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This document presents all the details of derivations necessary to support the paper ”Atmo-6

spheric infrasound radiation from ocean waves in finite depth: a unified generation theory and7

application to radiation patterns”. It follow Brekhovskikh et al. (1973, hereinafter BGKN73), as8

much as possible. Because we use the more common convention that the velocity vector is v = ∇φ9

this leads to changes in signs that are highlighted in red. A notable difference with Waxler &10

Gilbert (2006, hereinafter WG06) is the non-zero value of k·k′ + kk′ and similar terms. Some of11

these were obtained by WG06 using the divergence equation, but not all of them, which misses12

the azimuthal dependence of the solution.13

For convenience we repeat in table 1 the list of notations from the paper, including a few more14

symbols that were not used in the paper.15
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Table S1. Notations used in different papers: LH50 stands for (Longuet-Higgins, 1950), BGKN73 stands

for (Brekhovskikh et al., 1973), WG06 stands for (Waxler & Gilbert, 2006) and AH13 stands for (Ardhuin

& Herbers, 2013).

quantity this paper LH50 BGKN73 WG06 AH13

vertical coordinate z −z z z z

angle relative to vertical θa or θw − θ − −

surface elevation ζ ζ ζ ξ ζ

azimuth of spectrum ϕ θ ϕ θ θ

azimuth of acoustic signal θ2 − ϕa − −

velocity potential φ −φ −ϕ φ φ

layer index l − j σ −

sound speed αl c cj cσ α

density ratio m − m − −

horizontal wavenumber K − q − K

radian frequency Ω − Ω − 2πfs

horizontal wavenumbers k, k′ (−uk,−vk) κ, κ1 k, q k, k′

radian frequencies σσ′ σ ω(κ),ω(κ1) ω(k),ω(q) σσ′

pressure p p ρP p p

vertical wavenumbers ν± , µ± − , α λ1,λ2 − la, l

upward amplification g/2αl γ − − −

S1 EQUATIONS UP TO EQ. (9) IN BGKN7316

We start with the Euler equation for a perfect fluid (no viscosity), we then use the compressible17

form of the Bernoulli Equation18

ρl
(∂vl
∂t

+ (vl · ∇)vl
)

= −∇pl − gρl∇z (S1.a)19

where g is the acceleration of gravity, the subscript l represents the layer, vl, ρl and pl are respec-20

tively the velocity, the density and the pressure of the considered layer. And the mass conservation21

equation gives.22

∂ρl
∂t

+∇(ρlvl) = 0 (S1.b)23

Equations (2) to (6) in BGKN73 are respectively :24
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• the Equation of state in the linear approximation in the form :

pl − pl0(0) = α2
l [ρl − ρl0(0)] (S2)

• the boundary conditions equations to be respected at the interface z = ζ(x, y, t), which are

both the dynamic and kinematic boundary conditions:

pw = pa, vl∇z = ∂ζ/∂t at z = ζ(x, y, t) (S3)

• the equilibrium density and pressure profiles for ocean and atmosphere are obtained by25

putting vl = 0 and ζ = 0 :26

ρl0(z) = ρl0(0)exp
{
−gz/α2

l

}
,

pl0(z) = pl0 + [ρl0(z)− ρl0(0)]α2
l (S4)

pl0 = pa0(0) = pw0(0)

• the expansion of all quantities in a certain small parameter ε for vl 6= 0:27

ρl = ρl0(z) + ερl1 + ε2ρl2 + ...

pl = pl0(z) + εpl1 + ε2pl2 + ...

vl = εvl1 + ε2vl2 + ... (S5)

ζl = εζl1 + ε2ζl2 + ...

• the relation between pli and ρli, obtained from the precedent equations and a series expan-28

sion in ζ and the definition of the quantity Pli:29

pli = α2
l ρli (S6.a)30

31

and pli = ρl0(z)Pli (S6.b)32

where the subscript i is the order of expansion in ε33



- 4 - De Carlo et al.

S1.1 About Euler’s equation in BGKN7334

Using the expansion in order of ε, eq. (S1.a) can be rewritten as35

(ρ0 + ερ1 + ε2ρ2)

(
∂εv1 + ε2v2

∂t
+ (εv1 + ε2v2) · ∇(εv1 + ε2v2)

)
36

= −∇(p0 + εp1 + ε2p2)− g(ρ0 + ερ1 + ε2ρ2)∇z. (S7)37

Here the subscript layer l is not written to lighten the equations, because the calculation is the38

same for ocean and atmosphere. Its truncation at the different orders in wave slope ε gives,39

• Order 0,40

−∇p0 = gρ0∇z (S8)41

• Order 1,42

ρ0
∂v1

∂t
+ 0 = −∇p1 − gρ1∇z (S9)43

• Order 2:44

ρ0
∂v2

∂t
+ ρ1

∂v1

∂t
+ ρ0v1∇v1 = −∇p2 − gρ2∇z (S10)45

S1.1.1 Simplifications from relations between p and ρ46

Then some simplifications arise from eq. (S6.a) and eq. (S6.b)

• Order 1:

∇p1 = ∇(ρ0P1) = P1∇(ρ0) + ρ0∇(P1) = P1ρ0 ·
−g
α2
∇z + ρ0∇(P1)

And then, remebering from eq. (S6.a) and eq. (S6.b) that Pi = α2ρi/ρ0 , it simplifies to:47

P1ρ0 ·
−g
α2
∇z + ρ0∇(P1) =

α2ρ1

ρ0

· ρ0 ·
−g
α2
∇z + ρ0∇(P1)

= −gρ1∇z + ρ0∇(P1)

Finally, Equation (S7) for order 1 becomes48

∂v1

∂t
+∇P1 = 0. (S11)49
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• Order 2: We similarly obtain

−∇p2 − gρ2∇z = −∇(ρ0P2)− gρ2∇z = −ρ0∇(P2)− α2ρ2

ρ0

∇(ρ0)− gρ2∇z

= −ρ0∇(P2)− α2ρ2

ρ0

· −g
α2
∇z − gρ2∇z = −ρ0∇(P2).

Leading to,50

∂v2

∂t
+
ρ1

ρ0

∂v1

∂t
+ v1∇v1 = −∇P2.51

Remembering from order 1 that
∂v1

∂t
= −∇P1 (eq. S11) , one obtains

∂v2

∂t
+∇P2 = −ρ1

ρ0

∂v1

∂t
− v1∇v1 =

ρ1α
2

ρ0α2
∇P1 − v1∇v1

=
1

α2
P1∇P1 − v1∇v1 =

1

2
∇
(
P2

1

α2
− v2

1

)
+ v1 × rotv1

Finally, Equation (S7) for order 2 becomes52

∂v2

∂t
+∇P2 =

1

2
∇
(
P2

1

α2
− v2

1

)
+ v1 × rotv1 (S12)53

S1.1.2 Simplifications from irrotational velocity field54

As the velocity field is irrotational, it can be expressed as the gradient of a potential velocity φ,55

vi = +∇φi. (S13)56

This gives,

∇P1 = −∂∇φ1

∂t

∇P2 = −∂∇φ2

∂t
+

1

2
∇
(
P2

1

α2
− (∇φ1)2

)
Which can also be written57

P1 = −∂φ1

∂t
(S14)58

P2 = −∂φ2

∂t
+

(
P2

1

2α2
− (∇φ1)2

2

)
. (S15)59

60
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S1.2 About mass conservation equation in BGKN73 and the acoustic wave equation61

The same truncation by orders can be done for the mass conservation equation (S1.b):62

• Order 1:63

∂ρ1

∂t
+∇(ρ0v1) = 064

⇐⇒ ∂ρ1

∂t
+ ρ0∇v1 + v1∇ρ0 = 065

⇐⇒ ∂ρ1

∂t
= −ρ0∆φ1−∇φ1∇ρ0 (S16)66

67

∂

∂t

(
ρ0·S14

)
− α2·S16 leads to68

∂ρ0P1

∂t
− α2∂ρ1

∂t
−α2ρ0∆φ1−α2∇φ1∇ρ0 = −∂

2ρ0φ1

∂t2
69

⇐⇒ ∂p1

∂t
− α2∂α

−2p1

∂t
−α2ρ0∆φ1+α2∇φ1ρ0

g

α2
∇z = −ρ0

∂2φ1

∂t2
70

⇐⇒ −α2∆φ1+g
∂φ1

∂z
+
∂2φ1

∂t2
= 071

⇐⇒ ∆φ1 −
g

α2

∂φ1

∂z
− 1

α2

∂2φ1

∂t2
= 0 (S17)72

73

74

• Order 2:75

∂ρ2

∂t
+∇(ρ0v2 + ρ1v1) = 076

⇐⇒ ∂ρ2

∂t
+ ρ0∇v2 + v2∇ρ0 + ρ1∇v1 + v1∇ρ1 = 077

⇐⇒ ∂ρ2

∂t
= −ρ0∆φ2−∇φ2∇ρ0−ρ1∆φ1−∇φ1∇ρ1 (S18)78

79
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∂

∂t

(
ρ0·S15

)
− α2·S18 leads to:80

∂ρ0P2

∂t
− α2∂ρ2

∂t
−α2ρ0∆φ2−α2∇φ2∇ρ0−α2ρ1∆φ1−α2∇φ1∇ρ1 =−∂

2ρ0φ2

∂t2
+ρ0

∂

∂t

(
P2

1

2α2
− (∇φ1)2

2

)
81

⇐⇒ ∂p2

∂t
− α2∂α

−2p2

∂t
−α2ρ0∆φ2+α2ρ0

g

α2

∂φ2

∂z
−p1∆φ1−∇φ1∇p1 =−ρ0

∂2φ2

∂t2
+ρ0

∂

∂t

(
P2

1

2α2
− (∇φ1)2

2

)
82

⇐⇒ −α2ρ0∆φ2+α2ρ0
g

α2

∂φ2

∂z
−ρ0P1∆φ1−P1∇φ1∇ρ0−ρ0∇φ1∇P1 = −ρ0

∂2φ2

∂t2
+ρ0

∂

∂t

(
P2

1

2α2
− (∇φ1)2

2

)
83

⇐⇒ −α2ρ0∆φ2+ρ0g
∂φ2

∂z
−ρ0P1∆φ1+P1ρ0

g

α2

∂φ1

∂z
−ρ0∇φ1∇P1 = −ρ0

∂2φ2

∂t2
+ρ0

∂

∂t

(
P2

1

2α2
− (∇φ1)2

2

)
84

⇐⇒ −α2ρ0∆φ2+ρ0g
∂φ2

∂z
−ρ0P1

(
∆φ1−

g

α2

∂φ1

∂z

)
−ρ0∇φ1∇P1 = −ρ0

∂2φ2

∂t2
+ρ0

∂

∂t

(
P2

1

2α2
− (∇φ1)2

2

)
85

⇐⇒ −α2ρ0∆φ2+ρ0g
∂φ2

∂z
−ρ0P1

1

α2

∂2φ1

∂t2
−ρ0∇φ1∇P1 =−ρ0

∂2φ2

∂t2
+ρ0

∂

∂t

(
P2

1

2α2
− (∇φ1)2

2

)
86

⇐⇒ −α2ρ0∆φ2+ρ0g
∂φ2

∂z
+ρ0P1

1

α2

∂P1

∂t
−ρ0∇φ1∇P1 =−ρ0

∂2φ2

∂t2
+ρ0

∂

∂t

(
P2

1

2α2
− (∇φ1)2

2

)
87

⇐⇒ −α2ρ0∆φ2+ρ0g
∂φ2

∂z
+ρ0∇φ1∇

∂φ1

∂t
=−ρ0

∂2φ2

∂t2
−ρ0

∂

∂t

(∇φ1)2

2
88

⇐⇒ −α2ρ0∆φ2+ρ0g
∂φ2

∂z
+ρ0

∂

∂t

(∇φ1)2

2
= −ρ0

∂2φ2

∂t2
− ρ0

∂

∂t

(∇φ1)2

2
89

⇐⇒ −α2ρ0∆φ2+ρ0g
∂φ2

∂z
+ρ0

∂2φ2

∂t2
= −ρ0

∂

∂t
(∇φ1)2

90

⇐⇒ ∆φ2 −
g

α2

∂φ2

∂z
− 1

α2

∂2φ2

∂t2
= +

1

α2

∂

∂t
(∇φ1)2 (S19)9192

And we retrieve the acoustic wave equation for both first (S17) and second (S19) orders.93

S1.3 About Boundary conditions94

We use the same boundary conditions as in BGKN73 for z = 0 for velocity,95

− ∂φ1

∂z

∣∣∣∣
z=0

+
∂ζ1

∂t
= 0 (S20)96

− ∂φ2

∂z

∣∣∣∣
z=0

+
∂ζ2

∂t
= −

(
− ∂2φ1

∂z2

∣∣∣∣
z=0

ζ1 + ∇φ1|z=0∇ζ1

)
(S21)97

98

And for pressure,99

(Pw,1 −mPa,1)z=0 − g(1−m)ζ1 = 0 (S22)100

(Pw,2 −mPa,2)z=0 − g(1−m)ζ2 = −
(
∂Pw,1
∂z

−m∂Pa,1
∂z

)
0

ζ1101

+
g

α2
a

(n2Pw,1 −mPa,1)0ζ1 −
g2

2α2
a

(n2 −m2)ζ2
1 (S23)102
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103

Here is a summary of the system of equation that corresponds to eq. (9) in BGKN73104

∆φl,i −
g

α2
l

∂φl,i
∂z
− 1

α2
l

∂2φl,i
∂t2

= Sl,i Pl,i = −∂φl,i
∂t

+ Fl,i

− ∂φl,i
∂z

∣∣∣∣
z=0

+
∂ζi
∂t

= Ql,i (Pw,i −mPa,i)z=0 − g(1−m)ζi = Ri

where,

Fl,1 = Sl,1 = Ql,1 = R1 = 0

Fl,2 =
P2
l,1

2α2
l

− (∇φl,1)2

2
, Sl,2 = +

1

α2
l

∂

∂t
(∇φl,1)2

Ql,2 = −∇φl,1|0∇ζ1+
∂2φl,1
∂z2

∣∣∣∣
z=0

ζ1

R2 = −
(
∂Pw,1
∂z

−m∂Pa,1
∂z

)
0

ζ1 +
g

α2
a

(n2Pw,1 −mPa,1)0ζ1 −
g2

2α2
a

(n2 −m2)ζ2
1

m = ρa,0/ρw,0, n = αa/αw, δa =

(
g

α2
ak

)1/2

=
σ

αak
, δw = nδa

105

S2 SOLVING FOR FIRST ORDER AND EXPRESSING THE SECOND ORDER106

PROBLEM107

S2.1 First order108

From the Fourier transform in horizontal space and time we can take109

φl,1 = −isσ
∑

Φl,1(z)Zei(k·x−sσt) (S24)110

The boundary condition in z = 0 leads to111

Φl,1(z = 0) = 1. (S25)112

Assuming Φl,1(z) = fl(z)eγlz with γl = g/2α2
l one obtains,113

• for the air114

φa,1 =
∑

i
sσ

ka
e−kazZei(k·x−sσt) (S26)115
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with

ka = −γa + ka0

= − g

2α2
a

+

√
k2 − γ2

a +
gγa
α2
a

− σ2

α2
a

= − g

2α2
a

+ k(1− g2

4α4
ak

2
+

g2

2α4
ak

2
− σ2

k2α2
a

= −k g

2kα2
a

+ k

(
1− δ4

a

4
+
δ4
a

2
− δ2

a

)1/2

= −kδ
2
a

2
+ k

(
1− δ2

a

2

)
= k

(
1− δ2

a

)

116

• for the water :117

φw,1 =
∑
−isσ

kw0 cosh (kw0(z + h))− γw sinh (kw0(z + h))

k2
w sinh (kw0h)

eγwzZei(k·x−sσt) (S27)118

with k2
w = k2

w0 − γ2
w = k2(1− 2δ2

w)119

If we consider δ2
w to be negligible (δw = n2δ2

a ' 0.05δ2
a) we obtain :120

φw,1 =
∑
−isσ

cosh (kw0(z + h))

k sinh (kw0h)
eγwzZei(k·x−sσt) (S28)121

For simplicity, from now on we will write that under the form:122

φw,1 =
∑
−isσfw,k(z)eγwzZei(k·x−sσt) (S29)123

S2.2 Second order124

At second order, the effects of waves comes into the pressure and velocity boundary conditions125

at the interfaces, but also as forcing terms on the right hand side of the wave equation. All these126

different terms take different forms, in particular for waves in intermediate or shallow water (Ard-127

huin & Herbers, 2013). In the limit of deep water waves, kh� 1, and neglecting δ2
w terms, all the128
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wave forcing terms can be expressed as a function of p̂2,u, defined as129

p̂2,u(x, y, z) = ρw|∇φ1|2 =
ρwg

2

sσs′σ′

∑
(k·k′ − kk′)ZZ ′e(k+k′)zeiΘ (S30)130

with Θ = K·x−Ωt, K = k+k′, and Ω = sσ+s′σ′. A the surface, z = 0, this equivalent pressure,131

correspond to the pressure that drives microseisms as given by Hasselmann (1963, eq. 2.12).132

In the following, we will neglect all the short wavelength components that correspond to the133

middle line of eq. (2.13) of (Hasselmann, 1963), keeping only the large wavelengths that excite134

microbaroms, and for which |k + k′| � |k|.135

Given that acoustic waves in the atmosphere are much slower than those in water, we will retain136

δ2
a terms. As a result, following (Brekhovskikh et al., 1973), we cannot use the approximation137

k·k′ ' 0, but instead, using k·k′ < 0 for those components that produce microseisms, we can use138

K

k
=
Kαa
2σ

2σ

kαa
= 2 sin θaδa (S31)139

and the law of cosine in triangles,140

2k·K = k2 +K2 − k′2 (S32)141

this gives,142

kk′ + k·k′ = kk′

1−

((
−k·k′

kk′

)2
)1/2

 = kk′

[
1−

((
K·k′ − k′·k′

kk′

)(
k·K− k·k

kk′

))1/2
]

143

= kk′

[
1−

((
−K·k +K2 − k′2

kk′

)(
k·K− k2

kk′

))1/2
]

144

= kk′

1−

(
k2k′2 − (K·k)2 + K·k

(
k2 +K2 − k′2

)
− k2K2

k2k′2

)1/2
145

= kk′

[
1−

(
1 +
−(K·k)2 + 2K·k(K·k)− k2K2

k2k′2

)1/2
]

146

= kk′

[
1−

(
1 +

(K·k)2 − k2K2

k2k′2

)1/2
]

147

' kk′
[
−1

2

(
(K·k)2

k2k′2
− K2

k′2

)]
' kk′

1

2

K2

k′2

[
1−

(
(K·k)2

k2K2

)]
148

' 2kk′ sin2 θaδ
2
a

[
1−

(
(k·K)2

k2K2

)]
= 2kk′ sin2 θaδ

2
a

[
1− cos2(ϕ2 − ϕ)

]
(S33)149

which is a function of the azimuth ϕ2 of the acoustic wave propagation, with cos(ϕ2 − ϕ) =150
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k·K/(kK).151

Then,152

k·k′ − kk′ ' −2kk′
(
1− sin2 θaδ

2
a

[
1− cos2(ϕ2 − ϕ)

])
(S34)153

This gives,154

p̂2,u(x, y, z) ' −2ρwσσ
′
∑(

1− sin2 θaδ
2
a

[
1− cos2(ϕ2 − ϕ)

])
ZZ ′e(k+k′)zeiΘ (S35)155

156

Other similar terms have more simple forms with no azimuthal dependency157

1

2

(
k2 + k·k′ + k′2 + k·k′

)
=

1

2
(k·K + k′·K) =

1

2
K2 ' 2k2 sin2 θaδ

2
a. (S36)158

S3 SECOND ORDER SOLUTION159

S3.1 General form of the solution in the water layer160

The homogeneous solution is obtained for Sw,2 = 0,161

φw,2,h(x, y, z, t) =
∑

Φw,2,he
iΘ, with Θ = K·x−Ωt, K = k+k′, Ω = sσ+s′σ′ (S37)162

Assuming a eiµz variation over the vertical and replacing eq. (S37) in the homogeneous equation163

(S19) gives,164

µ2 + i
g

α2
w

µ+ (K2 − Ω2/α2
w) = 0 (S38)165

with solutions,166

µ± = −i
g

α2
w

±

√
g2

2α4
w

+ (Ω2/α2
w −K2) ' ±kw2,0(1 +O(δ2

w)) (S39)167

with the complex wavenumber kw2,0 =
√

Ω2/α2
w −K2 so that the homogeneous solution is168

Φw,2,h = W+eiµ+z +W−eiµ−z. (S40)169

We recall that the wave equation is forced by,170

Sw,2 = +
1

α2
w

∂

∂t
(∇φ1)2 = +

1

ρwα2

∂p̂2,u

∂t
(S41)171

This forcing adds a particular solution of order δ2
w that could be neglected here but we will only172
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keep the lowest order term to be consistent with BGKN73. This is also discussed by (Longuet-173

Higgins, 1950) and (Waxler & Gilbert, 2006). We will only give its expression in the limit of deep174

water, i.e. kh� 1.175

We recall the right hand side of eq. eq:Sw2,176

Sw,2(x, z, t) ' +
1

ρwα2
w

∂p̂2,u(x, y, z, t)

∂t
= − g

2

α2
a

∑
i
sσ + sσ′

sσsσ′
(k·k′ − kk′)ZZ ′e(kw+k′w)zeiΘ.

(S42)177

Looking for a solution of the form178

φw,2,p =
∑

Φw,2,pe
iΘ (S43)179

We replace it in the wave equation (S19) and find180

Φw,2,p ' −i
g2

u
· sσ + sσ′

sσsσ′
(k·k′ − kk′)ZZ ′e(kw+k′w)z. (S44)181

with the denominator defined by182

u = α2
w

[
−K2 +

Ω2

α2
w

+ (kw + k′w)2

]
+ g(kw + k′w) ' α2

w(kw + k′w)2 ' 4α2
wk

2. (S45)183

Of particular interest is the long-wavelength part – with s = s′ – of the vertical derivative of φw,2,p,184

given by,185

∂φw,2,p
∂z

'
∑
−is

g2

4α2
wk

2

2σ(kw + k′w)

σσ′
(k·k′ − kk′)ZZ ′e(kw+k′w)zeiΘ,186

' +
∑

isδ2
w

g

σ
2k2ZZ ′e(kw+k′w)zeiΘ. (S46)187

S3.2 General form of the solution in the air layer188

For the air, we only consider acoustic waves radiating upward, giving the homogeneous solution,189

φa,2,h(x, y, z, t) =
∑

sA+ZZ
′eν+zeiΘ, (S47)190

where191

ν+ =
g

α2
a

+ i

√
g2

2α4
+ (Ω2/α2

w −K2). (S48)192

For the particular solution, we recall the right hand side,193

Sa,2(x, z, t) ' +
1

ρwα2
a

∂p̂2,u(x, y,−z, t)
∂t

= − g
2

α2
a

∑
i
sσ + sσ′

sσsσ′
(k·k′ − kak′a)ZZ ′e−(ka+k′a)zeiΘ.

(S49)194



Supporting information for ”Atmospheric infrasound radiation...” - 13 -

Looking for a solution of the form195

φa,2,p =
∑

Φa,2,pe
iΘ (S50)196

We replace it in the wave equation (S19) and find197

Φa,2,p ' −i
g2

u

sσ + sσ′

sσsσ′
(k·k′ − kak′a)ZZ ′e−(ka+k′a)z. (S51)198

with the denominator defined by199

u = α2
a

[
−K2 +

Ω2

α2
a

+ (ka + k′a)
2

]
+ g(ka + k′a) ' α2

a(ka + k′a)
2 ' 4α2

ak
2. (S52)200

The derivation of eq. (S52) is detailed below:201

u = α2
a

[
−K2 +

Ω2

α2
a

+ (ka + k′a)
2

]
+ g(ka + k′a)202

' α2
ak

2

(
4δ2
a cos2 θa +

(
1 +

k′

k

)2

(1− 2δ2
a) +

g

α2
ak

2
(ka + k′a)

)
203

' α2
ak

2(4δ2
a cos2 θa + 4(1− 2δ2

a) + 2δ2
a(1− δ2

a))204

' 4α2
ak

2(1− δ2
a(sin

2 θa +
1

2
)) ' 4α2

ak
2(1 +O(δ2

a)) (S53)205

Of particular interest is the long-wavelength part – with s = s′ – of the vertical derivative of φa,2,p,206

given by,207

∂φa,2,p
∂z

' +
∑

is
g2

4α2
ak

2
(1−O(δ2

a))
2σ(ka + k′a)

σσ′
(k·k′ − kak′a)ZZ ′e−(ka+k′a)zeiΘ,208

' +
∑

is
g2

4α2
ak

2
(1−O(δ2

a))
2σ(k + k′)(1− δ2

a)

σσ′
(
k·k′ − kk′ − 2kk′δ2

a

)
ZZ ′e−(ka+k′a)zeiΘ,209

' +
∑

isδ2
a

g

σ
(k·k′ − kk′) (1 +O(δ2

a))ZZ
′e−(ka+k′a)zeiΘ,210

' −
∑

isδ2
a2σ

′kZZ ′e−(ka+k′a)zeiΘ. (S54)211

S3.3 The BGKN terms - Fl,2, Ql,2, R2212

S3.3.1 In the water layer213

To simplify the calculation of these terms we use kh � 1 for waves in deep water, and kw0 ' k,214

we may also use eq. (S33) and eq. (S34). These simplifications lead to :215

φw,1 =
∑
−i
sσ

k
ekw0zeγwzZei(k·x−sσt) (S55)216
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And then we obtain the second order terms :217

Fw,2(z = 0) =
P2
w,1

2α2
w

∣∣∣∣
0

−
(
∇φw,1

)2

2

∣∣∣∣∣
0

218

=
∑ ss′σσ′

2kk′

[
(
sσs′σ′

α2
w

− kk′ + kk′)

]
ZZ ′eiΘ

219

'
∑

σ2

[
1 + δ2

a(
n2

2
− sin2 θa

[
1− cos2(ϕ2 − ϕ)

]]
ZZ ′eiΘ. (S56)220

221

Using the law of cosines in a triangle,222

k′2 = k2 +K2 − 2k·K (S57)223

so that224

√
k′ =

√
k

(
1 +

K2 − 2k·K
k2

)1/4

'
√
k

(
1 +

1

4

K2 − 2k·K
k2

)
(S58)225

we get226

Qw,2|z=0 = +
∂2φw,1
∂z2

∣∣∣∣
0

ζ1−∇φw,1|0 · ∇ζ1227

' −i
∑[

sσk + s′σ′k′

2
+

k·k′

2

(
sσ

k
+
s′σ′

k′

)]
ZZ ′eiΘ

228

= −i
∑[

sσ
1

2k

(
k2 + k·k′

)
+ s′

σ′

2k′
(
k′2 + k·k′

)]
ZZ ′eiΘ

229

' −i
∑[

sσ
k·(k + k′)

2k
+ s′σ′

k′·(k′ + k)

2k′

]
ZZ ′eiΘ

230

' −i
∑[

sσ
k·K
2k

+ s′σ′
k′·K
2k′

]
ZZ ′eiΘ

231

' −i
∑

s

[
σ

2k
(k·K + k′·K) +

σ′k − σk′

2k′k
(k′·K)

]
ZZ ′eiΘ

232

' −i
∑

sσk

[
K2

2k2
+
√
g

√
k −
√
k′

2kσ
√
kk′

(
−k·K +K2

)]
ZZ ′eiΘ

233

' −i
∑

sσk

[
2δ2
a sin2 θa +

1

4k2

(
2k·K−K2)

) 1

2k2

(
−k·K +K2

)]
ZZ ′eiΘ

234

' −i
∑

sσk

[
2δ2
a sin2 θa −

K2

4k2

(
k·K
kK

)2
]
ZZ ′eiΘ

235

' −i
∑

sσk

[
2δ2
a sin2 θa

(
1− 1

2
cos2(ϕ2 − ϕ)

)]
ZZ ′eiΘ. (S59)236

237
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S3.3.2 In the air238

In a similar way we obtain :239

Fa,2(z = 0) =
P2
w,1

2α2
w

∣∣∣∣
0

−
(
∇φw,1

)2

2

∣∣∣∣∣
0

240

=
∑ ss′σσ′

2kak′a

[
sσs′σ′

α2
a

− kk′ + kak
′
a

]
ZZ ′eiΘ

241

=
∑

ss′σσ′(1 + 2δ2
a)

[
sσs′σ′

2kk′α2
a

− kk′ − kk′ + 2δ2
akk

′

2kk′

]
ZZ ′eiΘ

242

'
∑

σ2

[
1 + δ2

a

(
3

2
− sin2 θa

[
1− cos2(ϕ2 − ϕ)

])]
ZZ ′eiΘ (S60)243

244

And using :245

sσk + s′σ′k′

2
− k·k′

2

(
sσ

k
+
s′σ′

k′

)
= sσ

1

2k

(
k2 − k·k′

)
+ s′

σ′

2k′
(
k′2 − k·k′

)
246

= sσ
1

2k

(
2k2 − k·K

)
+ s′

σ′

2k′
(
2k′2 − k′·K

)
247

= sσk + s′σ′k′ −
[
sσ

k·K
2k

+ s′σ′
k′·K
2k′

]
248

' sσk

[
2− 2δ2

a sin2 θa

(
1− 1

2
cos2(ϕ2 − ϕ)

)]
(S61)249

250

one gets :251

Qa,2|z=0 = +
∂2φa,1
∂z2

∣∣∣∣
0

ζ1−∇φa,1|0 · ∇ζ1252

= +i
∑[

sσka + s′σ′k′a
2

+
k·k′

2

(
sσ

ka
+
s′σ′

k′a

)]
ZZ ′eiΘ

253

= +i
∑[

sσk + s′σ′k′

2
(1− δ2

a) +
k·k′

2

(
sσ

k
+
s′σ′

k′

)
(1 + δ2

a)

]
ZZ ′eiΘ

254

= +i
∑[

sσk + s′σ′k′

2
+

k·k′

2

(
sσ

k
+
s′σ′

k′

)
− δ2

a ·
(
sσk + s′σ′k′

2
−k·k′

2

(
sσ

k
+
s′σ′

k′

))]
ZZ ′eiΘ

255

' +i
∑

sσk2δ2
a

[
sin2 θa

(
1− 1

2
cos2(ϕ2 − ϕ)

)
−
[
1− δ2

a sin2 θa

(
1− 1

2
cos2(ϕ2 − ϕ)

)]]
ZZ ′eiΘ

256

' −i
∑

sσk2δ2
a

[
1− sin2 θa

(
1− 1

2
cos2(ϕ2 − ϕ)

)
(1 + δ2

a)

]
ZZ ′eiΘ (S62)257

258
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S3.3.3 R2 coefficient259

R2 = −
(
∂Pw,1
∂z

−m∂Pa,1
∂z

)
0

ζ1 +
g

α2
a

(n2Pw,1 −mPa,1)0ζ1 −
g2

2α2
a

(n2 −m2)ζ2
1260

=
∑[

σ2 + σ′2

2
· (1−m)− δ2

a

σ2 + σ′2

2
(n2 +m(1 + δ2

a))−
δ2
a

2

σ2 + σ′2

2
(n2 −m2)

]
ZZ ′eiΘ

261

'
∑[

σ2 ·
(

1−m− δ2
a

(
3n2

2
+m

(
1− m

2
+ δ2

a

)))]
ZZ ′eiΘ (S63)262

263
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S4 MATRIX PROBLEM FOR THE SECOND ORDER AMPLITUDES264

• Velocity continuity at z = 0265

∂φa,2
∂z

∣∣∣∣
0

+ Qa,2 =
∂φw,2
∂z

∣∣∣∣
0

+ Qw,2 (S64)266

⇐⇒ ν+A+ − µ−W− − µ+W+ =
∂Φw,2,p

∂z

∣∣∣∣
0

− ∂Φa,2,p

∂z

∣∣∣∣
0

− Qa,2+ Qw,2 (S65)267

268

• Pressure continuity at z = 0269 (
∂Pw,2
∂t
−m∂Pa,2

∂t

)
0

− g(1−m)
∂ζ2

∂t
=
∂R2

∂t
270

⇐⇒
(
∂Pw,2
∂t
−m∂Pa,2

∂t

)
0

−g(1−m)
∂φa,2
∂z

∣∣∣∣
0

− g(1−m)Qa,2 =
∂R2

∂t
271

⇐⇒ − ∂2φw,2
∂t2

∣∣∣∣
0

+
∂Fw,2
∂t

∣∣∣∣
0

+m
∂2φa,2
∂t2

∣∣∣∣
0

−m ∂Fa,2
∂t

∣∣∣∣
0

−g(1−m)
∂φa,2
∂z

∣∣∣∣
0

− g(1−m)Qa,2 =
∂R2

∂t
272

⇐⇒ − Ω2 (−φw,2,p(0)−W+−W−+mφa,2,p(0)+mA+) + iΩ(mFa,2(0)− Fw,2(0))273

−g(1−m)(φ′a,2,p(0) + νA+ +Qa,2) =
∂R2

∂t
(S66)274

275

• Boundary condition at z = −h276

This boundary condition is given as an example below. A more realistic boundary condition will277

be developed further:278

∂Φw,2,p

∂z
(−h) + µ−W−e−µ−h + µ+W2e−µ+h = 0 (S67)279

Then we can write the boundary conditions system as a matrix problem,280 
ν −µ− −µ+

−mΩ2 − g(1−m)ν Ω2 Ω2

0 µ−e−µ−h µ+e−µ+h

 ·

A+

W−

W+

 =


Λ1

Λ2

Λ3

 (S68)281

Because we have assumed kh � 1 we can neglect the pbot term of (Ardhuin & Herbers, 2013) in282

Λ3, and the Λ forcing terms are,283

Λ1 =
∂φw,2,p
∂z

∣∣∣∣
0

− ∂φa,2,p
∂z

∣∣∣∣
0

−Qa,2+Qw,2 (S69)284

Λ2 = −Ω2
(
φw,2,p(0)−mφa,2,p(0)

)
−iΩ

(
mFa,2(0)−Fw,2(0)

)
+g(1−m)(φ′a,2,p(0) +Qa,2)+

∂R2

∂t
285

Λ3 = − ∂φw,2,p
∂z

∣∣∣∣
−h

(S70)286

287
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SIMPLIFIED FORMS USED:

Fw,2(z = 0) '
∑

σ2[1−sin2 θaδ
2
a(1− cos2(ϕ2−ϕ)) +

δ2
an

2

2
]ZZ ′eiΘ O(σ2) + O(σ2δ2a sin2 θa)

Qw,2(z = 0) ' −i
∑

sσk2 sin2 θaδ
2
a(1−

1

2
cos2(ϕ2−ϕ))ZZ ′eiΘ O(σδ2a sin2 θa)

Fa,2(z = 0) '
∑

σ2[1−sin2 θaδ
2
a(1−cos2(ϕ2−ϕ)) +

3

2
δ2
a]ZZ

′eiΘ O(σ2) + O(σ2δ2a sin2 θa)

Qa,2(z = 0) ' −i
∑

sσk2δ2
a[1−sin2 θa(1−

1

2
cos2(ϕ2−ϕ))]ZZ ′eiΘ O(σδ2a) + O(σδ2a sin2 θa)

φw,2,p(z = 0) ' i
∑

sσδ2
an

2ZZ ′eiΘ O(σδ2an
2)

∂φw,2,p
∂z

∣∣∣∣
z=0

' i
∑

sσ2kδ2
an

2ZZ ′eiΘ O(σδ2an
2)

φa,2,p(z = 0) ' i
∑

sσδ2
aZZ

′eiΘ O(σδ2a) + O(σδ2a sin2 θa)

∂φa,2,p
∂z

∣∣∣∣
z=0

' −i
∑

sσ2kδ2
aZZ

′eiΘ O(σδ2a)

R2 '
∑
−σ2(1−m−δ2

a(3n
2/2 +m))ZZ ′eiΘ O(σ2)

∂R2

∂t
' is

∑
2σ3(1−m−δ2

a(3n
2/2 +m))ZZ ′eiΘ O(σ3)

ν± = 2iδak
(
± cos θa − i

δa
4

)
µ± = 2iδak

(
∓ il − i

δa
4
n2
)

sin θa =
Kαa

Ω
,

Ω ' 2σ, n =
αa
αw

, l = (sin2 θa − n2)1/2,

δw =

(
g

kα2
a

)1/2
αa
αw

= δan

288
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S4.1 Matrix 2x2 : BGKN73289

When the ocean is assumed to have an infinite depth, we consider the atmosphere and ocean to be290

half spaces, with the continuity of velocity and pressure at z = 0 giving a 2 by 2 matrix,291

M =

 ν −µ−

−mΩ2 − g(1−m)ν Ω2

 (S71)292

The solution is given by Cramer’s method293

A+ =
detM1

detM
(S72)294

with295

detM1 =

∣∣∣∣∣∣∣
Λ1 −µ−

Λ2 Ω2

∣∣∣∣∣∣∣ (S73)296

297

detM =

∣∣∣∣∣∣∣
ν −µ−

−mΩ2 − g(1−m)ν Ω2

∣∣∣∣∣∣∣ = νΩ2 −mµ−Ω2 − g(1−m)νµ− (S74)298

Here are the different pieces of detM,299

• νΩ2 :

νΩ2 = 4σ2

(
g

2α2
a

+ i
Ω

αa
cos θa

)
= i8σ2k

(
−i

g

4kα2
+

σ

kαa
cos θa

)
= 8iσ2kδa

(
cos θa − i

δa
4

)
• −mµ−Ω2 :

−mµ−Ω2 ' −m4σ2 · 2iδak

[
il − i

δa
2
n2

]
' −8iσ2kδam [il]

• −g(1−m)νµ− :300

−g(1−m)νµ− ' −g(1−m)2iδak

(
cos θa − i

δa
4

)
2iδak

(
il + i

δa
4
n2

)
301

' 4σ2δakδa(il cos θa +O(δa))302

' 8iσ2kδa

[
1

2
δal cos θa

]
303
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This gives detM, keeping only the second order in δa (the δa that is a factor should be remove304

alongside with all the factors in magenta when doing the ratio giving us a first order in δa).305

det M = i8σ2δak

[
−i
δa
4

+ cos θa − iml +
δa
2

cos θal

]
306

det M ' 8iσ2kδa

[
cos θa

(
1+

δa
2
l

)
− i

(
δa
4

+ml

)]
(S75)307

308

The term in green is different from BGKN73 denominator. The difference is coming from the309

∂ζ2/∂t term in the Bernoulli equation for the pressure at z = 0.310

Now the numerator is,311

detM1 = Λ1Ω2 + µ−Λ2312

= Ω2

(
∂φw,2,p
∂z

∣∣∣∣
0

− ∂φa,2,p
∂z

∣∣∣∣
0

−Qa,2+Qw,2

)
+ µ−

(
− Ω2

(
Φw,2,p(0)313

−mΦa,2,p(0)
)
−isΩ

(
mFa,2(0)−Fw,2(0)

)
+ g(1−m)(Φ′a,2,p(0) +Qa,2)+

∂R2

∂t

)
314

' Ω2

(
∂φw,2,p
∂z

∣∣∣∣
0

− ∂φa,2,p
∂z

∣∣∣∣
0

−Qa,2+Qw,2

)
315

+µ−

(
isΩFw,2(0)+

∂R2

∂t

)
(S76)316
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where eqs. (S46), (S54) , (S62), (S56) give317

Ω2 ∂φw,2,p
∂z

∣∣∣∣
0

= 4σ2 · isδ2
an

2σ2k318

' 8iσ2kδasσδan
2 (S77)319

−Ω2 ∂φa,2,p
∂z

∣∣∣∣
0

= −4σ2 · (−i)s2σkδ2
a320

' 8iσ2kδasσδa (S78)321

−Ω2Qa,2 ' −4σ2 · (−i)s2σkδ2
a

(
1−sin2 θa

(
1− 1

2
cos2(ϕ2−ϕ)

))
322

' 8iσ2kδaσsδa

(
1−sin2 θa

(
1− 1

2
cos2(ϕ2−ϕ)

))
(S79)323

+Ω2Qw,2 ' 4σ2 · i2σskδ2
a

(
− sin2 θa

(
1− 1

2
cos2(ϕ2−ϕ)

))
324

' 8iσ2kδaσsδa

(
− sin2 θa

(
1− 1

2
cos2(ϕ2−ϕ)

))
(S80)325

+isΩµ−Fw,2(0) ' i2sσ · 2δak(
δa
4
n2 − l) · σ2[1− sin2 θaδ

2
a(1− cos2(ϕ2 − ϕ)) + δ2

an
2/2]326

' −8iσ2kδaσs

[
l

2
− δa

8
n2 − l

2
sin2 θaδ

2
a

[
1− cos2(ϕ2 − ϕ)

]]
(S81)327

µ−
∂R2

∂t
= 2δak

(
δa
4
n2 − l

)
is2σ3(1−m)328

' −8iδakσ
2σs

[
l

2
− δa

8
n2

]
329

Collecting all the terms we find,330

det M1 ' −8iσ2kδaσs

[
l − δa

4
n2 − δa + 2δa sin2 θa(1−

1

2
cos2 ϕ2) + δa

(
n2 − 1

)]
331

' −8iσ2kδaσs

[
l − δa

[
2− 2 sin2 θa(1−

1

2
cos2 ϕ2) +

5

4
n2

]]
332

' −8iσ2kδaσs

[
l − 2δa

[
1− sin2 θa(1−

1

2
cos2 ϕ2) +

5

8
n2

]]
(S82)333

334

Then, we find the same expression as in BGKN73 numerator and the δa term is larger than the one335

in WG06, with 2 instead of 3/2.336

The main term arises from the pressure boundary condition and from the difference between the337

pressure and the temporal derivative of the potential velocity.338
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We recall that the homogeneous atmospheric potential that radiates from the surface is given339

by eq. (S47),340

φa,h,2(z) =
∑

sA+ZZ
′eν+zeiΘ, (S83)341

with342

ν ' g

2α2
a

+ i
Ω

αa
cos θa (S84)343

and344

A+ ' −σ
l − 2δa

[
1− sin2 θa

(
1− 1

2
cos2(ϕ2 − ϕ)

)
+ 5

8
n2
]

cos θa
(
1+ δa

2
l
)
− i
(
δa
4

+ml
) . (S85)345

S5 ADDING THE SOLID EARTH346

The solid Earth is characterised by density ρs, compression velocity αs and shear velocity β.347

Then the velocity potentials write as,348

φw,2 =
∑

[(W−eµ−z +W+eµ+z)ZZ ′ + Φw,2,p] eiΘ, for − h < z < ζ349

φa,2 =
∑

[sA+eν+zZZ ′ + Φw,2,p] eiΘ, for ζ < z350

All the potentials share the same phase, Θ = K·x − Ωt, Ω = s(σ + σ′), but they differ by their351

vertical structures and amplitudes.352

The boundary conditions for ocean/atmosphere interfaces remain the same. For the ocean bot-353

tom, the motion in the crust is given by velocity potentials for compression and shear waves in the354

solid Earth, we follow here the treatment in (Ardhuin & Herbers, 2013). Neglecting the effect of355

gravity, crustal motions can be separated into an irrotational part with a velocity potential φc and a356

rotational part with a stream function ψ, both solutions to Laplace’s equation.357

φc = Cpe
χp(z+h)eiΘ, (S86)358

ψ = Cse
χs(z+h)eiΘ, (S87)359

with360

χp =

√
K2 − Ω2

α2
s

, and χs =

√
K2 − Ω2

β2
. (S88)361

where αs and β are respectively the compression and the shear wave speed in the crust. Typically362

β ranges from 2800 to 3200 m s−1; αs =
√

3β. And ρs ' 2500 kg m−3. The constants Cp and Cs363
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have dimensions of m2/s and are determined by the boundary conditions at the ocean bottom.364

With λe and µe the Lame elasticity parameters of the crust, Hooke’s law of elasticity gives365

τzz = λe

(
∂ξx
∂x

+
∂ξz
∂z

)
+ 2µe

∂ξz
∂z

, (S89)366

τxz = µe

(
∂ξx
∂z

+
∂ξz
∂x

)
. (S90)367

We recall that the compression and shear velocity are related to the Lame parameters,368

α2
c =

λe + 2µe
ρs

, (S91)369

β2 =
µe
ρs
. (S92)370

The zero tangential stress on the ocean bottom τxz(z = −h) = 0 yields the following relation-371

ship between Cp and Cs, which is typical of seismic Rayleigh waves (Stoneley, 1926),372

Cs =
2iKχp
χ2
s +K2

Cp =
2iβ2Kχp

2β2K2 − Ω2
Cp. (S93)373

We can now eliminate Cp, using the continuity of the vertical velocity at the bottom,374

∂φ2

∂z
=

∂φc
∂z

+
∂ψ

∂x
at z = −h (S94)375

W+µ+e−µ+h +W−µ−e−µ−h = χpCp + iKCs (S95)376

= χpCp + iK
2iβ2Kχp

2β2K2 − Ω2
Cp (S96)377

=
χpΩ

2

Ω2 − 2K2β2
Cp (S97)378

and the continuity of normal stresses, using the result from (Ardhuin et al., 2013) :379

−ρw
∂φ2

∂t
= τzz z = −h (S98)380

ρwΩise−µ+hW+ + ρwΩisW−e−µ−h = rAHCp (S99)381

(S100)382

where383

rAH =
is

Ω
ρs

[
− 4β4K2χpχs

Ω2 − 2K2β2
+
(
Ω2 − 2K2β2

)]
. (S101)384
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Defining385

r± =

isρwΩ
χpΩ

2

Ω2 − 2K2β2

µ±rAH
(S102)386

=
isρwΩ

χpΩ
2

Ω2 − 2K2

i

Ω
µ±ρs

[
− 4β4K2χpχs

Ω2 − 2K2β2
+
(
Ω2 − 2K2β2

)] , (S103)387

=
ρwχpΩ

4

µ±ρs
[
(Ω2 − 2K2β2)2 − 4β4K2χpχs

] (S104)388

we combine these two boundary conditions by subtracting r times the second equation to find a389

condition for the bottom velocities on the water side,390

µ+(1− r+)e−µ+hW+ + µ−(1− r−)µ−e−µ−hW− = 0. (S105)391

We thus have the matrix equation392

M(A+, W−, W+)T = (Λ1, Λ2, 0)T (S106)393

with394

M =


ν+ −µ− −µ+

−mΩ2 − g(1−m)ν+ Ω2 Ω2

0 (1− r−)µ−e−µ−h (1− r+)µ+e−µ+h

 (S107)395

and we use the following simplification,396

Λ1 =
∂Φw,2,p

∂z

∣∣∣∣
0

− ∂Φa,2,p

∂z

∣∣∣∣
0

−Qa,2 +Qw,2 (S108)397

Λ2 = iΩFw,2(0) +
∂R2

∂t
(S109)398

Assuming mu+ ' −µ− ' µ the matrix equation simplifies as:399

M =


ν+ µ −µ

−mΩ2 − g(1−m)ν+ Ω2 Ω2

0 − (1 + r)µeµh (1− r)µe−µh

 (S110)400
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S6 FROM AMPLITUDE TO POWER401

S6.1 Particular case of a pair of wave trains402

Here we first consider the pressure amplitude and variance in the water layer, which has been well403

studied and measured (Cox & Jacobs, 1989; Ardhuin et al., 2013).404

In the case of only two wave trains of opposing direction with wave numbers k1 and k2 ' −k1405

with surface elevation406

ζ = a1 cos(k1x− σ1t) + a2 cos(k2x− σ2t) (S111)407

and velocity field408

w(z = 0) = a1σ1 sin(k1x− σ1t) + a2σ2 sin(k2x− σ2t) (S112)409

410

u(z = 0) = a1σ1 cos(k1x− σ1t)− a2σ2 cos(k2x− σ2t) (S113)411

the second order pressure is, keeping only the small wavenumber components,412

p2 = ρw(u2 + w2) = −2ρσ1σ2a1a2 cos [Kx+ Ωt] (S114)413

Now we consider the variance of the pressure,414

< p2
2 > = 4ρ2

wσ
2
1σ

2
2a

2
1a

2
2/2 (S115)415

= 2ρ2
w

∑
k+k′=K

σ2σ′2a2a′2/2 (S116)416

= 8ρ2
wσ

2
1σ

2
2

a2
1

2

a2
2

2
(S117)417

' 1

2
ρ2
wΩ4E1E2 (S118)418

=
1

4
ρ2
wΩ4

∑
k+k′=K

EE ′. (S119)419

S6.2 Case of random waves420

Fp,2h(K, fs) = 2 lim
|dK|→0,dfs→0

〈∣∣P+
2h

∣∣2〉
dKxdKydfs

(S120)421



- 26 - De Carlo et al.

with422

P s
2h = ρaPa,2,h = −ρa

∂φa,2,h
∂t

423

= −ρa
∂

∂t

(
Ra(K)

ρw2σ′
ps,s

′

surf(K,Ω)

)
424

remembering425

ps,s
′

surf(K,Ω) = ρw
∑

k,s,k′,s′

Dz(k, s,k
′, s′)ZZ ′eiΘ (S121)426

one gets :427

P s
2h = ρa

∑
k,s,k′,s′

iRa(K)
(sσ + s′σ′)

2σ′
Dz(k, s,k

′, s′)ZZ ′eiΘ
428

= ρa
∑
k,s,k′

isRa(K)
(σ + σ′)

2σ′
Dz(k, s,k

′, s)ZZ ′eiΘ (S122)429

Then,430

2|P+
2h|

2 = 2ρ2
a

∣∣∣∣∣ ∑
k+k′=K,σ+σ′=Ω

Ra(K)
(σ + σ′)

2σ′
Dz(k,+,k

′,+)ZZ ′eiΘ

∣∣∣∣∣
2

431

= 2ρ2
a · 2

∑
k+k′=K,σ+σ′=Ω

|Ra(K)|2 (σ + σ′)2

4σ′2
|Dz(k,+,k

′,+)|2|Z|2|Z ′|2 (S123)432

And the spectrum density of the source writes :433

Fp,2h(K, fs) = lim
|dK|→0,dfs→0

1

KxdKydfs

∑
k+k′=K,σ+σ′=Ω

(σ + σ′)2

σ′2
Ra(K)2ρ2

a|Dz(k,+,k
′,+)|2|Z|2|Z ′|2

(S124)434

using the definition :435

E(kx, ky) = 2 lim
dkx,dky→0

|Z|2

dkxdky
(S125)436

437

Fp,2h(K, fs) = lim
|dK|→0,dfs→0

dkxdkxdk
′
xdk

′
y

4dKxdKydfs

∑
k,s,k′

(σ + σ′)2

σ′2
Ra(K)2ρ2

a|Dz(k,+,k
′,+)|2E(kx, ky)E(k′x, k

′
y)

(S126)438

Taking the limit to continuous sums and using a change of variable from (kx, ky, k
′
x, k

′
y) to (fs, ϕ,Kx, Ky),439

with Kx = kx + k′x, Ky = ky + k′y and fs = (
√
gk +

√
gk′)/(2π) the Jacobian of the coordinate440
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transform is441

det

(
∂fs∂ϕ∂Kx∂Ky

∂kx∂ky∂k′x∂k
′
y

)
=

∣∣∣∣∣∣∣∣∣∣∣∣∣

g cosϕ/(4πσ) − sinϕ/k 1 0

g sinϕ/(4πσ) cosϕ/k 0 1

g cosϕ′/(4πσ′) 0 1 0

g sinϕ′/(4πσ′) 0 0 1

∣∣∣∣∣∣∣∣∣∣∣∣∣
=

g2

4πσ3σ′
[σ′ − σ cos (ϕ− ϕ′)] ,

(S127)442443 ∫
Fp,2h(K, fs)dKxdKydfs = ρ2

a

∫
(σ + σ′)2

4σ′2
|Ra|2 |Dz|2E(kx, ky)E(kx, ky)dkxdkydk

′
xdk

′
y444

= ρ2
a

∫
(σ + σ′)2

4σ′2
|Ra|2 |Dz|2

E(kx, ky)E(k′x, k
′
y)4πσ

3σ′

g2 [σ′ − σ cos (ϕ− ϕ′)]
dfsdϕdKxdKy.445

446

To transform the spectra to frequency-direction spectra we use the Jacobian :447

E(f, ϕ) =
4πσ3

g2
E(kx, ky) (S128)448

And then obtain :449 ∫
Fp,2h(K, fs)dKxdKydfs =

1

2
g2ρ2

a

∫
fs

(σ + σ′)

4σ′4
|Ra|2 |Dz|2

E(f, ϕ)E(f ′, ϕ′)

[σ′ − σ cos (ϕ− ϕ′)]
dfsdϕdKxdKy.450

Now we use the unicity of the Fourier transform to identify the spectral density in the left and right451

hand sides and considering |Dz(k,+,k
′,+)| ' 2σσ′ :452

Fp,2h(K, fs) =
1

2
g2ρ2

afs

∫ 2π

0

σ2(σ + σ′)

σ′2
|Ra|2

E(f, ϕ)E(f ′, ϕ′)

σ′ − σ cos (ϕ− ϕ′)
dϕ. (S129)453

S6.3 Acoustic energy in the water column454

We take the acoustic energy per unit of horizontal surface to be twice the kinetic energy. Consid-455

ering only K < Ω/αw, we have456

Ew = ρw

∫ 0

−h
u2 + w2dz (S130)457

Now using eq. (45)458

Ew = ρw

∫ 0

−h

∑(
K2 + µ2

)
W 2
−

(
1 + r

1− r

)2

cos2(|µ|z)dz (S131)459

= ρw

∫ θa,2

θa,1

(
K2 + |µ|2

)
Fp,2h(θa, ϕ2, fs)

∣∣∣∣∣ AP+
2,h

W−
A

1 + r

1− r

∣∣∣∣∣
2(

h

2
+

sin 2|µ|h
4|µ|

)
dθadϕ2460

(S132)461
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with462 ∣∣∣∣W−A 1 + r

1− r

∣∣∣∣ =

∣∣∣∣ 2ν(1 + r)

µ [i sin(|µ|h) + r cos(|µ|h)]

∣∣∣∣ (S133)463

and464 ∣∣∣∣∣ AP+
2,h

∣∣∣∣∣ =
1

(σ + σ′)ρa
. (S134)465

466

Now, looking at the ratio of the acoustic energy and radiated power for any θa and ϕ2 we have,467

Qmax =
ΩEw

Fp,2h(θa, ϕ2, fs)/(ρaαa)
(S135)468

= Ωρwρaαa
(
K2 + |µ|2

) ∣∣∣∣∣ AP+
2,h

W−
A

1 + r

1− r

∣∣∣∣∣
2(

h

2
+

sin 2|µ|h
4|µ|

)
(S136)469

=
ρwαa
ρaΩ

(
K2 + |µ|2

) ∣∣∣∣W−A 1 + r

1− r

∣∣∣∣2(h2 +
sin 2|µ|h

4|µ|

)
(S137)470
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