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S U M M A R Y
Between 0.1 and 0.5 Hz, infrasound signals recorded in the atmosphere are dominated by
ocean-generated noise called microbaroms. Microbaroms propagate through the atmosphere
over thousands of kilometres due to low absorption and efficient ducting between the ground
and the stratopause. Different theoretical models have been developed to characterize the
source of microbaroms, all based on the second-order nonlinear interaction of ocean waves.
While early theories considered an infinite ocean depth and a source radiation depending on
the acoustic wave elevation angle, other works have approximated the radiation pattern as
a monopole, and found a considerable effect of the water depth. This paper reviews these
models and extends the previous theories to the combined effects of both finite depth ocean
and source directivity in both elevation and azimuth angles. It is found that the water depth has
a negligible effect for the near-horizontally propagating acoustic waves that should dominate
the measured microbarom records. Another important result is that the microbarom azimuthal
variation can be highly directive locally, but it generally becomes isotropic when integrated
over a realistic source region.
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1 I N T RO D U C T I O N

Continuous oscillations of the ground displacement and atmospheric pressure, named respectively secondary microseisms and microbaroms,
are measured worldwide by seismological and infrasound networks with a dominant frequency around 0.2 Hz (Benioff & Gutemberg 1939).
They are generated by second-order nonlinear interaction of ocean gravity waves of similar frequency propagating in almost opposite directions
(Longuet-Higgins 1950; Hasselmann 1963).

Microbarom propagates through the atmosphere over large distances due to low absorption rates and efficient atmospheric ducting
between the ground and the stratopause (Drob 2019; Waxler & Assink 2019). Studying microbaroms recorded for 4 yr at Palisades, New
York, Donn & Rind (1971) have revealed the importance of winds in the higher atmosphere for their propagation, pointing to the capability
of ground-based measurements to probe the higher atmosphere, for which very few other observations are available.

Recent developments of infrasound networks at global and continental scales facilitate the analysis of acoustic waves for probing
unresolved atmospheric structures in the middle atmosphere (Blanc et al. 2018; Marty 2019). This has motivated mathematical developments
of geophysical inverse problems using infrasound from well-identified sources (Drob et al. 2010; Assink et al. 2014). Ducting of infrasound
depends on the 3-D wind and temperature fields and is most efficient if the propagation direction coincides with the polar vortex at mid-
latitude regions. In particular, the main characteristics of Sudden Stratospheric Warming events have been successfully derived from directional
microbarom amplitude variations resulting from changes in stratospheric and thermospheric propagation conditions (e.g. Garcés et al. 2002;
Landès et al. 2010; Smets & Evers 2014). Such studies demonstrate the advantage of an infrastructure that integrates independent middle
atmospheric measurement techniques currently not assimilated in numerical weather prediction models (NWPs) and provides quantitative
understanding of stratosphere–troposphere dynamical coupling useful for NWP applications (Le Pichon et al. 2015).

So far, microbarom studies have used qualitative comparisons between source models and received signals, with difficulties of interpre-
tation associated with uncertainties in the measurements and in the propagation. Thanks to novel measurements from a stratospheric balloon
fitted with microbarometers, Bowman & Lees (2018) were able to verify quantitatively the predictions based on numerical ocean wave models
and the microbarom source theory of Waxler et al. (2007) using measured sound spectra over the Southern Ocean. Their further interpretation
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(A) (B)

Figure 1. Example of vertical cross-section of the pressure pattern, in colours, radiated by a pair of interacting ocean wave trains of period around 10 s. The
sea surface elevation plotted as a blue line around z = 0 is the sum of the elevations of the two wave trains and has a wave group structure. (a) The periods
of the two wave trains are 10 and 9.66 s (b) 10 and 9.94 s. Note that the vertical displacement of the sea surface is strongly exaggerated in order to make
waves visible. A realistic ocean wave field includes many wave trains and thus all possible pairs of interactions radiating acoustic waves in all directions θa .
As the two periods of the wave train get closer, from (a) to (b), the lengths of the groups get larger and the angle θa becomes smaller. This paper focuses on
the radiated power as a function of θa .

(A) (B)

Figure 2. Example of horizontal pressure patterns, in colours, radiated by a pair of interacting ocean wave trains of periods 10 and 9.66 s with (a) opposing
directions and (b) not exactly opposing directions. For acoustic waves, the maximum magnitude K of the wavenumber vector K corresponds to horizontal
propagation with K = �/αa and can be in any azimuth ϕ2 depending on the exact ocean wave wavenumbers k and k′. Modes with larger values of K decay
exponentially over the vertical and are not relevant for microbaroms measured on land.

of microbaroms as a major heat source for the thermosphere, well above their measurement altitude, relies on the monopolar radiation pattern
predicted by Waxler & Gilbert (2006).

Following the work of Longuet-Higgins (1950) on microseisms, a first theory of microbarom generation was proposed by Posmentier
(1967), with the atmospheric motion coming from the continuity of the velocity field at the air–sea interface, and no feedback of the
atmosphere on the pressure field in the ocean. A more complete theory for random waves consistent with the microseism generation theory of
Hasselmann (1963) and an accurate treatment of the air–sea boundary condition is given by Brekhovskikh et al. (1973), leading to significant
differences for near-horizontal propagation. However, that work only considered an ocean of infinite depth. The effect of the ocean depth,
with the amplification of particular frequencies corresponding to an ‘organ pipe resonance’ of the water column, was later considered by
Waxler et al. (2007), extending the work done by Waxler & Gilbert (2006).The major difference between that work and the earlier analysis
of Brekhovskikh et al. (1973) is the monopole radiation pattern that, as we show here, comes from an assumption on the coherence of the
source over only very short scales whereas Brekhovskikh et al. (1973) did not introduce this assumption. A unified theory is thus necessary
for further quantitative analysis of microbarom records and the analysis of their impact in regions where no measurement is available, such
as the thermosphere.

Given that microbaroms and microseisms are related (Donn & Naini 1973), it is interesting to discuss microseisms for which more
quantitative analyses are available. Microseisms have their most energetic sources associated to severe ocean storms but not necessarily
colocated with the storm due to the propagation of ocean waves as swells (Obrebski et al. 2012). In particular, measurements at seismic
stations near coasts can be dominated by the interaction of storm waves with their reflection from the coast (Bromirski et al. 1999; Ardhuin
et al. 2011). In general, the sources at a frequency fs correspond to the interaction of waves with similar frequencies f = fs /2 and nearly
opposite directions, as illustrated in Fig. 1 and Fig. 2 .

The generation of acoustic and seismic modes in the ocean and solid Earth with horizontal propagation speeds that exceed 1500 m s−1,
much more than the typical ocean wave phase speeds around 15 m s−1, was explained quantitatively by Hasselmann (1963) as the result
of an interference of pairs of ocean wave trains of wavenumbers k and k

′
, giving seismic or acoustic waves at the wavenumber K = k +
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k
′
. The microseism generation theory is one particular example of the general theory of wave–wave interactions developed by Hasselmann

(1966). The horizontal radiation pattern of a single pair of ocean waves gives a single sinusoidal pressure field propagating in the direction
ϕ2 of the wavenumber vector K. For microseisms K = |K| is generally much smaller than the width of the ocean wave spectrum, so that the
combination of all pairs of ocean waves gives an isotropic source.

In the case of microbaroms of frequency 0.2 Hz, the sound speed in the air is only 20 times the phase speed of the ocean waves, so that
K is comparable to the ocean wave spectrum width, and there may be a preferential radiation in some directions ϕ2 . Applications and further
analysis of microbaroms require a knowledge of the source magnitude and variability. In recent work, Waxler et al. (2007) investigated the
influence of the water depth on the source magnitude, similar to what is found for microseisms. The conclusion of this paper is that the effect
of water depth depends on the angle θ a of the sound propagation relative to the vertical direction, and that the pressure field of microbaroms
over the ocean generally contains a wide range of angles. Indeed, the coupling of the ocean and atmosphere strongly depends on θ a , as
demonstrated by Brekhovskikh et al. (1973), but neglected by Waxler & Gilbert (2006).

This importance of θ a is now well known for microseisms and is easy to understand in relation to the physical properties of the solid
Earth, ocean and atmosphere. A usual approximation of the propagating medium is a stack of uniform horizontal layers l characterized by
different velocities of propagation αl and β l for compression and shear waves. Close to the source, microseisms are dominated by Rayleigh
waves that correspond to relatively slow components, with horizontal propagation speeds between the sound speed in water αw , and the shear
wave speed in the crust βc . These Rayleigh modes combine motions that decay exponentially with depth in the solid Earth, with propagating
acoustic waves in the ocean, and their acoustic propagation angles in the water θw are larger than arcsin(αw/βc) � 30◦ (Ardhuin et al. 2019).
For very large distances, seismic body waves may dominate the signal because of their weaker attenuation with distance, and these are due to
the ocean acoustic noise that is more nearly vertical, allowing propagation in the crust, with θw < arcsin(αw/αc) � 16◦. The water depth effect
is clearly different for Rayleigh and body waves, as predicted by Ardhuin & Herbers (2013) and Gualtieri et al. (2014), and demonstrated by
Obrebski et al. (2013) and Meschede et al. (2017).

Now looking at microbaroms, we expect similar dependencies on θ a because different components of the ocean wave forcing field with
wavenumbers K = k + k

′
give acoustic modes that have different apparent horizontal speeds C = 2π fs /|K|. Speed faster than the compression

speed in the crust C > αc leads to the generation of compression P waves in the solid Earth, corresponding to nearly vertical propagation
in the ocean layer and even more vertical propagation in the atmosphere, given by Snell’s law. The limit C → ∞ corresponding to vertical
propagation and |K| = 0, which are the exactly standing waves of Longuet-Higgins. At the other extreme, C < αw gives evanescent waves in
the water layer that correspond to acoustic-gravity (AG) modes that dominate the pressure field measured in the top 300 m of the ocean, as
observed by Cox & Jacobs (1989) and Ardhuin et al. (2013). For these AG modes, we expect no influence of water depths larger than 300 m
on the pressure at the ocean surface. These AG waves are coupled to atmospheric acoustic waves that have propagation angles larger than
θa0 = arcsin αa/αw � 12◦.

The difference in water depth effects between body waves, Rayleigh waves and AG modes should influence the amplitude of acoustic
waves radiated in the atmosphere, and the amplitude of microbaroms should strongly depend on the direction of propagation θ a relative to
the vertical. The decomposition of the ocean wave forcing in different horizontal wavenumbers K = K (cos ϕ2 , sin ϕ2 ) allows to consider
separately the different acoustic wave components and how they may contribute to different acoustic modes. Each K corresponds to a
propagation angle such that sin θ l = K αl /(2π fs ), where αl is the sound speed in the layer l, which is related to Snell’s law.

Because the ocean wave spectra are relatively broad, they contain a wide range of pairs k and k
′

so that all possible K are excited
simultaneously. For microseisms, this produces a spectrum of the excitation that is white in wavenumber, and thus equivalent to a point
force. In the case of microbaroms, the conversion from wave motion to acoustic pressure is a function of the wavenumber K, first given by
Brekhovskikh et al. (1973), which determines the radiation pattern in the atmosphere.

Hence the previous works either lack the possible important effect of finite depth in the ocean or important aspects of the radiation
pattern in the atmosphere. In order to progress towards a quantitative understanding of microbarom signals, it is thus necessary to have both
effects in the same theory, and this is the objective of this paper. For the sake of simplicity, we only consider the case of a homogeneous
atmosphere and extend the theory of Brekhovskikh et al. (1973) to take into account a finite water depth. The theoretical formulation and the
main results are given in Section 2, with details of the derivation in the Supporting Information. These results are interpreted in Section 3 and
conclusions follow in Section 4.

2 A G E N E R A L T H E O RY O F M I C RO B A RO M S O U RC E S

In order to facilitate the translation between the different papers we have listed in Table 1 the correspondence of the main symbols used. We
have also included Longuet-Higgins (1950) because it treats almost the same physical problem, with a focus on the water layer, and the same
decomposition in particular and homogeneous solutions of the forced wave equation.

As detailed in the Supporting Information, which follows the method of Brekhovskikh et al. (1973), the basis of microseism and
microbaroms generation theory is the coupling of motions in different layers, with a forcing coming from nonlinear ocean wave effects, in
which the nonlinearity is necessary to allow the generation of waves with long wavelengths 2π /|k + k

′ | from the interference of shorter ocean
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Table 1. Notations used in different papers: LH50 stands for Longuet-Higgins (1950), BGKN73 stands for
Brekhovskikh et al. (1973), WG06 stands for Waxler & Gilbert (2006) and AH13 stands for Ardhuin & Herbers
(2013).

Quantity This paper LH50 BGKN73 WG06 AH13

Vertical coordinate z −z z z z
Angle relative to vertical θa or θw − θ1 or θ2 − −
Surface elevation ζ ζ ζ ξ ζ

Azimuth of spectrum ϕ θ ϕ θ θ

Azimuth of acoustic signal ϕ2 − ϕa − −
Velocity potential φ −φ −ϕ φ φ

Layer index l − j σ −
Sound speed αl c cj cσ α

Density ratio m − m − −
Horizontal wavenumber K − q − K
Radian frequency � − � − 2π fs
Horizontal wavenumbers k, k

′
( − uk, −vk) κ, κ1 k, q k, k

′

Radian frequencies σ , σ
′

σ ω(κ), ω(κ1 ) ω(k), ω(q) σ , σ
′

Pressure p p ρP p p
Vertical wavenumbers ν , μ − , α λ1 , λ2 − la , l
Upward amplification g/2αl γ − − −

Table 2. Summary of differences between models, with Ra defined in eq. (29).

Model Depends on θa Depth Compressible Gravity Ra

BGKN73
√ ∞ √ √

eq. (30)
AH13

√ ∞ × × eq. (31)
WG06 × ∞ √ × eq. (32)
W07 × any

√ × eq. (35)
this paper

√
any

√ √
eq. (41)

waves with wavelengths 2π /|k| and 2π /|k|′ . The velocity potential φ in layer l is solution of a wave equation (Brekhovskikh et al. 1973),

∂2φ

∂t2
− α2

l ∇2φ = − ∂

∂t
(∇φ)2 − g

∂φ

∂z
, (1)

where ∇2 is the 3-D Laplace operator. The two terms on the right-hand side can be neglected in the water layer (Longuet-Higgins 1950),
but are generally significant in the air. The first term corresponds to the effect of compressibility. It adds one particular solution φp that is
zero away from the boundary but modifies the homogeneous solution via the boundary condition at the air–sea interface. The second term is
the effect of gravity, which gives a weak additional exp(gz/2α2

l ) vertical decay, with a half-decay distance of 15 km in the atmosphere and
300 km in the ocean. That second effect was considered by Brekhovskikh et al. (1973) but neglected in Waxler & Gilbert (2006).

Neglecting these two terms for the water layer, solutions that are periodic in time and space take the following homogeneous form, with
� = 2π fs the radian frequency and κa = ν+ and κw = μ− the vertical wavenumbers (going upwards in the air and downwards in the water)

φ =
∑

k

�l exp [i (K · x + κl z − �t)] + c.c.

=
∑
k,s

�l exp [i (K · x + κl z − s�t)] , (2)

where c.c. stands for the complex conjugate and s = 1 or s = −1 is a sign index. Neglecting the right-hand side of (1), one gets

κ2
l + K 2 = �2/α2

l . (3)

With N the number of unknown potential amplitudes (�i )1 ≤ i ≤ N , there are N continuity conditions for stresses and displacements at the layer
interfaces, linking the N amplitudes of velocity potentials.

All the variables, the pressure p, the density ρ, the velocity potential φ and the sea surface elevation ζ are expanded in powers of ε = ak
that is the product of a typical ocean wave wavenumber k and surface elevation amplitude a,

p = p0 + p1 + p2 + ... (4)

ρ = ρ0 + ρ1 + ρ2 + ... (5)

φ = φ0 + φ1 + φ2 + ... (6)

ζ = ζ0 + ζ1 + ζ2 + ... (7)
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In addition to the wave slope ε, two other small parameters are defined, the ratio between the air and water densities m = ρa /ρw and δl

= σ /kαl the ratio between the speed of surface waves and the speed of sound in the air or water.
Collecting the terms of same order, we obtain at each order a system of N equations for N unknowns with a detailed derivation in

Supporting Information. At order ε0, the solution is the hydrostatic equilibrium of pressure and gravity. The first-order solution corresponds
to Airy waves, which are linear gravity waves, with negligible O(δ2

w) and O(m) corrections due to the presence of air and the compressibility
of air and water, as given by Brekhovskikh et al. (1973, eqs 11 and 12). See also the Supporting Information. Namely the surface elevation is
given by Hasselmann (1962),

ζ1(x, t) =
∑
k,s

Z s
1,k exp [i (k · x − sσ t)] , (8)

where Zs
1,k is the amplitude of the first-order sea surface elevation for wavenumber k and propagation direction s and s = ±1 is a sign index

that gives the direction of propagation relative the direction of the wave vector k. The velocity potential in the water is given by

φw(x, z, t) =
∑
k,s

�s
1,k

cosh(kz + kh)

cosh(kh)
exp [i (k · x − sσ t)] (9)

with

�s
1,k = g

iσ
Zs

1,k. (10)

In the air, the effects of gravity and compressibility (i.e. the right-hand side terms in eq. 1) are less negligible, and we have

φa(x, z, t) =
∑
k,s

k

ka
�s

1,k exp [−ka z + i (k · x − sσ t)] (11)

with eq. (12) in Brekhovskikh et al. (1973),

ka = k

(√
1 − δ2

a + δ4
a/2 − δ2

a/2

)
� k

(
1 − δ2

a

)
(12)

where δa = √
g/k/αa . We note that half of this correction to ka comes from the δ2

a/2 that is due to gravity, and the other half comes from the
air compressibility.

Finally, in the ε2 system, the wave spectrum acts as a forcing, coming through either the particular solutions that satisfy the wave equation
with the right-hand side or from the boundary conditions between the different layers. In other words, the wave forcing � = (�i )1 ≤ i ≤ N is a
vector on the right-hand side of a matrix equation

M� = �. (13)

The only differences between all the theories discussed here are in the approximations of the boundary conditions between ocean and
atmosphere and ocean and solid Earth. Mathematically, different terms are neglected in the coefficients of the matrix M or in the forcing
vector �, as detailed below.

Further extensions to multiple layers in the atmosphere and solid Earth give rise to different horizontally propagating modes, which
correspond to zeros of the determinant of M, for which a growth rate of the energy can be computed as done for seismic Rayleigh waves
by Hasselmann (1963). The size of the matrix M grows by two lines and columns for each extra fluid layer, for which the two unknowns
are one upward and one downward propagating potential amplitudes. For a solid layer there are four unknowns due to the presence of both
compression and shear motions (see Hasselmann 1963, eq. 1.4). The important difference with Hasselmann (1963) is that �i was non-zero
only for the sea surface pressure continuity equation in Hasselmann’s case, whereas in our case we will consider forcing in both the pressure
and velocity equations. We also note that for finite water depth there is also a forcing term in the boundary condition for the ocean bottom
pressure coming into �3 (Ardhuin & Herbers 2013).

2.1 Existing solutions

2.1.1 Case of infinite water depth—Brekhovskikh et al. (1973)

Brekhovskikh et al. (1973) considered only two layers, air and water, that are half-spaces. As a result, for each frequency � and wavenumber
vector K, there are only two unknowns, one amplitude A for the velocity potential of upgoing acoustic waves in the atmosphere, and one
amplitude W for downgoing acoustic waves or evanescent modes in the ocean. The approximation m = ρa /ρw � 1 removes the feedback of
the atmospheric pressure on the air pressure, so that the atmosphere is only driven by the continuity of vertical velocities at the interface.

The coupling of air and water layers at z = 0 by the continuity of pressure and velocity gives a 2 × 2 matrix M, with one line for the
continuity of vertical velocity w = ∂φ/∂z and the other for the continuity of pressure p ,

M1,1 A + M1,2W = �1 (14)
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M2,1 A + M2,2W = �2. (15)

Following Brekhovskikh et al. (1973), we introduce the small parameters

δ2
a = g/(kα2

a) (16)

m = ρa/ρw (17)

n = αa/αw (18)

and we note that |K/k| < 2δa . We now keep only the lowest order terms in δa and m, giving the following matrix coefficients and right-hand
side (see the Supporting Information for details),

M1,1 = ν+ = i
�

αa
cos θa + k

2
δ2

a (19)

M1,2 = −μ− = 2kδal − δ2
a

2
kn2 (20)

M2,1 = −m�2 − gi
�

αa
cos θa (21)

M2,2 = �2 (22)

�1 = is�kδ2
a

(
2 − 2 sin2 θa(1 − 1

2
cos2(ϕ2 − ϕ)) + n2

)
(23)

�2 = is�

ρw

ps
surf (K,�) + o(δ2

a) (24)

where we have defined

l = (sin2 θa − n2)1/2 = n cos θw if θa < θa0. (25)

Following Hasselmann (1963), we define the amplitude of the equivalent surface pressure induced at second order by the wave motion.
Assuming that kh � 1, we take the following definition:

ps
surf (K, �) = −2ρw

∑
k+k′=K,σ+σ ′=�

σσ ′ Zs
1,k Zs

1,k′ . (26)

In the following we will write ps
surf instead of ps

surf (K, �).
The solution of matrix eqs (14) and (15) is given by Cramer’s rule,

A = �1 M2,2 − �2 M1,2

det(M)
and W = �2 M1,1 − �1 M2,1

det(M)
. (27)

Following details in Supporting Information Section S4.1, we find the amplitudes of the velocity potentials at the air–sea interface to be,
for the water and air respectively,

W � i

ρw

1

2σ ′ ps
surf (28)

A � Ra

ρw

1

2σ ′ ps
surf (29)

with

Ra = l − 2δa

[
1 − sin2 θa

(
1 − 1

2 cos2(ϕ2 − ϕ)
) + 5

8 n2
]

cos θa (1 − δal/2) − i (δa/4 + ml)
. (30)

This form of Ra is identical to Brekhovskikh et al. (1973, eq. 22), except for the addition of one extra term cos θ a lδa /2 in the denominator,
and a change in the sign of the denominator term ml. As shown in Fig. 3, these two terms have a negligible impact on the solution, except for
θ a > 89.5◦, with less than 1 per cent change in the total radiated acoustic power.

2.1.2 A simplified case—Ardhuin & Herbers (2013)

The solution given by Ardhuin et al. (2013) corresponds to the simplified solution given by eq. (21) in Brekhovskikh et al. (1973), with m
and δa terms neglected, corresponding to an absence of feedback from the atmospheric pressure on the oceanic pressure, that is, M1, 1 = 0,
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(A) (B)

Figure 3. Patterns of acoustic pressure variance as a function of the elevation angle θa for an ocean wave period of 10 s, given by the different theories without
ocean bottom, in Cartesian (a) and polar (b) representation. Note that when the radiated power is considered, these patterns must be multiplied by sin θa before
integration over θa , as given by eq. (52). In general, as given by eq. (30), the radiated power is also a function of the relative azimuth of the first ocean wave
train ϕ and the azimuth of the radiated acoustic power ϕ2 .

and neglecting the right-hand side of the acoustic wave equation in the air, that is, �1 = 0, giving

Ra = l

cos θa
= i(n2 − sin2 θa)1/2

cos θa
(31)

where we recall that l is imaginary for θ a < θ a0 .
This simplified solution corresponds to infinite water depth. It presents a singularity for horizontal acoustic propagation as cos θ a goes

to zero. That singularity is removed when the feedback of the air on the water motion is taken into account.

2.1.3 Theory by Waxler & Gilbert (2006)

Following Brekhovskikh et al. (1973), Waxler & Gilbert (2006) showed that microbarom signals are due both to ocean radiation and to
compression of the air by the surface motion, but Waxler & Gilbert (2006) neglected the effect of gravity in the air. As detailed in the
Supporting Information, accounting for gravity in the air changes their term 3δ2

a/2 in their eq. (57) to 2δa in eq. (32). we also note a change
of sign from −2 to 1.5,

RWG06
a = in + 1.5δa . (32)

The particularity of the derivation by Waxler & Gilbert (2006) is the fact that they neglect the phase shift in the Green’s function within
the source region. They justified that approximation by assuming that the coherence length scale in the acoustic source is small compared to
the acoustic wavelength. Here we do not use such an approximation, as detailed in the Appendix, as the correlation function of the source
is given by the pressure spectrum ps

surf (K,�) (our eq. 26) that overlaps with the acoustic wavelengths. The assumption in Waxler & Gilbert
(2006) comes between their eqs (50) and (51) and simplifies the expression of the radiation pattern in the atmosphere to a monopolar radiation
pattern. It also reduces all expressions to their values for K = 0, corresponding to strictly opposing wave trains, so that the evanescent ocean
motions that correspond to θ a > θa0 are not properly represented. Without this assumption, Brekhovskikh et al. (1973) found that the radiation
pattern is very different from a monopole, with an overwhelming radiation at very grazing angles, as illustrated in Fig. 1(a).

2.2 Generalization of Brekhovskikh et al. (1973) to a finite ocean depth

The first discussion of water depth effects on microbarom sources is due to Waxler et al. (2007). That work extended the analysis by Waxler
& Gilbert (2006), limiting the water depth to h and including an interface with a solid half-space below. The velocity potential in the water is
now

φw,2 =
∑

(W+eμ+z + W−eμ−z) ei�, (33)

with the complex wavenumber μ± = g/(2αw) ± √
K 2 − �2/α2

w � ±μ = ±√
K 2 − �2/α2

w .
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Taking an acoustic reflection coefficient r = ρw αw /(ρs αs ), Waxler et al. (2007) found the reflection condition for the downgoing
acoustic waves, with potential φ−

w at the ocean bottom

W + = 1 + r

1 − r
e2μh W −. (34)

This gives,

RW07
a � in

r cos(�h/αw) + i sin(�h/αw)

cos(�h/αw) + ir sin(�h/αw)
+ 1.5δa . (35)

In order to properly consider the effect of the propagation angles, we can go back to the derivation of Brekhovskikh et al. (1973), now
including an upgoing acoustic wave in the water layer. For oblique incidence we have to consider the contribution of compression waves and
shear waves in the crust with velocities αs and β. Defining the vertical wavenumbers in the crust

χp =
√

K 2 − �2

α2
s

and χs =
√

K 2 − �2

β2
, (36)

the reflection at the bottom generalizes to

r � �4ρwχp

ρsμ
[
(�2 − 2K 2β2)2 − 4β4 K 2χpχs

] . (37)

This is obtained by eliminating the potentials of the compression and shear motions in the crust, using the continuity of velocity and a zero
tangential stress (see also Ardhuin & Herbers 2013; Gualtieri et al. 2014).

When only the dominant terms are kept, we find

Ra = l

cos θa

R

Q
(38)

with

R = sinh(μh) + r cosh(μh), (39)

Q = cosh(μh) + r sinh(μh). (40)

In the case θ a = 0, eq. (38) corresponds to the first term of eq. (35).
When going to first order in δa and m, the problem can be simplified by neglecting the effect of gravity in the water layer, which

contributed to the n2 term in the numerator of eq. (30). This gives −μ− = μ+ = μ. It is then more simple to eliminate the amplitude W−

by using the bottom boundary condition on the vertical velocity. This amounts to replacing −μ− by −2μRe−μh/(1 + r) in M1, 2 and �2 by
2Q�2e−μh/(1 + r) in M2, 2 , giving,

Ra = l R − 2δa Q
[
1 − sin2 θa

(
1 − 1

2 cos2(ϕ2 − ϕ)
)]

cos θa (Q + Rδal/2) − i (Qδa/4 + Rml)
. (41)

Fig. 4. shows the variations of the velocity potential amplification from the water to the air, R a , depending on θ a and the depth h . In the
case θ a = 0, Fig. 5. compares the new formulation of R a to the one from Waxler et al. 2007 as a function of the ratio of the water depth to
the acoustic wavelength. The models discussed in sections 2.1 and 2.2 are summarized in Table 2.

2.3 Radiated acoustic power as a function of elevation and azimuth

We introduce the spectral density of the homogeneous (propagating) pressure field at z = 0, in the three spectral dimensions (Kx , Ky , fs )
using the Fourier amplitude of pa, 2 at z = 0, obtained from the average over realizations of the sea state, represented by angular brackets, of
the pressure amplitude squared,

Fp,2h(K, fs) = 2 lim
�Kx →0,�Ky→0,d fs→0

〈∣∣P+
2,h

∣∣2
(K, fs)

〉
�Kx�Kx� fs

. (42)

Given the dispersion relation of ocean surface gravity waves in deep water, the Jacobian of the transformation from (kx , ky ) to (f, ϕ) is
2πk/(∂σ /∂k) = 4πσ 3/g2.

We now define the ocean wave spectrum as

E( f, ϕ) = 4πσ 3

g2
E(kx , ky) = 2 lim

�kx →0,�ky→0

|Z+
k |2

�Kx�Ky

4πσ 3

g2

= 2 lim
� f →0,�ϕ→0

|Z+
k |2

� f �ϕ
. (43)
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We use eq. (26) and replace the amplitude P+
2,h by i(σ + σ

′
)ρa A, namely,

P+
2,h = iρa(σ + σ ′)

ρw2σ ′ Ra p+
surf . (44)

This gives,

2
∣∣P+

2,h

∣∣2 = 2ρ2
a |Ra |2 σ 2(σ + σ ′)2

∣∣∣∣∣∣
∑

k+k′=K,σ+σ ′=�

Z1,k Z1,k′

∣∣∣∣∣∣
2

(45)

= σ 2(σ + σ ′)2ρ2
a |Ra |2

∑
k+k′=K,σ+σ ′=�

2
∣∣Z+

1,k

∣∣2
2

∣∣Z+
1,k′

∣∣2
, (46)

where the last equality is obtained by considering that each pair of wavenumbers (k1 , k2 ) is counted twice, a first time when k = k1 and k
′

= k2 and a second time when k = k2 and k
′ = k1 . This is well understood when considering the simplest form with the ocean wave field

consisting of only two cosine waves (see Supporting Information eqs S124–S128).
Taking the limit to continuous sums and using a change of variable from (kx , ky, k ′

x , k ′
y) to (fs , ϕ, Kx , Ky ), with Kx = kx + k ′

x ,
Ky = ky + k ′

y and fs = (
√

gk + √
gk ′)/(2π ) the Jacobian of the coordinate transform is

det

(
∂ fs∂ϕ∂Kx∂Ky

∂kx∂ky∂k ′
x∂k ′

y

)
=

∣∣∣∣∣∣∣∣∣
g cos ϕ/(4πσ ) − sin ϕ/k 1 0
g sin ϕ/(4πσ ) cos ϕ/k 0 1

g cos ϕ′/(4πσ ′) 0 1 0
g sin ϕ′/(4πσ ′) 0 0 1

∣∣∣∣∣∣∣∣∣
= g2

4πσ 3σ ′
[
σ ′ − σ cos

(
ϕ − ϕ′)] , (47)

and gives∫
Fp,2h(K, fs)dKx dKyd fs = ρ2

a

∫
σ 2(σ + σ ′)2 |Ra |2 E(kx , ky)E(kx , ky)dkx dkydk ′

x dk ′
y

= ρ2
a

∫
σ 2(σ + σ ′)2 |Ra |2

E(kx , ky)E(k ′
x , k ′

y)4πσ 3σ ′

g2 [σ ′ − σ cos (ϕ − ϕ′)]
d fsdϕdKx dKy .

Now we use the uniqueness of the Fourier transform to identify the spectral density in the left- and right-hand sides, and using eq. (43) gives

Fp,2h(K, fs) = 1

2
ρ2

a g2 fs

∫ 2π

0

σ 2(σ + σ ′)
σ ′2 |Ra |2 E( f, ϕ)E( f ′, ϕ′)

σ ′ − σ cos (ϕ − ϕ′)
dϕ. (48)

We note that the form of the acoustic power given by eq. (48) is generally a function of the direction ϕ2 of the horizontal wave vector K of
the acoustic waves.

In the limit δa � 1, this simplifies to a horizontally isotropic form

Fp,2h(K, fs) � 1

2
ρ2

a g2 fs |Ra |2
∫ 2π

0
E( f, ϕ)E( f, ϕ + π )dϕ. (49)

This last expression, with |Ra |2 � |(sin 2θ a − n2)|/cos 2θ a , is the one used by Ardhuin & Herbers (2013).
The pressure spectrum can be re-written as a directional spectrum, with the proper change of coordinate this gives,

Fp,2h(θa, ϕ2, fs) = 4π 2 f 2
s cos θa sin θa

α2
a

Fp,2h(K, fs). (50)

When δa terms are kept with eq. (48), the acoustic power radiated by the ocean surface in direction ϕ2 can be integrated in any range of
incidence angles θ a, 1 to θ a, 2 ,

P(θa,1, θa,2, fs, ϕ2) = 2π 2ρa g2

α3
a

f 3
s

∫ θa,2

θa,1

sin θa cos θa

×
∫ 2π

0

σ 2(σ + σ ′) |Ra |2 E( f, ϕ)E( f, ϕ′)
σ ′2 [σ ′ − σ cos (ϕ − ϕ′)]

dϕdθa, (51)

Taking the isotropic form (49), the radiated acoustic power becomes isotropic and the sum over all directions is 2π times eq. (51), giving

2π P(θa,1, θa,2, fs, ϕ2) = 4π 3ρa g2

α3
a

f 3
s H ( fs/2)

∫ θa,2

θa,1

sin θa cos θa |Ra |2 dθa, (52)

with units of W m−2 Hz−1, where the so-called ‘Hasselmann integral’ can be defined from the ‘overlap integral’ (Farrell & Munk 2008) and
the wave spectrum in frequency,

H ( f ) = [E( f )]2 I ( f ) =
∫ 2π

0
E( f, ϕ)E( f, ϕ + π )dϕ. (53)
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578 M. De Carlo, F. Ardhuin and A. Le Pichon

Figure 4. Radiation patterns of 10log10 |Ra | according to eq. (41) for (a) fs = 0.2 Hz and (b) fs = 0.5 Hz with fs = �/2π—polar representation against the
angle θa and the depth h.

Figure 5. Magnitude of the velocity potential amplification from the water to the air, Ra , as a function of the ratio of the water depth and acoustic wavelength,
in the case of vertical propagation, that is, θa = 0. For fs = 0.2 Hz, the two peaks correspond to depths of 1900 and 5600 m. Here we have used αs = 5540 m
s−1, β = αs/

√
3, ρs = 2500km m−3.

The total integrated radiated power, with units of W m−2, is obtained by integrating eq. (52) across acoustic frequencies fs .

3 P R A C T I C A L I M P L I C AT I O N S A N D D I S C U S S I O N

In Fig. 6, the mean acoustic intensity over the year 2018 is represented for six ranges of vertical incidence angles. The distribution pattern
of sources for the vertical angles [0◦, 5◦] shows the effect of bathymetry, unlike the near-horizontal angles with similar patterns depending
almost solely on the Hasselmann integral. For near-vertical angles—[5◦, 10◦] and [10◦, 15◦]—the distribution pattern is not continuous; there
are resonant points all over the globe. The acoustic intensity is higher for near-horizontal angles, as predicted in Fig. 4.

3.1 Near-vertical propagation and Rayleigh-wave overestimation

We note that for vertical propagation (θ a = 0) the effect of the finite depth changes the amplitude by a factor that ranges from 0.125 to 8.5
with sharp maxima corresponding to the organ pipe resonance at h = (0.25 + n/2)αw /fs , as illustrated in Fig. 5, which is similar to fig. 11 in
Ardhuin & Herbers (2013).

The behaviour at other angles is very interesting as θ a goes through the different regimes of associated seismic waves, from P waves for
sin θ a < αa /αs —that is, θ a < 3.41◦ for our choice of parameters—to Rayleigh waves, which usually contain most of the microseism signal,
with arcsin αa/β < θa < arcsin αa/αw corresponding to a range of 5.9◦–12.7◦, which is shaded in Fig. 7.

The two maxima that appear in the Rayleigh domain in Fig. 7(a) are the two modes that can exist at 5000 m depth, whereas only one mode
can exist at 1900 m depth. As discussed by Ardhuin & Herbers (2013), the depth and frequency at which the amplification is maximum is
shifted compared to Fig. 5. This is because the acoustic water component of these Rayleigh modes does not propagate vertically but obliquely
at an angle θw , as shown in Fig. 1(b), giving a resonance at h = (0.25 + n/2)αw /(fs cos θw ).

Our model certainly overestimates the amplitude of these Rayleigh waves and associated microbaroms because we looked for solutions
that are homogeneous in space and time. In the solution given above, the leak of energy to the atmosphere is the only loss of energy of the
Rayleigh waves and it compensates the source of energy from the local waves. In reality, two important effects limit the microbarom amplitude
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Figure 6. Acoustic intensity in W m−2—computed by integrating eq. (52) over fs —for six ranges of incidence angles: (a) [θa, 1 , θa, 2 ] = [0◦, 5◦], (b) [θa, 1

, θa, 2 ] = [5◦, 10◦], (c) [θa, 1 , θa, 2 ] = [10◦, 15◦], (d) [θa, 1 , θa, 2 ] = [75◦, 80◦], (e) [θa, 1 , θa, 2 ] = [80◦, 85◦] and (f) [θa, 1 , θa, 2 ] = [85◦, 90◦]. Mean of
a 3-hourly model over 2018. These were computed from numerical ocean wave model output already described by Rascle & Ardhuin (2013) and available at
ftp://ftp.ifremer.fr/ifremer/ww3/, using the WAVEWATCH III R© code (The WAVEWATCH III R© Development Group 2016).

Figure 7. Radiation patterns for an ocean wave period of 10 s, given by the different theories with an ocean bottom at (a) h = 5000 m, (b) h = 1900 m. Note
that when the radiated power is considered, these patterns must be multiplied by sin θa before integration over θa , as given by eq. (52). The shaded region
corresponds to the domain of seismic Rayleigh waves with arcsin(αa/β) < θa < arcsin(αa/αw).

to a much lower level. First, the ocean storm area of microbarom generation may not be large enough to reach the stationary solution, and
second there is a much larger (6–1000 times or more) sink of seismic energy, due to the presence of fluid in the crust, varying with the age of
the crust (Stutzmann et al. 2012). The dissipation rate of the energy E is generally parametrized as proportional to dE/dt = −�E/QR where
QR is of the order of 200–1000. Including this effect in this paper amounts to replacing � by �(1 − i/(2QR )), which is done in Fig. 8. In other
words, the Rayleigh-wave energy is overestimated when dissipation in the crust is neglected because in that case, the leakage of Rayleigh
wave energy to the atmosphere is the loss of seismic energy. Hence, our calculation has a seismic attenuation with a very large quality factor
Qmax = �E/S, where S is the source of seismic energy that equals the radiated power given by eq. (52): P(arcsin(αa/β), arcsin(αa/αw), fs).
Taking twice the kinetic energy in the water column as a lower bound for the total energy we find that, for h = 5000 m and fs = 0.2 Hz, Qmax

> 106 (Supporting Information Section S6.3), meaning that the present solution overestimates the real microbarom amplitude by a factor that
exceeds Qmax /QR > 1000.

Alternatively, instead of looking for the homogeneous solution to the atmosphere–ocean–crust problem, we can use solutions for the
ocean–crust problem with an energy that grows over the source region (Hasselmann 1963; Ardhuin & Herbers 2013) and compute the
microbaroms radiated by microseisms (free Rayleigh waves). These microbaroms are radiated, almost vertically, not only in the source region
of microseism but also all along the propagation path of the Rayleigh waves, even on land. For example, a huge microseism with amplitude
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Figure 8. Same as Fig. 6 replacing � by �(1 − i/(2QR ) with QR = 201 in order not to overestimate the Rayleigh-wave energy.

a = 10 μm vertical displacement of the sea or land surface corresponds to an energy flux ρa αa �2a2/2 of only 3 × 10−8 W m−2 for fs =
0.2 Hz. This is 2000 times smaller than the peak power measured by Bowman & Lees (2018). It is thus unlikely that these measurements are
dominated by near-vertical propagating sound waves. Indeed, the near-horizontal energy level is usually much stronger.

3.2 Radiation patterns as a function of azimuth

The variation of the radiated acoustic power with azimuth ϕ2 has not been described before as most studies focused on near-vertical radiation
(K = 0). In eq. (51), there are two reasons why the radiated power varies with ϕ2 .

As expressed by the general form given in eq. (51), the radiated power varies with azimuth ϕ2 due to the general form of Ra , as shown
in Figs 3 and 5 but that variation is limited to a few per cent. More important is the fact that the Hasselmann integral H(f) is modified by the
interaction of E(f, ϕ) with E(f

′
, ϕ

′
) instead of E(f, ϕ + π ), and should be replaced by

H ( f, ϕ2) =
∫ 2π

0

σ 2(σ + σ ′)E( f, ϕ)E( f, ϕ′)
σ ′2 [σ ′ − σ cos (ϕ − ϕ′)]

dϕ. (54)

.
Following the classification in Ardhuin et al. (2011), the oceanic conditions in which the Hasselmann integral takes the largest values

correspond to ‘class III’ events, with two narrow swells propagating in opposite directions. These are also conditions in which E(f
′
, ϕ

′
) may

be most different from E(f, ϕ + π ).

3.2.1 Case of analytical ocean wave spectra

To illustrate this effect, we take an example of a family of wave spectra adapted from the case discussed in Obrebski et al. (2012). This family
of spectra is defined by the analytic expression

E( f, ϕ) = E0

[
e
− ( f − f1)2

2 f 2
2

− (ϕ−ϕ1)2

2ϕ2
3 + e

− ( f − f3)2

2 f 2
4

− (ϕ−ϕ4)2

2ϕ2
5

]
, (55)

where the f1 , f2 , f3 , and f4 parameters define the peak frequency and width for the two swell trains, and ϕ1 , ϕ3 , ϕ4 , ϕ5 define the mean
direction and width. The present theory is not restricted to this family of spectra and generally applies to any wave spectrum. Such an analytical
form is particularly useful for testing the influence of the discretization when the spectrum is given by a numerical model.

Fig. 9(a) shows this spectrum transformed to wavenumber space E(kx , ky ) = g2E(f, ϕ)/4πσ 3, with the mean frequency and direction set
to f1 = 0.066 Hz, f3 = 0.066 Hz, ϕ1 = 90◦, ϕ3 = 270◦, the frequency and direction widths set to f2 = 0.007 Hz, f4 = 0.007 Hz, ϕ4 = 8◦, ϕ5

= 8◦, and the normalization factor E0 = 20m2/Hz, giving a significant wave height of 2 m.
The azimuthal variation of the generalized Hasselmann integral, as given by eq. (54), is illustrated in Fig. 9(b).

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/article-abstract/221/1/569/5700715 by guest on 25 February 2020



Microbaroms generation in finite depth ocean 581

(A) (B)

Figure 9. (a) Example spectrum discretized with 36 directions and frequency exponentially spaced with an 1.1 increment from one frequency to the next,
typically used in numerical wave models. The spectral density of the ocean waves is shown in colours, in directions from where the waves come. (b) Resulting
integrals for the acoustic frequency fs = 0.13 Hz, and horizontal propagation (θa = 90◦, K = 0.0025 rad m−1). Three methods were used to compute the
integral: the analytic spectral expression or interpolation of the discrete spectrum using nearest neighbour or linear interpolation.

The exact calculation uses the analytic expression of the spectrum and exhibits variations of 7 per cent of the radiated acoustic power
as a function of ϕ2 , with a maximum in the direction of the waves because the spectrum in k-space is more narrow in the ky than in the kx

direction and when K is aligned with the y-axis; as shown, the wavenumber vector k
′

falls away from the peak faster than when K is aligned
with the x-axis. For the present example the azimuthal variation goes away when the directional spread is increased from 8◦ to 12◦ and it has
a maximum at 0◦ and 180◦ for wider directional spectra.

The practical estimation of the integral is very sensitive to the discretization used, which is not an issue when K is much smaller than the
discretization of the spectrum and the isotropic form can be used. Numerical wave models that typically use 10 per cent increments from one
frequency to the next and 24 or 36 directions do not resolve very well the narrow swell peaks such as those in Fig. 9(a). As a result, a linear
interpolation underestimates the integral because the peak appears narrower. On average this is corrected by using the nearest point, but that
approach can exaggerate the anisotropy of the acoustic source.

Besides causing anisotropic sources when two swell peaks are exactly opposed, the generalized integral may broaden the region where
sources are significant, as shown in Fig. 10, because it allows a wider range of directions and frequencies to interact compared to k = k

′
in

the simplified form.

3.2.2 General case using numerical wave model output

In order to test this idea, we have computed the Hasselmann integral from wave-model output which is ‘real’ spectrum (non-idealized
spectrum) with the usual form and its generalization in the case of the event discussed by Bowman & Lees (2018). Fig. 11 shows modelled
maps of wave source magnitude, in colour, using the isotropic or azimuth-dependent form of the Hasselmann integral over a 10◦ × 10◦ region
located to the southeast of New Zealand, valid for May 2016, at 06:00 UTC. The wave model used here is very similar to the one used in
Ardhuin et al. (2015), with a number of discrete directions increased from 24 to 36. This strong microbarom source is associated with a strong
local wind, up to 18 m s−1, blowing against swell coming from a remote storm, typical of a class-III event described by Ardhuin et al. (2011).

The first striking result is that the colours are very similar, with a correlation of 0.9998, meaning that the simplified isotropic form is a
good approximation of the total radiated power, at least for this example. We also note that the highest sources are most isotropic, such as at
location D in Fig. 11(b). Where sources are more strongly radiated in one direction, such as at locations C and E, this is due to a gradual shift
in the direction of both interacting wave trains, the swell from the southwest has a local direction that is close to 240◦ at C, and 255◦ at E, and
the time evolution of the local wind means that the wind sea is rather from the east at C and the northeast at E. In this particular example, this
gives a dominant radiation from the southeast at C and the north at E.

When averaged over the entire area, the difference between the radiated power in any given direction and the isotropic solution is less
than 15 per cent, suggesting that the isotropic approximation may be accurate enough for most applications.

4 C O N C LU S I O N S

In this paper we have reviewed and unified the microbarom source theories developed by Brekhovskikh et al. (1973) and Waxler et al. (2007).
A prominent feature of Brekhovskikh et al. (1973), that was not taken into account by Waxler et al. (2007), is the radiation pattern as a
function of the elevation angle θ a . In Waxler et al. (2007), the radiation pattern is monopolar due to an assumed lack of coherence of the
sources at scales comparable to the acoustic wavelength. In Brekhovskikh et al. (1973), the acoustic power at near-horizontal incidence is
up to 1000 times larger because the main coupling of water and air via the vertical velocity of the air–sea interface gives a much stronger
amplification for grazing angles. Including finite depth ocean effects in Brekhovskikh et al. (1973) model is relevant for near-vertical
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(A)
(B)

(D)
(C)

Figure 10. Same as Fig. 9 with different ocean wave spectra (a) that have mean directions shifted by 5◦ to ϕ1 = 95◦ and ϕ3 = 265◦ producing the Hasselmann
integral in (b). The wave spectrum produces the Hasselmann integral in (d), with peak frequencies shifted by 0.006 Hz to f1 = 0.072 Hz and f2 = 0.060 Hz.
For both cases, the configuration of k and k

′
gives the largest contribution to the Hasselmann integral indicated in (a) and (c) with arrows.

propagation only, whereas for near-horizontal propagation it has almost no effect. For shallow propagation angles that generally correspond to
ground-based measurements (i.e. θ a > 40◦, relative to vertical), Brekhovskikh et al. (1973)’s formulation is compared to the more complete
depth-dependent model presented here. We find that in regions of water depths under 1000 m, which cover 10 per cent of the total ocean
surface, Brekhovskikh et al. (1973)’s formulation overestimates the source amplitude and underestimates it for deeper waters. On average
there is a 7 per cent underestimation and Brekhovskikh et al. (1973) give overall acceptable results, with a negligible effect of the water depth
for near-horizontal propagation angles.

For near-vertical propagation, the generation of microbaroms involves both a source mechanism similar to the one of microseism
dominated by the nonlinear interaction of near-opposing waves, and Rayleigh waves propagating away from microseism sources. However,
the associated acoustic power is at least 2 orders of magnitude lower than the near-horizontal radiated power. These vertical angles can be of
interest for altitude measurements such as balloon measurements (Bowman & Lees 2018); in such a situation, the bathymetry can still impact
the received signal. The horizontal anisotropy of the source has also been investigated, leading to the conclusion that, for computational
applications, the isotropic approximation may be accurate enough and could then be used. Hence, the discretization of the wave spectrum
might not be an issue.

Beyond theoretical issues, efforts should be pursued to validate the proposed model by considering available observations of infrasound
ambient noise as recorded by the global infrasound network of the International Monitoring System (IMS; Ceranna et al. 2019). For practical
applications, further developments of a numerical model are needed to propagate microbarom signals over large distances through a realistic
atmosphere. The implementation of this source model, based on a state-of-the-art numerical wave model (Ardhuin 2019), should help
building a global and time-dependent reference database. Exploiting this database of oceanic noise sources will be useful for developing
middle-atmospheric remote sensing methods. The evaluation of infrasound ambient noise model is essential in the context of the future
verification of the Comprehensive nuclear Test Ban Treaty, as accurate atmospheric models are basic prerequisite to assess the IMS network
performance in higher resolution, reduce source location errors and improve source characterization methods.
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(A) (B)

(C) (D) (E)

Figure 11. Maps of the Hasselmann Integral for (a) the isotropic and (b) non-isotropic expressions. In (b), the black curve around each location represents
the Hasselmann integral estimated as a function of the acoustic propagation azimuth, and plotted in direction from where the acoustic waves are coming and
normalized so that the average radius is half the distance between neighbouring locations. (c), (d) and (e) are showing modelled directional spectra at the C , D,
and E locations mentioned in (a) and (b). The large arrows indicate the wind direction, from the northeast, associated with a broad wind sea spectrum which
opposes a more narrow swell spectrum from the southwest.

A C K N OW L E D G E M E N T S

The ocean wave spectra from which the Hasselmann integral were computed with the WAVEWATCH III wave-action model, and these spectra
are available at ftp://ftp.ifremer.fr/ifremer/ww3/.

The research leading to these results was partly performed during the course of the ARISE2 project (http://ARISE-project.eu) funded
by the European Commission Horizon 2020 (grant agreement 65398). This work was also supported by Agence Nationale de la Recherche
under grant ANR-14-CE01-0012 ‘MIMOSA’.
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In order to clarify the difference between our derivation and the derivation by Waxler & Gilbert (2006), we go back to their expression of the
atmospheric pressure spectrum as recorded at the horizontal position xH and vertical altitude z, from a collection of sources over positions y
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and y
′

in domain S. The variance of pressure is given by their eq. (49) with x′
H = xH, z

′ = z and τ = 0〈
P2

〉 = ρ2

∫ ∞

−∞

∫ ∞

−∞

∫
S

∫
S

〈
G(x, y,−τ1)G∗(x, y′, τ − τ2)

〉 〈∂v(y, τ1)

∂τ1

∂v(y′, τ2)

∂τ2

〉
S

d2 yd2 y′dτ1dτ2.

(A1)

Following their derivation, we use the Fourier in time Ĝ of Green’s function, representing the propagation of acoustic waves in a layered
medium as a sum of discrete modes. As given by Waxler & Gilbert (2006; eq. 65) the Fourier transform of the Green function for mode j and
frequency ν is given by

Ĝ(xH, z, yH, ν) = f (r, z)
∑

j

eik j |xH−yH|√
k j

ψ j (z)ψ j (z
′), (A2)

where r = |xH − yH | is the horizontal distance, the kj are the horizontal wavenumbers pointing in the direction of k̂ = (xH − yH)/r , and
ψ j are normal modes satisfying the bi-orthogonality condition and their phases are assumed to be uniformly distributed and statistically
independent.

Considering that for each y in the source |y′
H − y0|/|xH − y0| � 1 with y0 the centre of the source (i.e. the receptor is far from the

source), and defining the vector k j = k j k̂, the product of Green’s function for yH and its complex conjugate for y′
H writes

Ĝ(xH, z, yH, ν)Ĝ(xH, z, y′
H, ν)� = | f (r0, z)|2

∑
j

eik j ·(y′−y) |ψ j (z)|2|ψ j (z′)|2
k j

. (A3)

The phase of this product then contains the phase shift of the propagation from y to y
′

with a wavenumber kj . When correlated with the
source structure, that contains a phase exp [i(k + q) · (y

′ − y)] it gives,

〈
P2

〉 = ρ2

∫
S

∫
S

⎛⎝| f (r0, z)|2
∑

j

eikj(y
′−y)

|k j | |ψ j (z)|2|ψ j (z
′)|2

⎞⎠
×

(
2

∫ ∫
ν2 F(k)F(q)|C+|2|�|2ei(k+q)(y−y′)d2kd2q

)
d2 yd2 y′

= ρ2

∫
S

∫
S
| f (r0, z)|2

∑
j

∫ ∫ [
|ψ j (z)|2|ψ j (z′)|2

|k j | ei(kj−(k+q))(y′−y)

×2ν2 F(k)F(q)|C+|2|�|2
]

d2kd2qd2 yd2 y′.

This can be simplified as the integral over y
′

in the source area S gives a term proportional to∫
S

∫
S

ei[(k j −(k+q))·(yH −y′
H )]d2 yd2 y′ = (2π )2δ(kj − (k + q))S (A4)

instead of the (2π )2δ(k + q) term found by Waxler & Gilbert (2006).
The pressure variance becomes〈

P2
〉 = ρ2(2π )2 S| f (r0, z)|2

∑
j

∫
k+q=kj

|ψ j (z)|2|ψ j (z′)|2
|k j | 2 ν2 F(k)F(q)|C+|2|�|2d2kd2q.

This is the same as eq. (51) in Waxler & Gilbert (2006), except for the fact that we did not replace q with −k, we thus need to compute the
air pressure over the source for all K = kj . Although |K| � |k|, the approximation |K| = 0, which is only strictly valid for an azimuth angle
θ a = 0, leads to very large differences in the source amplitude, up to 30 dB as shown in Fig. 3.
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