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A simple dynamical model of vortex interactions taking place near a curved boundary mimicking a
circular bay is formulated and examined. An initial configuration consisting of a point vortex in the
bay and of an incident point vortex moving toward the bay along the straight part of the boundary is
considered. Both vortices are of equal strengths. Typical stationary regimes of the bay-bound vortex
when the incident vortex is far from the bay are obtained. When the incident vortex comes near the
bay, its interaction with the bay-bound one may result in irregular motion of both vortices. Typical
outcomes of the interaction are established to be (i) the incident vortex passes over the bay without
forcing the bay-bound vortex to leave the bay; (ii) the incident vortex becomes entrapped within
the bay, whereas the bay-bound vortex leaves it; (iii) both vortices leave the bay shortly after the
interaction as separate vortices or as a bound leap-frogging pair; (iv) both vortices exhibit convoluted
dynamics being entrapped for a considerable time within the bay, but in the end either one or both
of the vortices leave the bay. The model might be useful in getting some insight into typical regimes
of eddy dynamics near curved boundaries in the context of ocean studies provided the eddies remain
coherent during the interaction. Published by AIP Publishing. https://doi.org/10.1063/1.5009117

I. INTRODUCTION

Many observations have revealed the presence of convoluted vortex dynamics occurring near curved coastlines in
the ocean.1–3 The vortex dynamics, in this case, is governed
not only by the vortices interacting with each other but also
by the shape of the coastline. If the coastline can ensure the
appearance of stagnation zones, vortices coming from afar
might become trapped in these. On the other hand, curved
coastline can be responsible for the emergence of coherent
vortices by shedding vorticity from its pointed corners.4,5 Both
these mechanisms can lead to the emergence of a stationary
vortex inside the stagnation zone established by the curved
coastline.
In this work, we are interested in studying the interaction between such a stationary vortex already situated within
an enclosed coastline with an incident vortex. The model we
employ is the simplest point-vortex model in a domain with
a boundary mimicking a circular bay. Point-vortex models,
despite offering only qualitative insights, can be useful for
many applications including the study of vortex dynamics
in the ocean.2,6–9 The problem of vorticity generation and
the emergence of coherent vortices are not considered in the
present work; instead, we assume that the vortices already exist
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before they start interacting, and continue existing after the
interaction, either individually or in bound states.
Point-vortex models exhibit remarkable correspondence
with more complex models of distributed vortices.5,10–15 Interacting small vorticity patches follow almost similar evolutions in the corresponding point-vortex models. Conversely,
if the vorticity patches get less coherent and localized, their
dynamics starts being very complex featuring spatial vorticity redistribution which results in the emergence of new
vortex structures. Models of distributed vortices moving in
complex bounded domains have, for example, been studied in
papers.5,11,16–23
The outline of the paper is as follows. First, a model of
two point vortices interacting near a circular coast-like boundary is formulated by taking advantage of the Kirchhoff–Routh
stream-function.24 Stationary regimes of the bay-bound vortex are studied. Stagnation points and corresponding phase
portraits are obtained. Then, a detailed examination of the
dynamical regimes ensuing from the interaction between the
bay-bound vortex and the incident vortex is presented. Typical
regimes of the interaction are enumerated and qualitatively
assessed. Evidence that the interaction is inherently irregular (meaning engendering irregular vortex trajectories) is
presented in the last part of the paper.
II. PROBLEM FORMULATION

One can map a straight line with a circular cavity of
a radius R into the upper half-plane by making use of the
30, 016602-1
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FIG. 1. The sketch of the flow with two point vortices near a curved boundary
with a circular cavity. The point vortex with strength µ1 is initialized within
the cavity, while the second point vortex with strength µ2 comes from infinity because of the wall-induced velocity. The multiplier α characterizes the
“depth” or “openness” of the cavity.
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where a = R sin (πα) , b = 2a/(2 − α), πα is the characteristic angle of the cavity (see Fig. 1), γ determines the
corresponding branch of the mapping, z = x + iy corresponds
to the physical domain, and ζ = ξ + iη–mapped upper-plane
domain.
We are interested in studying the dynamics of two point
vortices in the original domain. Such a domain would serve
as the simplest approximation of a shore with a pronounced
circular bay. A point vortex with strength µ1 and complex
coordinate z1 = x 1 + iy1 is initially situated within the bay and
would remain inside the bay in the absence of perturbations.
Another point vortex of strength µ2 and complex coordinate
z2 = x 2 + iy2 is initially located near the straight boundary
far from the bay (see the sketch of the flow in Fig. 1). The
trajectories of the point vortices in the original domain are
then governed by the Kirchhoff–Routh stream-function.24,25
Hence, the trajectories of the vortices can be figured out by
means of integrating numerically the equations
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where ∗ stands for complex conjugation. The terms with
second derivatives of the domain mapping are due to
the correction established by Lin,24 which ensure that the
strengths of the vortices remain constant after the conformal
mapping.
Since the model features a large number of parameters,
we focus our attention on the case of equal strength vortices
(µ1 ≡ µ2 ≡ µ), and we set the radius of the cavity to R ≡ 1.
Despite the apparent simplification, the model still exhibits a
large number of dynamical regimes of the vortices to be taken
into account in detail. To limit these, only a specific initial
vortex configuration is studied. Let the vortex with strength
µ be enclosed in the cavity, whereas the other vortex with
the same strength µ moves from afar toward the cavity along
the boundary. Far from the cavity, the second vortex moves
under the influence of its image vortex.26 Therefore, the second
vortex moves uniformly and rectilinear along the boundary
until it reaches the proximity of the cavity. Its dynamics is
then impacted greatly by the presence of the cavity and of the
cavity-bound vortex enclosed in it. The sketch of the flow is
depicted in Fig. 1.
The cavity-bound vortex, on the other hand, is initially
located inside the cavity. In the absence of perturbation,
i.e., when the incident vortex is far from the cavity, the
cavity-bound vortex remains near its initial position. This is
ensured by choosing the cavity-bound vortex’s initial position
close to the elliptic critical point of the corresponding steady

(2)

one-vortex system.27 The cavity-bound vortex remains near
the elliptic critical point until the incident vortex comes close
enough to start exerting a significant influence on the cavitybound vortex. Then the dynamics of both vortices becomes
convoluted and unpredictable. This lack of predictability follows from the fact that the interaction of these two vortices is generally irregular in the bounded domain. Irregular motion, in this case, means that two initially nearby
phase trajectories exponentially diverge from each other.28–30
Many studies show that domains with curved boundaries
produce complex motion of single vortices and passive
scalars.31–35
III. A SINGLE VORTEX INSIDE THE CAVITY

First, we need to look for stagnation points of the flow with
only one vortex moving near a straight boundary with a circular
cavity. To this purpose, the incident vortex is removed. Then,
the governing equation for the cavity-bound vortex reduces
to27
dz0∗
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=
dt
dz

z=z0
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2
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0
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where z0 = x 0 + iy0 is the complex coordinate of the vortex for
the case of single vortex dynamics.
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A. An analysis of critical points

Though we could not find closed analytical expressions
for the critical points following from (3), we can still present a
qualitative analysis of the number of critical points. Equating
the right-hand term in (3) to zero and noticing that all the
critical points lie at the y-axis, i.e., x 0 = 0, one obtains
!
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where the derivatives
=
=
are
already taken into account, and η is the imaginary part of the
mapping ζ defined earlier. Also, one can notice that the y-axis
is mapped into the axis ξ = b/2. Then the vertical coordinates
for the critical points ensue
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where the sign of ± 2 is the same as the sign of y0 . The term
η (iy0 ) is always non-negative; therefore, the second branch of
the solution to (4) is inapplicable. Figure 2 shows the values of
the left-hand term (curve 1) and the right-hand term (curve 2 –
α = 0.1, curve 3 – α = 0.2304, curve 4 – α = 0.3) of (6) depending on y0 / 2b . Equation (6) has up to two zeroes corresponding

to elliptic and hyperbolic critical points. Elliptic critical points
are stable critical points, near which the phase trajectories of
the system are ellipses. Hyperbolic critical points are unstable
critical points, near which the phase trajectories of the system
are hyperboles. Two solutions are possible for small values
of α (see two intersections between curve 1 and curve 2 for
α = 0.1). When α ∼ 0.2304, the critical points coalesce (see
one tangency point of curve 1 and curve 3 for α = 0.2304); as
α increases the critical points vanish (curve 1 and curve 4 for
α = 0.3 do not intersect).
B. Phase portraits

The phase portrait of the single vortex system depends on
the parameter α that determines the “depth” of the cavity. The
influence of the “depth” of the cavity is straightforward; the
deeper the cavity, the larger the measure of periodic trajectories
inside it. Figure 3 depicts typical phase portraits of the vortex
motion for different depths of the cavity. Figure 3(a) shows
the phase portrait near a degenerate case, when the stagnation
point has just appeared in the system. The corresponding value
of the parameter α = 0.2304. As the parameter α increases, the
depth of the cavity decreases, and no stagnation point occurs
in the flow.
As the parameter α decreases, the measure of periodic vortex trajectories increases [see examples presented in Figs. 3(b)
and 3(c) for α = 0.2 and 0.1, respectively]. The bold blue line
indicates the separatrix of the flow, the line dividing different
types of motion. The bold black line marks the boundary of the
domain. The elliptic stagnation point is designated by a bold
dot. It is worth noting that the shape of the trajectories in the
phase portraits of the steady-state dynamics of a single point
vortex is independent of the vortex’s strength µ. The strength
affects only the speed of the vortex translation through the
flow.
Judging by the phase portraits, one can say that the cavitybound vortex is always stable within the region of periodic
phase trajectories, and it is unstable if positioned exactly at
the hyperbolic point. When unstable [see Fig. 3(a)], any small
perturbation to the vortex’s initial position forces it to leave the
cavity. When stable [for example, see Fig. 3(c)], even finiteamplitude perturbations to the vortex’s initial position do not
cause the vortex escaping the cavity.
IV. INTERACTION OF AN ALONG-SHORE
PROPAGATING VORTEX WITH A VORTEX
IN THE BAY

FIG. 2. x-axis–y0 / 2b ; y-axis is the values of f 1 (curve 1) and f 2 [curve 2–α
= 0.1 (two intersections with curve 1 correspond to two critical points), curve
3–α = 0.2304 (one intersection with curve 1 corresponds to one critical point),
curve 4–α = 0.3 (no intersections with curve 1–no critical points)] of Eq. (6).

Next, after establishing typical dynamical patterns of the
single vortex dynamics, we initialize a second point vortex
coming toward the cavity from afar along the boundary due to
a wall-induced velocity. The wall-induced propagation of the
second vortex proceeds almost unperturbed until it reaches the
immediate proximity of the cavity, where it starts interacting
with the cavity-bound vortex. Their interaction is irregular in
its nature and produces generally unpredictable outcomes. The
possible outcomes are as follows.
First, the incident (along-shore propagating) vortex may
simply leap across the cavity’s orifice and continue its
wall-induced motion along the boundary. This behavior is
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FIG. 3. Examples of the phase portraits
of the steady-state trajectories of a single
point vortex initialized inside the cavity for different values of parameter α:
(a) 0.2304; (b) 0.2; (c) 0.1. The separatrix demarcating the different types of
motion is the bold blue line. The corresponding critical points are marked in
the figures.

tantamount to the case of a single vortex leaping across a gap
in a straight boundary.11 Thus, the incident vortex influence on
the cavity-bound vortex is deemed negligible. A similar outcome is observed when the incident vortex moves fast enough
and close enough to the boundary so that it always remains
close to the boundary even when it enters the cavity. If the
cavity-bound vortex is located relatively far from the boundary,
it may remain relatively unperturbed by the incident vortex.
Second, the incident and cavity-bound vortices may swap
roles, as the incident vortex becomes cavity bound, whereas
the initially cavity-bound vortex leaves the cavity and moves
away from it, along the boundary, due to the wall-induced
velocity.
Third, the incident and cavity-bound vortices may both
leave the cavity and either produce a leap-frogging pair 36–39
that moves off the cavity due to the wall-induced velocity or
become two separate along-shore propagating vortices at a
significant distance from each other.
Fourth, after the incident vortex gets into the cavity, both
vortices may form a bound vortex structure that remains in
the cavity for a while. However, this structure cannot remain
in the cavity forever because of the irregularity of the interaction. Eventually, the bound structure either breaks or leaves
the cavity as a leap-frogging pair.
Since the vortex interaction under study is irregular, an
approach taking into account many initial vortex positions
seems most appropriate and fruitful. The initial positions of
the cavity-bound and incident vortices are (x 1 (0), y1 (0)) and
(x 2 (0), y2 (0)), respectively. The initial position of the incident vortex on the y-axis is taken in the interval 0 < y2 (0)
≤ 2 while its initial x-coordinate is fixed at x 2 (0) ≡ 5. The

initial position of the cavity-bound vortex is fixed for every
y2 (0) at a point inside the recirculation zone including the critical points (see Fig. 3). Then, the governing Eqs. (2) are numerically integrated for 5 × 104 incident vortex’s initial positions
y2 (0), distributed uniformly within the interval 0 < y2 (0) ≤ 2.
The calculation continues until either both vortices cross the
vertical line x = 20 (crossing this line, the vortices are assumed
not to be possibly able to return to the cavity) or the model time
reaches t = 150 (a typical time for the incident vortex to cross
the control line when there is no cavity-bound vortex is t ∼ 20).
The sought-after characteristic is the time each vortex takes to
cross the control line. The time distribution, further referred
to as the escape time, shows which initial y-coordinates of
the incident vortex result in predominately regular or irregular
motion.
It is worth noting that the system is also sensitive to the
choice of the initial position x 2 (0), but only when x 2 (0) is taken
in the immediate vicinity of the bay. When x 2 (0) is chosen far
from the bay, the incident vortex moves along a straight line
parallel to the straight boundary such that x 2 = const before
it comes close to the cavity. Therefore, we intentionally take
x 2 (0) = 5, which is far enough from the bay in order to filter
out its influence.
A. Unstable cavity-bound vortex

Let us start by considering the case of the initially unstable cavity-bound vortex. The phase portrait of the singlevortex dynamics is shown in Fig. 3(a). Figure 4(a) illustrates
the escape time distribution depending on the incident vortex’s initial y-position for the initial vortex configuration:
the cavity-bound vortex is situated at the hyperbolic point
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FIG. 4. (a) Escape time distributions for the cavity-bound vortex (red line) and the incident vortex (green line) as the cavity-bound vortex is initialized at the
corresponding critical point of the phase portrait shown in Fig. 3 for α = 0.2304, hyperbolic critical point at y1 (0) = 0.41. Examples of trajectories for the
incident vortex’s initial y-position (b) y2 (0) = 0.2, (c) y2 (0) = 0.7, (d) y2 (0) = 1.1.

x 1 (0) = 0, y1 (0) = 0.41; the incident vortex lies at x 2 (0) = 5.
The red and green curves correspond to the cavity-bound and
incident vortices, respectively.
Since the curves indicate that the vortices behave highly
irregularly, only a rather rough classification of the regimes is
possible. One can point out three typical regimes of motion for
the incident vortex (green line). The first one corresponds to
the smooth part from y2 (0) = 0 until approximately y2 (0) ∼ 0.3.
In this case, the incident vortex gets inside the cavity but moves
fast and close enough to the boundary, which allows it not to
be entangled with the cavity-bound vortex. Hence, the incident
vortex simply passes the cavity as if it was just a straight line.
An example of the corresponding vortex trajectories for the
initial incident vortex position y0 (2) = 0.2 is shown in Fig. 4(b),
where the incident vortex trajectory is plotted in green and the
cavity-bound one is plotted in red. In this regime, the incident
vortex has a much smaller escape time than that of the cavitybound vortex. The cavity-bound vortex (red line), on the other
hand, experiences small perturbations induced by the incident
vortex and leaves the cavity following the incident vortex.
The next regime for approximately 0.3 . y2 (0) . 1 is
the most irregular one resulting in generally unpredictable

dynamics. In this case, the incident vortex impacts
directly the cavity-bound vortex leading both vortices to
leave the cavity [examples of trajectories are shown in
Fig. 4(c)].
The corresponding phase portrait for the cavity-bound
vortex is shown in Fig. 3(a). It features only one critical point
where the cavity-bound vortex is stationary. Any small perturbation makes the vortex leave the cavity. Therefore, when
the incident vortex comes close to the cavity, it always displaces the cavity-bound vortex into the region of unbounded
phase trajectories. Thus, there is only one possible outcome of
this vortex interaction: the vortices always leave the cavity by
either forming a leap-frogging pair or by moving separately
along the boundary.
The last regime occurs for values of y2 (0) & 1. An example
of trajectories is shown in Fig. 4(d). In this case, the incident vortex moves at a significant distance from the boundary,
which results in a slower wall-induced velocity (therefore, significantly increasing the incident vortex escape time). This,
in turn, ensures that the incident vortex does not get inside
the cavity, jumping over the orifice instead. Nevertheless, the
incident vortex simply passing near the cavity perturbs the

016602-6

Ryzhov et al.

cavity-bound vortex forcing it to leave the cavity immediately
after the incident vortex.
Another case of an unstable cavity-bound vortex incurs
from the initial cases featuring two critical points, one of which
is hyperbolic, i.e., unstable. When the cavity-bound vortex is
positioned at the hyperbolic critical point, the escape-time distributions evince features similar to the case considered earlier,
when both vortices leave the cavity because of the interaction.
However, since there is a sizeable recirculation zone initially,
after the incident vortex affects the cavity-bound vortex, it may,
instead of leaving the cavity, get inside the recirculation zone
and remain trapped near the elliptic critical point. Figure 5(a)
shows the corresponding escape time distributions for α = 0.2,
when the cavity-bound vortex is positioned at the hyperbolic
point y1 (0) = 0.182. When the vortices leave the cavity, their
escape time distributions are similar to the case with no recirculation zone in the initial state. Also, regimes when one of
the vortices is trapped, whereas the other leaves the cavity,
start manifesting themselves. Figure 5(b) depicts an example
(y2 (0) = 0.575) of vortex trajectories when the incident vortex remains trapped, whereas the initially cavity-bound vortex
leaves the cavity.
B. Stable cavity-bound vortex

We next move on to the initial states when the cavitybound vortex is positioned at an elliptic critical point like the
ones shown in Figs. 3(b) and 3(c). When positioned initially
at the elliptic critical point, the cavity-bound vortex remains
trapped inside the cavity, even for small perturbations, due to
the interaction with the incident vortex.
First, the case of a relatively small periodic motion region
is examined. The initial state corresponds to that of 3b as
α = 0.2; therefore, the initial cavity-bound vortex’s position
is at the elliptic critical point x 1 (0) = 0, y1 (0) = 0.6595. The
initial coordinates of the incident vortex are the same as in
the previous numerical experiment x 2 (0) = 5, 0 < y2 (0) ≤
2. The escape time distribution is illustrated in Fig. 6(a). A
stark increase in complexity of the escape time distributions
compared to the previous case is apparent. The main difference
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is the emergence of several infinite (or at least very long) escape
times, which means that entrapping of one of the vortices
becomes possible. In this case, a regime of unambiguously
regular dynamics can be singled out, namely, the one for y2 (0)
. 0.25. This regime is similar to that considered earlier: the
incident vortex moves fast and close enough to the boundary,
allowing it to pass over the cavity without being entangled
with the cavity-bound vortex. The only difference with the
case analyzed earlier is that the cavity-bound vortex remains
trapped inside the cavity.
As 0.25 . y2 (0) . y∗ (y∗ is some relatively large value
when the vortex interaction becomes weak), the dynamics of
the vortices becomes highly unpredictable with many transient
effects. An example of vortex trajectories when both vortices
leave the cavity is shown in Fig. 6(b) for y2 (0) = 0.54. A small
change in the initial value of y2 (0) = 0.55 results in the cavitybased vortex sustaining the perturbation and remaining trapped
inside the cavity [see Fig. 6(c)]. Figure 6(d) (y2 (0) = 0.867),
on the other hand, exemplifies how the incident vortex can be
entrapped instead of the cavity-bound vortex. The entrapping
may happen because the incident vortex is pulled into the cavity owing to the established bond with the cavity-bound vortex.
Moreover, when y2 (0) & y∗ , the incident vortex jumps over the
cavity’s orifice and forces the cavity-bound vortex to leave
the cavity at the same time because the time of the interaction increases as the incident vortex’s wall-induced translation
velocity decreases. Thus, although the influence of the incident vortex toward the cavity-bound one is weaker, it lasts
longer.
When the cavity’s orifice decreases, the range of the initial
positions y2 (0) which lead to the incident vortex jumping over
the cavity and with little effect on the cavity-bound vortex,
becomes large. On the other hand, if the incident vortex gets
inside the cavity and interacts with the cavity-based vortex, the
dynamics becomes complicated. This is because the vortices
remain inside the cavity for longer times, which makes their
trajectories intertwine more often. Figure 7(a) illustrates the
escape time distribution for the initial state corresponding to
the phase portrait shown in Fig. 3(c) (α = 0.1, y1 (0) = 0.925).

FIG. 5. (a) The same as in Fig. 4(a) for α = 0.2, and the cavity-bound vortex is initially positioned at the hyperbolic critical point at y2 (0) = 0.18; (b) an example
of vortex trajectories for y2 (0) = 0.575 as the incident vortex becomes trapped, whereas the cavity-bound vortex leaves the cavity.
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FIG. 6. (a) The same as in Fig. 4(a) for α = 0.2, y1 (0) = 0.6595. Examples of vortex trajectories for (b) y2 (0) = 0.54, (c) y2 (0) = 0.55, (d) y2 (0) = 0.867.

The regular regimes, when the incident vortex moves either
very close to the boundary or very far from it, are similar to the corresponding regimes of the first case addressed
earlier (see Fig. 4). The only difference is that the cavitybound vortex remains trapped inside the cavity. However,
if the incident vortex gets inside the cavity and impacts
directly the cavity-bound one, the ensuing dynamics becomes
irregular.
Regimes with permanent entrapping of one of the vortices
appear as in the previous case, but there also occur regimes
with finite-time entrapping of both vortices. As the initial value of y2 changes, all these regimes alter irregularly.
Figures 7(b) and 7(c) for y2 (0) = 0.411 and y2 (0) = 0.41,
respectively, evince the irregular nature of the vortex trajectories. Both figures correspond to the case of finite-time
entrapping of both vortices, but in Fig. 7(b) the cavity-bound
vortex escapes the cavity, whereas in Fig. 7(c) it is the incident vortex, which escapes the cavity. A regime when both
vortices leave the cavity almost simultaneously is also possible [see an example in Fig. 7(d) for y2 (0) = 0.414 16].
It is worth noting that there are also cases similar to the ones
shown in Figs. 6(c) and 6(d), with one of the vortices escaping
the cavity swiftly without spending much time inside the cavity. When y2 (0) is relatively large, the incident vortex influence

is negligible, hence the cavity-bound vortex remains trapped
inside the cavity. Indeed, the influence of the incident vortex
decreases as y2 (0) increases; moreover, the cavity’s orifice is
small in this case, which ensures a smaller interaction time
and a large stable region for the cavity-bound vortex. Another
observation is that the distance from which the incident vortex can be dragged into the cavity decreases (y2 (0) ∼ 0.4)
in comparison with the case of α = 0.2 (y2 (0) ∼ 1.6) shown
in Fig. 6.
C. Phase dependence of the escape-time distributions

Up to this section, we have considered only cases when the
cavity-bound vortex is initialized at one of the critical points
of the corresponding stationary phase portrait. However, if
one initializes the cavity-bound vortex at an arbitrary position within the closed recirculation zone, it would dramatically
change the corresponding escape-time distributions. Indeed,
when initialized on a periodic phase trajectory, the cavitybound vortex has different current position for every incident
vortex initial position y2 (0), as the incident vortex comes close
to the cavity. As y2 (0) increases, the wall-induced velocity of
the incident vortex, 2y2µ(0) , decreases; therefore, the time the
incident vortex needs to come near the cavity increases. Since,
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FIG. 7. (a) The same as in Fig. 4(a) for α = 0.1, y1 (0) = 0.925. Examples of vortex trajectories for (b) y2 (0) = 0.411, (c) y2 (0) = 0.41, (d) y2 (0) = 0.414 16.

now the cavity-bound vortex is not fixed initially at a critical
point, it oscillates about the corresponding critical point, so
that the distance between the vortex and the orifice changes in
time. Thus, now, for different y2 (0), when the incident vortex
comes near the cavity, the cavity-bound vortex can be located
at different positions.
Figure 8 illustrates the escape-time distributions for the
cavity-bound vortex’s initial position (a) x 1 (0) = 0.17, y1 (0)
= 1.274 and (b) x 1 (0) = 0.321, y1 (0) = 0.725.
The figure shows that the vortices can interact intensely. In
this case, the intense interaction implies that the vortices come
close enough to each other and, consequently, form a bound
vortex structure. Its dynamics is generally irregular leading
the bound vortex structure either to break into two separate
vortices or to leave the cavity and to leap-frog along the straight
boundary.
According to Fig. 8(a), one can single out two zones when
the vortex interaction is intense. The first zone of the intense
interaction [0.2 . y2 (0) . 0.5 in Fig. 8(a) and 0.25 . y2 (0)
. 0.6 in Fig. 8(b)] corresponds to relatively small y2 (0), leading the incident vortex to enter the cavity. The incident vortex
gets inside the cavity if its trajectory lies below the stationary separatrix shown in Fig. 3(c). The upper boundary of the

intense interaction zone may lie above the separatrix value,
and the incident vortex can be pulled into the cavity, if it
establishes a strong bond with the cavity-bound vortex located
nearby. The lower boundary of the intense interaction zone lies
slightly below the separatrix. The vortex dynamics in this case
is very complex. Regimes with distinct dynamics alter irregularly. Such regimes are (i) the cavity-bound vortex leaving the
cavity, while the incident one gets entrapped [similar trajectories as in Figs. 4(b), 6(d), and 7(b)]; (ii) the vortices form a
bound vortex structure and leave the cavity [similar trajectories
as in Figs. 6(c) and 7(d)].
In general, the incident vortex may get inside the cavity
and have a chance to remain in it by two distinct mechanisms.
First, it can get inside the cavity because it simply moves close
enough to the boundary. Second, the cavity-bound vortex may
force the incident one to get inside the cavity provided they are
located relatively close when the incident vortex passes near
the cavity’s orifice.
The second zone of intense interaction [the significantly
lower escape time between two peaks for 0.75 . y2 (0) . 0.9
in Fig. 8(a)] results from the incident vortex passing over
the cavity. This may happen if the cavity-bound vortex is
located near the cavity’s orifice and the incident vortex has
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FIG. 8. Escape-time distributions for α = 0.1 for the cases, when the cavity-bound vortex is initialized on an initially periodic trajectory: (a) x 1 (0) = 0.17,
y1 (0) = 1.274; (b) x 1 (0) = 0.321, y1 (0) = 0.725.

already approached the cavity’s orifice. In this case, the distance between the vortices is rather small, and, therefore, they
interact intensely.
On the other hand, there can be no such second zone,
provided the cavity-bound vortex and the incident vortex are
located far from each other when the incident vortex passes
near the cavity (the incident vortex is near the cavity’s orifice, while the cavity-bound vortex is near the “bottom” of
the cavity), and the interaction is significantly weaker [the
escape-time distributions in Fig. 8(b) feature no anomalies for
y2 (0) & 0.6], but, nevertheless, both vortices leave the cavity [similar trajectories as in Figs. 4(c) and 4(d)]. When y2 (0)
increases further, the incident vortex passes over the cavity’s
orifice without exerting much influence on the cavity-bound
one. This is attributed to the fact that a narrow cavity’s orifice
at small α ∼ 0.1 induces a large recirculation zone inside the

cavity and also allows the vortices to interact only for a short
time.
D. Fluid particle advection induced
by the two-vortex interaction

Here, we briefly discuss how the considered two-vortex
interaction affects the fluid particle advection in its immediate vicinity. The fact that vortices stir the neighboring fluid
particles and thus induce intricate advection of these fluid particles is well-established and has been studied at length (see,
for example, Refs. 8 and 40–57). Therefore, it is interesting
to look into the fluid particle advection patterns induced by
the interaction between the incident and cavity-bound vortices. To do this, we uniformly distribute 35 × 104 markers
within a circle with radius R that is nested into the cavity.

FIG. 9. The scattering of fluid particles induced by the two-vortex interaction corresponding to the vortex trajectories shown in Fig. 4(c). Consequential instant
distributions of the fluid particles for the given calculation time.
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FIG. 10. The same as in Fig. 9 but for the vortex trajectories shown in Fig. 6(b).

Also 15 × 104 markers are uniformly distributed within the
steady-state separatrix of the incident vortex. It is worth recalling that a point vortex moving steadily along a straight boundary induces a closed recirculation zone, where fluid particles
move regularly. This recirculation zone is enclosed by the separatrix, which, in the steady state, is a barrier to fluid particle
trajectories. Once perturbed, the separatrix vanishes, and fluid
particle exchange between the recirculation zone and the exterior current occurs. In the problem under study, the separatrix
gets perturbed when the incident vortex comes close to the
cavity.
In order to calculate the trajectory of a passive fluid
particle, one needs to integrate the following equation:

dz∗ dζ
iµ1
iµ1
iµ2
−
=
+
∗
dt
dz ζ (z) − ζ (z1 ) ζ (z) − ζ (z1 ) ζ (z) − ζ ∗ (z2 )
!
iµ2
−
,
(7)
ζ (z) − ζ (z2 )
where z = x + iy is the position of the fluid particle and z1 ,
z2 are the positions of the cavity-bound and incident vortices
calculated using Eq. (2), respectively.
Figures 9–11 illustrate successive instantaneous distributions of the markers for the given running time. Figure 9
corresponds to the initial configuration of the system with
parameter α = 0.2304 and the following initial positions of the
vortices: the cavity-bound vortex—x 1 (0) = 0, y1 (0) = 0.41,

FIG. 11. The same as in Fig. 9 but for the vortex trajectories shown in Fig. 7(d).
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the incident vortex—x 2 (0) = 5, y2 (0) = 0.7 as in Fig. 4(c).
Figure 10 corresponds to α = 0.2, x 1 (0) = 0, y1 (0) = 0.6595,
x 2 (0) = 5, y2 (0) = 0.54 as in Fig. 6(b). Figure 11 corresponds to
α = 0.1, x 1 (0) = 0, y1 (0) = 0.925, x 2 (0) = 5, y2 (0) = 0.414 16
as in Fig. 7(d). Figure 9 illustrates the process of offsetting
the cavity-bound vortex into the unbounded motion. In this
case, the interaction between the vortices is weak, so that the
exchange between their fluid particles also weak. However,
the presence of the cavity forces the incident vortex to lose
a significant portion of the markers when the incident vortex
moves in the immediate vicinity of the cavity.
Figures 10 and 11 show the cases of moderate and profound mixing efficiency, respectively. In the first case, the
vortices interact within the cavity for a short time, partially
exchanging their markers, so that, when the vortices leave the
cavity, they translate partially mixed markers along the boundary. In the second case, the vortices interact within the cavity
for a long time, and therefore their markers are almost uniformly mixed. When the vortices leave the cavity, they form a
leap-frogging pair.
V. CONCLUSIONS

A simple point-vortex model of two vortices interacting
along a straight boundary featuring a circular cavity is introduced as an attempt to take into account the influence of curved
boundaries of natural gulfs on the eddies’ trajectories in the
ocean. Despite being highly simplified, the model still hints at
the complexity of vortex dynamics near boundaries even if the
vortices are able to maintain their stability and coherence for
a prolonged time. In particular, the model indicates that the
along-shore propagating vortices can significantly affect the
dynamics of bay-entrapped vortices even when the incident
vortices pass at a significant distance from the bay. Moreover,
the model shows that such vortex interactions generally produce irregular vortex trajectories similar to case of two point
vortices embedded in a time-dependent shear flow.58,59
An initial state with one of the vortices being initialized
within the bay and the second one moving along the straight
boundary toward the bay has been analyzed. Escape time distributions reveal complex behavior of the vortices that may result
in different outcomes. (i) The incident vortex may pass near
the bay not perturbing significantly the cavity-bound vortex,
as a result the cavity-bound vortex remains entrapped within
the bay. When the incident vortex moves close enough to the
boundary, it may pass the bay moving closely to the boundary as if the straight boundary continued. In this case, the
influence of the incident vortex on the cavity-bound vortex
may also be negligible. (ii) The incident vortex may become
entrapped inside the cavity instead of the cavity-bound one,
whereas this one leaves the cavity and moves away from it. (iii)
Both vortices leave the bay almost not interacting or shortly
after the interaction as separate vortices or as a bound leapfrogging pair. (iv) Both vortices may be entrapped within the
cavity for a significant amount of time producing complex
trajectories.
Possible directions of further study might be as follows.
First, in order to increase applicability, the model should take
into account the Kutta condition at the sharp cusps. In order to
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do this, one should introduce additional point vortices near the
cusps to create flow separation at the cusps. This may significantly alter the evolution of the system resulting in even more
complex dynamics.
Second, the dynamics of the vortices is of considerable
interest also if one examines ensuing exchange of fluid particles that accompany the interaction. Indeed, initially both
vortices induce regular advection of their surrounding fluid
particles. The vortices induce closed recirculation regions in
their vicinity; the fluid within these regions does not mix
with the ambient fluid (let us recall that there is no molecular diffusion in the model). However, when the vortices start
interacting, the dynamics of the fluid particles near the interaction becomes irregular, facilitating stirring with the ambient
fluid. Therefore, when vortices leave the cavity, the content of
their neighboring fluid is very different from the initial one. A
qualitative analysis of the fluid particle mixing ensuing from
the interaction might deserve a separate study.
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