a large unstable eddy is an efficient mechanism for the formation of submesoscale vortices.469

To investigate the possibility of secondary instability to be triggered by grid-scale numer-470

ical noise, a sensitivity test was performed, adding a random noise in the simulation at t =471

90 days. In this case, the arms destabilize slightly earlier, at t = 105 days, but in a similar472

way, still forming a row of small vortices. As for the primary instability of the vortex, the473

vorticity arms are intrinsically unstable.474

At the edge of the eddy core, the cross-front PV gradient changes sign on the horizontal475

as well as on the vertical (not shown). Thus, the edge of the eddy is unstable with respect to476

a mixed BT/BC instability. Because the PV gradients are weaker, growth rates are slower477

than observed in the arms. However, at t ∼ 150 days, the small vortices generated around478

the eddy start to merge with the vortex edge, triggering instability. This is confirmed by479

large values of HRS and VBF at the edge, where the small eddies interact with the larger480

one (Fig. A.19). Then, a short wavelength elliptical VRW propagates around the eddy (see481

the deformation of the eddy’s edge in Fig. 3(c).482

3.3.2. Evidence of symmetric instability at the edge of the eddy483

Figure 13: Time evolution of (top) the average of −F (u, b) = d
dt |∇b|2 at the surface, (middle) the volume

between the ρ = 1024.4 kg m−3 and the ρ = 1024.5 kg m−3 isopycnals, and (bottom) the minimum of PV in

the domain.
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Figure 14: Decomposition of the PV at t = 180 days, at the southern part of the eddy. (top) PV at the

surface; the yellow indicates places where the PV is negative, and the red lines indicate regions where the

criterion for SI to occur Ri < Ric is respected. (middle) First term of the PV. (bottom) Second and third

terms of the PV; contours of −F = 10−18 s−5 are superposed as grey thin lines.

A second phase of frontogenesis is triggered as the small scale VRW deforms the front484

at the edge of the eddy through intense stretching. Time evolution of the mean −F at the485

surface is shown in Fig. 13(top). At t = 160 days, steepening of the buoyancy gradient486

starts to increase for a second time. The second and third terms of the PV (in eq. (2))487

become very intense locally, see e.g. Fig. 14(bottom). Indeed, the variations of velocity488

are localized at the surface, and variations of buoyancy occur at scales of O(1) km. These489

terms are negative and of the same order of magnitude as the first term of the PV, see Fig.490

14(middle), leading to a PV close to zero where the fronts are sharp (Fig. 14(top)).491

The horizontal buoyancy variations occur at very fine scales (see the contours of −F492

at t = 180 days on Fig. 14(bottom)). The circulation at the edge of the eddy becomes493
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strongly ageostrophic from t ∼ 160 days, leading to diapycnal mixing at the edge of the494

eddy. The latter acts in decreasing stratification, leading to a PV sign change. In our model,495

since diapycnal mixing is parameterized through the KPP-scheme, we do not attempt to496

characterize it, and rather focus our attention on the dynamical processes resulting of the497

diapycnal mixing.498

A first explanation for the decrease of the PV due to diapycnal mixing can be found by499

introducing changes of buoyancy in the expression of the PV. We present in Appendix C500

how the PV sign can change if it is initially close to zero.501

A second explanation can be found in the integral formulation of the impermeability502

theorem derived in Haynes & McIntyre (1990) and discussed in Morel & McWilliams (2001):503

d

dt

∫∫∫

Ω

dΩ ∆Q = −f dΩ

dt
, (21)

where Ω is a domain with periodic boundary conditions or with no normal flow (our case504

here), dΩ a volume element, ∆Q the PV anomaly with respect to the PV background, and505

dΩ
dt

the volume variations of the layer. This formulation states that the bulk integral of the506

PV anomaly can only be changed by a loss or a gain of the volume inside a layer comprised507

between two isopycnals. At t ∼120 days, the frontogenesis at the edge of the eddy has led to508

an isopycnal steepening at the surface. In particular, the layer between the ρ = 1024.4 kg m−3
509

and the ρ = 1024.5 kg m−3 isopycnals is thin, and slopes very steeply towards the surface.510

This specific layer is chosen because it represents isopycnals outcropping at the edge of the511

eddy. Then, after the destabilization of the eddy edge and diapycnal mixing, this layer has512

become thicker, and the front is less steep, see Appendix D, Fig. D.20. Following eq. (21),513

this change of thickness leads to the decrease of the bulk integral of the PV, which explains514

the decrease of local PV, and the formation of negative PV. In Fig. 13, we present the time515

evolution of this layer volume. It is fairly consistent with the appearance of negative PV.516

The presence of locally negative PV, along with an examination of the Richardson number517

show that the edge of the eddy is subject to SI. The area where Ri < Ric is indicated in518

Fig. 14(top). In this area, the PV of the geostrophic flow is negative. When the PV changes519

sign, due to the second and third terms in eq. (2), SI develops. From t ∼ 160 days, the edge520

of the eddy thus becomes strongly deformed by vorticity changes over scales of O(1) km. SI521
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then propagates inward. At the end of the simulation, at t = 300 days, the SI pattern is522

present in the whole core of the eddy, at the surface, see Fig. 3(d).523

4. Sensitivity study524

We have performed other simulations to study the sensitivity of our results to the nu-525

merical setup. Hereafter, the ’reference simulation’ refers to the simulation on the f -plane,526

with a cyclonic eddy, ∆x = 1 km, 256 vertical levels, and the numerical settings discussed527

in section 2.2. All the sensitivity tests are performed by varying one or several of these528

parameters. The details of these simulations are not shown in this paper, but we mention529

their most salient features.530

Firstly, we changed the numerical settings of the model. Changing the horizontal ad-531

vection scheme to a third-order upwind advection scheme (UP3) leads to a larger implicit532

viscosity, and the fronts at the surface are less intense and become unstable later than in the533

reference run. Fewer small vortices result from the instability and they are less intense. If534

we remove the KPP-scheme parameterization in the interior, an important noise appears at535

t ∼30 days because of a lack of vertical turbulent closure. The sensitivity on the boundary536

conditions has been tested by running the model in a larger domain (1000× 2000 km) with537

the eddy initialized at (x0, y0) = (400, 300) km. This does not affect the dynamics of the538

eddy.539

Secondly, we performed the reference simulation with a flat bottom at 4000 m with the540

same number and stretching of vertical levels. This does not affect the primary instabilities541

(the growth of mode 2 and the formation of row of small vortices), showing that a bottom542

at 1500 m is sufficient to describe the dynamic of the eddy. However, the SI occurs 30 days543

earlier. This is due to the fact that the spacing between the vertical levels is larger than in544

the reference run. The ∆x/∆z ratio is not close enough to N/f0, and the frontal dynamic545

is not well resolved.546

Thirdly, we tested the cyclone-anticyclone asymmetry. We initialized the opposite com-547

posite density anomaly and recalculated the temperature and the velocity fields associated548

with it. This produces a warm core anticyclonic eddy. We put this structure in the same549

stratification as for the reference simulation, and we ran the model. We observed a different550
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evolution than for the cyclonic case. At t = 100 days, the anticyclone was still stable, and551

its horizontal shape was similar to its initial shape. An azimuthal mode 2 then grew, as552

in the cyclonic case. It led to the formation of a tripole with spiral arms at t ∼280 days.553

Then, the arms also became unstable and formed submesoscale vortices of negative relative554

vorticity. For the anticyclone, the growth of the perturbation was much slower than for555

the cyclone. Furthermore, the two satellites in the formed tripole were smaller than in the556

reference simulation. This asymmetry can be explained as follows. Considering the cyclo-557

geostrophic balance, a cyclone and an anticyclone cannot have both antisymmetric velocity558

and density anomalies. Here, we initialized the anticyclone with the density anomaly. Thus,559

its swirling velocity was smaller than that of the cyclone, and the initial anticyclone had a560

weaker kinetic energy. In Stegner & Dritschel (2000), a comparison between the shape of561

tripoles obtained from the destabilization of a cyclone and an anticyclone can be seen in562

their Fig. 7.563

Finally, we performed the reference simulation, but now on a β-plane, with β = 2.1 10−11 m−1 s−1
564

(the mean value of β in the area of the composite eddy). The primary instability of the eddy565

strongly differs from the f -plane simulations. After 20 days of simulation, the eddy starts566

drifting northwestward, with a trailing Rossby wave wake. The evolution of the eddy is simi-567

lar to that shown in Fig. 3 of McWilliams et al. (1986). Then, mode 2 grows. At t ∼70 days,568

two asymmetric arms are present around the initial eddy. They become unstable similarly569

as in the reference simulation, creating submesoscale vortices around the initial eddy.570

5. Discussion571

5.1. On the stability of the composite eddy572

In this paper, we studied the stability of a composite cyclone as revealed by Argo floats573

in the northern Arabian Sea. With this simulation, we were able to study numerous kinds574

of instabilities, thanks to very high horizontal and vertical resolutions.575

First, we observed that a deep azimuthal mode 2 barotropic instability deforms the eddy,576

which eventually evolves into a tripole after about 4 months of simulation. This kind of577

instability has already been observed for specific 2D analytical barotropic shielded vortices578

(Carton & McWilliams, 1989; Stegner & Dritschel, 2000), 3D meddy-like eddies (Yim &579
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Billant, 2015; Meunier et al., 2015; Ménesguen et al., 2018), or surface eddies (Meunier580

et al., 2019). We show that in the vicinity of a realistic eddy intensified at the surface,581

azimuthal mode 2 perturbations is the main driver for its deformation.582

Second, we showed that a baroclinic instability together with the presence of a critical583

level for the most unstable mode is the main cause for the generation of a highly ageostrophic584

flow around the eddy. This generates sharp fronts in the surface mixed layer where the Rossby585

number is large (ε > 1).586

Third, these fronts become unstable to a barotropic instability in the surface mixed587

layer. This leads to the generation of submesoscale cyclones and filaments. This highlights588

the predominance of secondary instabilities in the evolution of isolated eddies.589

Finally, our results indicate that symmetric instability may be ubiquitous in large oceanic590

vortices, even cyclonic ones. Indeed, for small Bu vortices, the critical level is located near591

the edge of the eddy (Nguyen et al., 2012) where energy is concentrated. This leads to592

the formation of intense fronts. Near these fronts, a strongly imbalanced circulation occurs,593

and yields diapycnal mixing. As previously observed in the context of idealized simulations594

(Nadiga, 2014; Brannigan et al., 2017), this causes PV to change sign locally, and SI develops595

at the edge of the cyclonic eddy. This happens when the edge of the eddy becomes unstable596

due to the interaction between submesoscale vortices and the large eddy. It highlights the597

fact that in the real ocean the interactions between small scale features and large mesoscale598

eddies may play a key role in the stability of the latter.599

Previous studies considering analytical vortices showed that when a vortex is unstable, it600

may break into smaller vortices, depending on its initial profile (Carton et al., 1989; Stegner601

& Dritschel, 2000). A major result of this study is that even if instabilities occur, the602

composite eddy is not destroyed and remains as a large scale coherent structure for the last603

6 months of the simulation, similar to specific kind of analytical vortices (Hua et al., 2013;604

Ménesguen et al., 2018). The composite re-stabilizes into a tripolar structure for which the605

positive vorticity pole is slightly elliptical but coherent.606
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Figure 15: SSH signature of the eddy at initialization (left), at the end of the simulation (t = 360 days)

(middle), and the difference between the two. The resolution of the plot is downgraded to the same resolution

as the altimetric product used to generate the composite eddy.

5.2. On the detectability of eddy instabilities607

To infer the detectability in altimeter products of the series of instabilities described in608

this paper, we computed the SSH signature of the eddy at the beginning and at the end of the609

simulation, using a downgraded resolution similar to the one of the altimetric product (Fig.610

15). The signature of the tripole at the end of the simulation is that of an elliptical cyclonic611

eddy, of ellipticity e=0.72. The difference between the tripole and the initial cyclone is very612

weak, with variations of SSH of O(1) cm, which is of the order of magnitude of the formal613

error induced by the spatio-temporal interpolation of altimetric products (see Appendix A614

in de Marez et al. (2019)). This indicates that the tripolar structures often observed in615

numerical studies may be present in the ocean but may not be observed due to the coarse616

resolution of the altimetry.617

The mean ellipticity of eddies used to compute the composite was on average 0.75. The618

cyclone at the end of the simulation thus have an ellipticity comparable with the ellipticity of619

eddies observed in altimetric products, which were used to compute the composite. Since the620

composite was computed assuming axisymetry, it is of interest to assess the impact of this621

hypothesis on the final state of the modelled eddy, by computing an azimuthal average (Fig.622

16). The differences between the initialization and the final form act over scale of O(10) km623

on the horizontal and O(10) m on the vertical. Considering the very coarse resolution of the624
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Figure 16: Comparison between the azimuthal average of the final form of the eddy (at t = 360 days) and

the composite. Color contours are azimuthal averages of the final eddy while black dashed contours indicate

the same contours for the initial eddy.

dataset available to study the 3D structure of eddies (e.g O(10) km for the altimetric product625

and O(10) m for Argo floats), and the error implied by the composite method O(1− 5) km626

(Chaigneau et al., 2011), these differences can not be seen with in situ data.627

The small scale features we observe during the secondary instabilities can be observed628

qualitatively on snapshots of true color (Lévy et al., 2018) or of sea surface temperature629

(Buckingham et al., 2017). However, no altimetric product allowing to predict the dynamical630

quantities at this resolution are currently available. This means that neither the primary631

instability nor the secondary instabilities can be clearly captured in a systematic way using632

the currently available altimetric and floats data. Considering SSH only, the composite eddy633

we studied evolves little, and fairly represents the eddy observed in the altimetry which can634

live for several months.635
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Appendix A. Maps of energy transfer terms636

Figure A.17: Snapshots of energy transfer terms integrated on the vertical at t = 40, 50, 60, and 70 days

(from left to right). HRS, VRS, and VBF stand for Horizontal Reynolds Stress, Vertical Reynolds Stress,

and Vertical Buoyancy Flux.
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Figure A.18: Snapshots of energy transfer terms integrated on the vertical, zoom on the left spiral arm which

becomes unstable, at t = 105, 110, 120, and 130 days (from left to right).
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Figure A.19: Snapshots of energy transfer terms integrated on the vertical, zoom on the edge of the eddy

which becomes unstable, at t = 150, 155, 160, and 165 days (from left to right).
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Appendix B. Estimating the phase velocity of the perturbation in the QG ap-637

proximation638

To estimate the value of the phase velocity of the mode 2 perturbation, one can use639

the framework of the continuously stratified quasi-geostrophic (QG) model (Vallis, 2017).640

We consider a mean state which is a circular barotropic eddy of azimuthal velocity Uθ641

and potential vorticity q̄. We introduce a perturbation in the form of a normal mode, of642

potential vorticity q′ and current function ψ′. Linearizing the system around the mean state643

gives (Pedlosky, 2013):644

(Uθ − c)q′ − ψ′q̄r = 0 (B.1)

where c is the azimuthal velocity of the perturbation and q̄r is the radial derivative of q̄. The645

potential vorticity of the perturbation is646

q′ = ∆ψ′ +
f 2

0

N2
0

∂zψ
′ = Lψ′. (B.2)

N0 is the ambient stratification of the flow, which is in our case ∼ 10−2 s−1. Using (B.1) and647

(B.2), the azimuthal velocity of the perturbation can be expressed as:648

c = Uθ −
ψ′ q̄r
Lψ′

. (B.3)

For our purpose, we only discuss the order of magnitude of the velocity of the perturbation,649

which is:650

c ∼ Uθ −
q̄r
α
, (B.4)

where α approximates the operator L such as:651

α =
4π2

R2
+

(
m

R

)2

︸ ︷︷ ︸
αBT

+
f 2

0

hN2
0︸ ︷︷ ︸

αBC

, (B.5)

with m the azimuthal mode of the perturbation, R ∼ 100 km the radius of the eddy and652

h ∼ 50 m the typical scale of variation of the perturbation. The first two terms (αBT )653
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represent the barotropic perturbation, while the third one (αBC) corresponds to the vortex654

stretching induced by the baroclinicity of the flow.655

In the case we study here, q̄r ∼ Umaxθ

(R/2)2
, with Umax

θ ∼ 0.5 m s−1 the value of Uθ at ∼ R/2.656

This gives q̄r ∼ 2 10−10 m−1s−1, αBT ∼ 1.4 10−9 m−2 and αBC ∼ 5 10−9 m−2. At the edge657

of the eddy, Uθ ∼ 0.1 m s−1. Using eq. (B.4) gives an estimation of the phase velocity658

c ∼ 0.06 m s−1. This corresponds to a velocity of 0.06 rad days−1, which is in fairly good659

agreement with the phase velocity computed in the simulation, and seen in Fig. 8. Notice660

that this estimation of the phase velocity depends on the values chosen for each quantity,661

and does not take into account the baroclinicity of the mean flow. However, it shows that662

to obtain a proper estimation, we need to consider both the BT and the BC components of663

the perturbation.664
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Appendix C. How can diapycnal mixing change the sign of the PV ?665

As pointed in Morel & McWilliams (2001), ’when mixing does occur, it is not easy to666

predict the change of the PV for a fluid parcel ’. Using the Ertel form of the PV, we assess667

here how can diapycnal mixing change the sign of the PV.668

In the case of a front localized at the edge of an axisymmetric eddy, with no radial669

velocity, one can write the PV in polar coordinates as:670

Q = ζa∂zb+ (∂zuθ)(∂rb),

with ζa = ζ + f0. If we consider the Thermal Wind Balance, this becomes671

Q = ζa∂zb− f−1
(
∂rb
)2
.

We study the variations of PV when the buoyancy is modified by diapycnal mixing. We672

introduce ∆zb and ∆rb the variations of buoyancy respectively along the z and r axis. The673

value of Q may thus be approximated by:674

Q =
∆zb

∆z
ζa − f−1

(∆rb

∆r

)2
. (C.1)

If diapycnal mixing occurs, the gradients of buoyancy diminish along the z-axis and/or the675

r-axis. In terms of variations of buoyancy, we thus have676





∆zb→ ∆zb− bz∗
∆rb→ ∆rb− br∗,

(C.2)

where br∗ > 0 and bz∗ > 0 are the variations of buoyancy induced by the diapycnal mixing.677

They are positive since diapycnal mixing leads to a decrease of the variations of buoyancy.678

We assume here that during the time in which diapycnal mixing occurs, the flow does not679

vary, and ζa thus remains constant. This strong assumption is not true at long times, when680

the new circulation is adjusted, but it allows to keep the calculation and the reasoning simple.681

We define Q∗ as the PV value after the diapycnal mixing. Introducing the new buoyancy682

variations (C.2) in the expression of the PV (C.1) gives:683

39

Jo
ur

na
l P

re
-p

ro
of

Journal Pre-proof



Q∗ =
∆zb

∆z
ζa − f−1

(∆rb

∆r

)2

︸ ︷︷ ︸
Q

−bz∗
∆z

ζa − f−1
(br∗

∆r

)2
+ 2f−1 ∆rb br∗

(∆r)2
.

The two first terms on the right hand side are the PV before the diapycnal mixing. We then684

define ∆Q = Q ∗ −Q, the variation of PV during the diapycnal mixing. It is expressed such685

as:686

∆Q = −bz∗
∆z

ζa
︸ ︷︷ ︸

∆Q1

∆Q2︷ ︸︸ ︷
−f−1

(br∗
∆r

)2
+ 2f−1 ∆rb br∗

(∆r)2

︸ ︷︷ ︸
∆Q3

.

If the vorticity in the flow is positive, and if it is located in the northern hemisphere,687

ζa > 0. Thus, both ∆Q1 and ∆Q2 are strictly negative. The sign of ∆Q3 depends on the sign688

of ∆rb. In the case of a front leading to a positive velocity along the θ-axis (e.g at the edge689

of a cyclone), the buoyancy gradients along the r-direction are positive. Then, ∆Q3 > 0 and690

the sign of ∆Q thus depends on the relative importance of its terms. The sign of ∆Q thus691

depends on the scale of variations and the values of the gradients. For instance, in a case692

where the mixing only occurs on the vertical, br∗ = 0. The variation of PV thus reduces to693

∆Q = ∆Q1 < 0. In this case, the PV decreases. If before the mixing it was already close to694

0, the decrease of the PV can thus lead to the generation of negative PV where the fluid has695

been mixed. A summary of the possible sign that ∆Q can take depending on the direction696

of the current, and the direction of the mixing is shown in Table C.1.697
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∆Q1 ∆Q2 ∆Q3 ∆Q

CE < 0 < 0 > 0 ?

AE > 0 < 0 < 0 ?

CE vert. < 0 = 0 = 0 < 0

AE vert. > 0 = 0 = 0 > 0

CE horiz. = 0 < 0 > 0 ?

AE horiz. = 0 < 0 < 0 < 0

Table C.1: Summary of the sign that can take ∆Q. CE and AE designate cyclonic and anticyclonic flow;

vert. and horiz. indicate cases where the mixing only occurs on the vertical direction or the horizontal

direction; ? indicates that the sign of ∆Q depends on the relative importance of the different terms.

Appendix D. Section of the front at the edge of the eddy698

Figure D.20: (top) Snapshots of density at the surface at t = 120 days (left) and t = 185 days (right).

(bottom) Vertical sections of density at t = 120 days (left) and t = 185 days (right), their position is shown

by the black thick lines in the top panels. Red contours indicates the isopycnals surrounding the layer we

discuss, for which we compute the volume shown in Fig. 13
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