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This document presents all the details of derivations necessary to support the paper ”Atmo-
spheric infrasound radiation from ocean waves in finite depth: a unified generation theory and
application to radiation patterns”. It follow Brekhovskikh et al. (1973, hereinafter BGKN73), as
much as possible. Because we use the more common convention that the velocity vectoris v = V¢
this leads to changes in signs that are highlighted in red. A notable difference with Waxler &
Gilbert (2006, hereinafter WGO06) is the non-zero value of k-k’ + kk’ and similar terms. Some of
these were obtained by WGO06 using the divergence equation, but not all of them, which misses
the azimuthal dependence of the solution.

For convenience we repeat in table 1 the list of notations from the paper, including a few more

symbols that were not used in the paper.
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Table S1. Notations used in different papers: LH50 stands for (Longuet-Higgins, 1950), BGKN73 stands
for (Brekhovskikh et al., 1973), WGO06 stands for (Waxler & Gilbert, 2006) and AH13 stands for (Ardhuin
& Herbers, 2013).

quantity this paper LH50 BGKN73 WG06 AH13
vertical coordinate z —z z z z
angle relative to vertical 0, or 6, — 0 — —
surface elevation ¢ ¢ ¢

azimuth of spectrum @ ©

azimuth of acoustic signal 0 — Va — —
velocity potential 10} —¢ —p 10} 10)
layer index l — J o —
sound speed o c cj Co o
density ratio m — m — —
horizontal wavenumber K — q — K
radian frequency Q — Q — 27 fs
horizontal wavenumbers k, k/ (—uk, —vk) , | k,q k, k/
radian frequencies oo’ o w(x)w(n) wk)w(q) oo
pressure p P oP P P
vertical wavenumbers Vi, -, A1,A9 — lg, 1
upward amplification 9/2q 0% — — —

S1 EQUATIONS UP TO EQ. (9) IN BGKN73

We start with the Euler equation for a perfect fluid (no viscosity), we then use the compressible
form of the Bernoulli Equation

0
pl(% + (v - V)vl) =—Vp —gpVz (S1.a)

where g is the acceleration of gravity, the subscript [ represents the layer, v;, p; and p; are respec-
tively the velocity, the density and the pressure of the considered layer. And the mass conservation

equation gives.

)
% +V(ovi) =0 (S1.b)

Equations (2) to (6) in BGKN73 are respectively :
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e the Equation of state in the linear approximation in the form :

P — pio(0) = a7 [pr — pio(0)] (S2)

e the boundary conditions equations to be respected at the interface z = ((x, y, t), which are

both the dynamic and kinematic boundary conditions:
Pw = Pay, ViVz=0(/0t at z=((x,y,t) (S3)

e the equilibrium density and pressure profiles for ocean and atmosphere are obtained by
putting v; =0and ( =0:
po(z) = po(0)exp {—gz/aj},
po(2) = pio+ [po(z) = po(0)] of (S4)
po = Pao(0) = puo(0)

e the expansion of all quantities in a certain small parameter ¢ for v; # 0:

p = po(z)+epn + Epp+ ...

pi = pio(z) +epn + Epn + ...

v, = evy+edvp + .. (S5)
G = €n+ Gt ...

e the relation between p;; and p;;, obtained from the precedent equations and a series expan-

sion in ¢ and the definition of the quantity Py;:
b = Oéz2plz‘ (S6.2)

and Pu = pzo(Z)Pzi (S6b)

where the subscript ¢ is the order of expansion in e
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S1.1 About Euler’s equation in BGKN73

Using the expansion in order of €, eq. (S1.a) can be rewritten as

Oevy + €2vy
ot

= —V(po+ep1+ €p2) — g(po + ep1 + €2p2) V2. (S7)

(po + ep1+€py) ( + (evy + €*vy) - V(evy + eQVz))

Here the subscript layer [ is not written to lighten the equations, because the calculation is the

same for ocean and atmosphere. Its truncation at the different orders in wave slope € gives,

e Order O,
—Vpo = gpoVz (S8)
e Order 1,
3v1
Poor +0=—-Vp —gpVz (89
e Order 2:
ov ov
pog P paViVVI = = Vs — gpaVa (S10)

S1.1.1 Simplifications from relations between p and p

Then some simplifications arise from eq. (S6.a) and eq. (S6.b)

e Order 1:
Vp1 = V(poP1) = PiV(po) + poV(P1) = Pipo - ;—QQVZ + poV(P1)

And then, remebering from eq. (S6.a) and eq. (S6.b) that P; = a?p;/py , it simplifies to:

2

p—— a —
Pipo - —sz +poV(P) = P1 - po - —sz + poV(P1)
o 00 a
= —gmVz+pV(P)

Finally, Equation (S7) for order 1 becomes

8v1 .
EvLVPl—O. (S11)
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e Order 2: We similarly obtain

—Vp2 — gpaVz = =V (poP2) — gp2Vz = —poV (Pa) — QQ%V(PO) —gp2Vz

= —poV(P2) — a?2. —_;qu —gpaVz = —poV(Pa).
Po «
Leading to,
Ovy p1 Ovy
— + —— Vv = =VPa.
ot +p0 ot +VviVvy Ps
0
Remembering from order 1 that % = —V'P; (eq. S11), one obtains
A p1 Ovy pra?
— +VPy=——— —v;Vv; = VP —wvV
BN + VP, oy Ot ViVV] pve 1—ViVVy

Pt

a2

1 1

= —<PiVP; —viVvy = §V < — v%) +v; X rotv;
a

Finally, Equation (S7) for order 2 becomes

2
% + VP, = %V (% — V%) +v; X rotv; (S12)

S1.1.2  Simplifications from irrotational velocity field

As the velocity field is irrotational, it can be expressed as the gradient of a potential velocity ¢,

This gives,
A
VP = 5
_ OVe¢y  1_ (P} )
VP, = 5 + 2V <@2 (Vor)
Which can also be written
091
= —— 14
P BT (S14)
_ 0¢y P (Vn)?
Py =— BT + (2042 5 ) (S15)
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S1.2 About mass conservation equation in BGKN73 and the acoustic wave equation

The same truncation by orders can be done for the mass conservation equation (S1.b):

e Order 1:

ot

e Order 2:

15)
5t + V(v =0
15)
<~ % + poVVl + V1Vp0 =0
15)
T = 1=V Vo (S16)

9,
—(po-S14) — a*-S16 leads to

dpoP1 dp1 9 pogn
or a’ ot —a?po A1 —a*V 1 Vo = — o8
0 da~? 0?
% —a’ at]h —042P0A¢1+042V¢1/)0%VZ = —po 82221
O 0%y
<= —aQAcﬁﬁ—gE—&— o2 =0
g O¢1 1 329251
— Ad, — = - = 1
1 a? 0z a? Ot? 0 (517
0
% + V(png + p1V1) = 0
0
— % + poVve +voVpg + p1Vvy +viVp =0
0
= L AG VsV po—pi A~V 1V (S18)

ot
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gt (po SIS) — a?-S18 leads to:
3p0732 3p2 a p0¢2 0 P2 (v¢1)2
o o VT 2p0Aga—a’VVpy—a’ p1 Agr—a’Vy Vp = o2 +'008t —1— 9
Opa da™2py g 092 9% ¢y 8 Pi (Ven)?
o0 e AR A VeV =g (50

0 o2 o [P V)2
= —QZPOA@JF@QPO%%_pOPIA¢1_P1V¢1VP0—/)0V¢1V7’1= e (2(112 ( ;bl) )

_+ - -
£o o2 PO@t

— —a PoA¢2+pogaa¢ poP1A¢1+731p0 J ;51 —poV e VP = poa;i%r Oaat (731 _(V;bl)z)
T T
— QQPOA¢2+009%+00731L% poV¢1VP1:pOa;22+ Oé.?t (Pl _%)

= POA(ﬁzH)Oga;5 +p0V¢1 8(;;1 ——poa;iZ ~po, (V§1>

= —a POA¢2+Pog% +poaaj;2 = —po% (V)

R %8;22 = gy (VO (819)

And we retrieve the acoustic wave equation for both first (S17) and second (S19) orders.

S1.3 About Boundary conditions

We use the same boundary conditions as in BGKN73 for z = 0 for velocity,

a¢l 8{1
ot 2

o=t 7! (S20)

8¢2 aCQ _ 62¢1

0z |, T T ( 922 |, G+ Voril,_y VG (S21)
And for pressure,
(P’u),l — m’])aJ)z:(] - g(l - m)Cl = 0 (822)

0Py aPa
(Pw,Q - mpa,2>z:0 - g(l — m)CQ - — < 5 1 1) Cl
z
+ L Pus — mPa)oCi - i (n® —m*) (G (S23)
o o v 202 1
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103

w0« Here is a summary of the system of equation that corresponds to eq. (9) in BGKN73

g Oy 1 82¢li Oy
Ay — 2 ZFE 4o R S o
¢l,z OZ2 82 0112 8t2 Sl{t Pl,z at + i
oy (9 i
9 X Qu (P — mPas)oo — g(1 — m)G; = R,
0z _0
where,
Fili=5:1=Q1=R =0
Pl (Vo) 19 2
105 Fio= 20512 - 5 Si2 = +a—%a(v¢l,1)
2¢z 1
Q2= —-VoiloVa+ ——| G
z2=0
0Py 0P, 2
Ry = — ( 8271 - 1) G+ ( *Puwt — mPai)ot — 29a2 (n® —m?)(
p 1/2 o
m:pa,O/pw,Oa n:aa/aw, 5(1 - (Osz’) - a ka 5w :néa

S2 SOLVING FOR FIRST ORDER AND EXPRESSING THE SECOND ORDER

106

PROBLEM

107

S2.1 First order

108

o From the Fourier transform in horizontal space and time we can take

Gr1 = —iso Y By (z)Zel x> (S24)
i The boundary condition in z = 0 leads to

2 ®,1(2=0)=1. (S25)
ns  Assuming @, 1(z) = f;(2)e"* with v, = g/2a; one obtains,

s o for the air

L= Y izt (S26)
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with
ka = —Ya + kaO
g 9Ya O’
=5 /R -t -
202 \/ Ta a2 ol
2 2 2
9 9 9 o
=4 Lk1- _
202 K 4alk? * 204k ka2

/2

g 53 53 21
— 1]— -2 Za_
k2ka§+k( 4+2 o;

0a 0a
k% ah(1-%)

—k(1-22)

e for the water :

. kwo cosh (kyo(2 + h)) =y sinh (kyo(2 + 1)) i
= — wz 7 i(k-x—sot)
Pur = ) ~iso k2 sinh (kpoh) e e

with k2 = k2, — 2 = k2(1 — 262)

If we consider 62 to be negligible (4,, = n2§? ~ 0.0552) we obtain :

. cosh (kyo(z +R)) (ox—
ol = . A i(k-x—sot)
Pur =Y —iso— o (kwoh) €

For simplicity, from now on we will write that under the form:

¢w,1 = Z —iSO'fwyk(Z)e'szZei(k-x—sat)

S2.2 Second order

(S27)

(S28)

(S529)

At second order, the effects of waves comes into the pressure and velocity boundary conditions

at the interfaces, but also as forcing terms on the right hand side of the wave equation. All these

different terms take different forms, in particular for waves in intermediate or shallow water (Ard-

huin & Herbers, 2013). In the limit of deep water waves, kh > 1, and neglecting 530 terms, all the
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12 wave forcing terms can be expressed as a function of ps ,, defined as

2
Poal(2,y, 2) = pu|Vor |2 = ’; “’ja, 3 (kK — kk) ZZ/eH76® (S30)

s
w with © = K-x—Qtf, K = k+k/,and Q = so+s'0’. A the surface, z = 0, this equivalent pressure,
e correspond to the pressure that drives microseisms as given by Hasselmann (1963, eq. 2.12).

133 In the following, we will neglect all the short wavelength components that correspond to the
s middle line of eq. (2.13) of (Hasselmann, 1963), keeping only the large wavelengths that excite
s microbaroms, and for which |k + k'| < |k|.

136 Given that acoustic waves in the atmosphere are much slower than those in water, we will retain
w02 terms. As a result, following (Brekhovskikh et al., 1973), we cannot use the approximation

ws K-k’ ~ 0, but instead, using k-k’ < 0 for those components that produce microseisms, we can use

K Ka, 20
139 -5 = = = 25i Gaéa S31
k 20 ko, S (S31)
o and the law of cosine in triangles,
1a1 ok K = k* + K* — Kk (S32)

w2 this gives,

i kN2 Kk — KK\ (kK -kk\\ ">
143 ! kk/ = / 1_ = ! 1_
ok = - () )= - () ()
| (KRR R (kK -2 12
- k! k!
(k

22— (KK)? + Kok (k2 + K2 — K7) — kK2
k22

145 — k’k’l 1—

— kK _1 1 —(K'k)2 + 2K -k(K'k) — K2R\ /2
146 = _ + k2k,2
- B
_ ’ (Kk)2 — k2K? 1
147 = kK |1-— <1 —+ ka,Q
- 1 (K-k)2 K2 1 K2 (K~k)2
148 ~ kk 9 ( L2)2 2 ~ kk 2 %72 1 =N
k-K)?
149 ~ 2]{:]{)/ Sin2 (9@52 |:1 — ((kQKZ >:| = 2kk/ Sin2 9(152 [1 _ COS2(g02 o g0):| (833)

w0 which is a function of the azimuth ¢, of the acoustic wave propagation, with cos(ps — @) =
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k-K/(kK).
Then,

k-k' — kk' ~ —2kk' (1 — sin®0,6; [1 — cos*(p2 — ¢)]) (S34)

This gives,

Pou(,y,2) =~ —2p,00" Z (1 — sin?0,6? [1 — cos? (g — <p)D 77 k)20 (S35)

Other similar terms have more simple forms with no azimuthal dependency

1 1 1
3 (K +kkK + k£ +kK) = 3 (kK +kK) = 5}(2 ~ 2k*sin? 0,02 (S36)

S3 SECOND ORDER SOLUTION
S3.1 General form of the solution in the water layer
The homogeneous solution is obtained for S5, » = 0,
Gwan(T,y,2,t) =Y Puope’®, with ©=Kx—Qt, K=k+k/, Q=s0+s0" (S37)

Assuming a e*** variation over the vertical and replacing eq. (S37) in the homogeneous equation

(S19) gives,

02+ io%/,z (K2 —02/a2) =0 (S38)
with solutions,
_ .9 92 2/2 2
pe = —i + S0t + (22/a2 — K?) =~ tkyoo(1 4+ O(07)) (S39)

with the complex wavenumber k20 = 1/§2%2/a2, — K? so that the homogeneous solution is
Dyop = Wieht? + W_eh—=. (S40)

We recall that the wave equation is forced by,

1 8 1 aﬁ&u
2815 (V¢1) B pwa2 ot

Swa =+— (541)

This forcing adds a particular solution of order 62 that could be neglected here but we will only
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keep the lowest order term to be consistent with BGKN73. This is also discussed by (Longuet-
Higgins, 1950) and (Waxler & Gilbert, 2006). We will only give its expression in the limit of deep
water, i.e. kh > 1.

We recall the right hand side of eq. eq:Sw2,

1 Opou(m,y,2,1) g° 50 + so’ iy,
Sw t ~ + Ll VI _ = - kk/ kk ! kw kw)z 19.
’2(1‘,27 ) 3 E 1 P ( )22 e

Puw02, ot a?
(S42)
Looking for a solution of the form
¢w,2,p = Z (I)w,Z,pei@ (843)
We replace it in the wave equation (S19) and find
2 /
(bw,Q,p ~ 719_ . u (kk/ kk' ) ZZ/ w-‘rk’iu)z. (S44)
U S0S0
with the denominator defined by
QZ
u=a’ [—K2 + — + (ko + k)| + g(kw + k) ~ a2 (ky + K,)? =~ 402 k>, (S45)
a’ll)

Of particular interest is the long-wavelength part — with s = s’ — of the vertical derivative of ¢,, 2,

given by,

8¢w 2,p . 92 2‘7<kw + k, ) / 1 (kw+k, i
TP~ _ w/ (k.k' — 77 +kl,)z 1O
0z Z 1 402 k2 oo’ ( k') ¢

+le(52 2ok2 7 7' ekutki,)zoi® (S46)

12

S3.2 General form of the solution in the air layer

For the air, we only consider acoustic waves radiating upward, giving the homogeneous solution,

Gaon(T,y,2,t) = Z sAL 27 e’ +7ei, (S47)

where

g | g
V+——?L +1\/—2 1 +(Q2/OZ%U—K2). (548)
For the particular solution, we recall the right hand side,

1 Opau(x,y,—2,t 2 . ! N
Suale, ity o+ IP2ulT Y T2l G ST ESOT g ey g ek,
’ P02 ot a? soso’

(S549)
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Looking for a solution of the form

i©®
Ga2p = E :(I)a,2,pe

We replace it in the wave equation (S19) and find

2 /

T (kK — koK) 27 e (Ratha)z,

with the denominator defined by

QQ
u=a’ {—KZ gt (ko + k(’l)zl + glka + K = a2 (ke + k.)? ~ 402K,

a

The derivation of eq. (S52) is detailed below:

QZ
u = o {—KQ + — + (ko + k;)ﬂ + g(kq + k)
aa

/

K\ 2 g
21.2 2 2 2
azk (45a cos” 0, + <1 + —k) (1—257) + a2k:2(k“ + kQ))

a

12

12

a2k?(402 cos® 0, + 4(1 — 262) + 262(1 — 62))

12

402k*(1 — 62(sin® 0, + %)) ~ 402K*(1 + O(62))

-13-

(S50)

(S51)

(S52)

(S53)

Of particular interest is the long-wavelength part — with s = s’ — of the vertical derivative of ¢, 2 ,,

given by,
a¢a72,P : 92 2 QJ(ka + k‘;) / / ! —(ka+k})z 1O
W ~ +218ng2(1—0(6a>>7(kk _kaka) LZ'e e T,

+Zi$%3k2(1—0(5Z>>20(k+k/)(1_5a>

+ 315022 (kK — k) (14 O(62)) 2 Z'e~ (th)=ei®,
g

12

oo’

12

12

= is0720'kZ Z'e” Fatha)=eO,

S3.3 The BGKN terms - F; 5, (02, R

$3.3.1 In the water layer

(kK — kk' — 2kk'62) ZZ e~ (Fatha)ei®,

(S54)

To simplify the calculation of these terms we use kh > 1 for waves in deep water, and ko ~ k,

we may also use eq. (S33) and eq. (S34). These simplifications lead to :

.SO (kex—
¢w,1 = g —1?ekwoze%’zZel(kx sat)

(S55)
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And then we obtain the second order terms :

Pai| _ (Véun)’
Fw’g(Z = O) .
204%) 0 2 .
B ss'oo’ [ sos'a’ , , ’ 36
=> . { T kk +kk)} ZZ'e
n2
~ Z [1 + 52 — —sin®6, [1 — cos*(pa — gp)]] Z7'e®.

Using the law of cosines in a triangle,

so that

we get

Qw’2’z:0 -

K2 - ok-K\ Y4 1 K2 - 9k-K
\@:ﬁ0+___ﬁ :@Q+_———

a2¢wl
+ — 9.2

E? = k?> + K? — 2k-K

k? 4 k2

C1 Vouilo- VG

_ sak—i—sa’k’ kk' (so §o ;6
Ly |k K (?+-M)]Zze

. 1
—1 Z _50% (k:2 + k~k’) + 5

. / 1 (1!
k-(k + k) +S/0/k (k' + k)

—iE so

o .
o (F° + k-k’)} 27'e"

i
2k ok } 27

k-K KK

3 - ! i©
12 so o + 5o’ 577 }ZZ

o ok — ok’ -
—i — (kK+kKK) +— (KK)| 27'¢"®
123 {2]{ (kK + )+ ( )} e

Wk
K fM
282 VI o ik

252sm Oa +i(2kK K?) —

(-k-K+ K?)| ZZ'e®

4k2 2k2
2 .
202 sin” f, — % (%) Z7'e®

n . |
262 sin” 0, <1 —3 cos? (g — @))] 77",

)

(S56)

(S57)

(S58)

(-kK + KQ)] Z7'e®

(S59)
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In a similar way we obtain :

Fa’2<2 = 0) =

2
7Dw,l

2
20,

B ;L o [ s0s'0’ kK — kK + 262kK
—25500(1+25a) [Qkk’ag_ T

~ 202 {1 + 62 (g — sin® 0, [1 — cos® (s — gp)])] 77'e®

(V)
2

0 0

— kK + kk] 77'e®

ss'oo’ [sas’a’

2k,

2
Qg

:| Zz/ei®

-15-

(S60)

And using :
sok 2810%/ - k'Qk/ <% + S;) - 80% (K — kK + s% (K2 — kK
= soor (2k* — kK) + s% (2k”* — K K)
= sok+ s’k — [sak;: + s'o'k;:f}
~ sok {2 — 26%sin? 0, (1 - %COSQ((,OQ - cp))} (S61)
one gets :
Qualoy =+ 223 (- Touilo- VG
_ Jriz :sc(;k:a —;8/0%’(/1 N k-2k’ (Z_Z N sl;z’)] 7 7110
S sok £ Sk +23/"/k/(1 — 2 + k'2k/ (%‘7 + S;j) (1+ 53)} Z7¢®

[ sok + s'o'k’

:+iz_

k-k (50’

s'o’ o (sok+s'd'k kk' [so
2 2 \x ~ 0 B k

kK 2 2 k

s'o’ ie
)| 27

1 1 :
o~ +H Z so k262 {Sin2 0, (1 —3 cos? (g — (p)) - {1 — 62sin? 0, (1 ~3 cos? (g — <p)) } } 77'e®

1 .
o~ —iz s0k262 [1 — sin® 4, <1—§ cos?(py — go)) (1+ 52)] 77'e®

(S62)
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$3.3.3 Ry coefficient

a7311},1 (973,171 g 92

Ry = — ( 0z —m G >0C1 + a—g<n273w71 — m7%,1)o§1 - m(nz _ mz)CIQ
’ ” 2 2 2 2 12

- Xjaza'“—m%ﬂﬁ%;4ﬁ+ma+ﬁ»_%aza(ﬁ

12

S (1w (2 (1)) 2z

—m?)| 22"

(S63)
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x« 54 MATRIX PROBLEM FOR THE SECOND ORDER AMPLITUDES

s o Velocity continuity at z = 0

2

-}

oloM O
266 g = + Qa,2 = ¢ 2 + Qw,2 (864)
Z 0z |,
0P, 0P,
27 v A —pWo —p Wy = B 2P| TR Quat Qu (S65)
268 z 0 0z 0
20 ® Pressure continuity at z = 0
OPuy.2 _ maPa,2 g1 — m)% B @
ot o ), ! ot~ ot
873111 2 673a 2 a¢a 2 aRQ
271 — — ! —a(l — J _ _ g = —o
= (B2 - m ) gt —m) 2| — 0= m)Qus =
82¢w 2 a1711} 2 a2¢a 2 aF'a 2 a¢a 2 aR?
272 — ’ - Ll I “ (1 — il I _ =
e | | e | e | o | 9 T Qe =
73— — Q2 (—¢w727p(0)—W+—W_+m¢a72,p(0)+m14+) + iQ(mFaQ(O) — Fw,Q(()))
, OR
o —g(1 = m) (2, (0) + VAL + Qup) = —= (S66)
2 ® Boundary condition at z = —h

2z This boundary condition is given as an example below. A more realistic boundary condition will

2

]

s be developed further:

0P,
D02 () o u W W = 0 (567

20 Then we can write the boundary conditions system as a matrix problem,

v M- —H4 Ay Ay
281 —mQ? — g(1 —m)v 0? 0? IWo = A (568)
0 poe h=l el W, A3

22 Because we have assumed kh > 1 we can neglect the pj,; term of (Ardhuin & Herbers, 2013) in

2 A3, and the A forcing terms are,

00y 0o,
w A= Dote) eta) g .10, (369)
z 0z |,
. , oR
285 AQ = —QQ (¢w727p(0)—m¢a72,p(0))—1Q(mFa72(O)—Fw,2(O)) +g(1—m) <¢a,2,p(0) + Qa’2)+a_t2
ws Ny = — 0920 (S70)
287 0z —h
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SIMPLIFIED FORMS USED:
62n? :
Fua(z=0)~ Z 0?[1—sin?0,62(1 — cos?(pa—p)) + “2 122'¢®®  O(c?) + O(c%52 sin? 0,)
1 A
Qua(z =0) ~ —i Z sok2sin? 0,02 (1— 5 cos®(py—)) ZZ'e™® O(062sin?0,)

F.2(z=0) Z o?[1—sin® 0,02 (1 —cos*(pa—p)) + gég]ZZ’ei@ O(0?) + O(0%62 sin? 6,)

1 .
Qa2(z=10) ~ —iz 50k262[1—sin?0,(1 — 3 cos’ (0 —))] 226  O(c62) + O(062 sin?0,,)

Guop(z=0)21Y  sooin’Z7'e" 0(02n?)
Obw .

(ﬁazﬂ,p By ~ iZsan,‘égnQZZ/e’(a 0(0—52112)

Gapp(z =0) 1) 500.22'e® O(062) + O(002 sin? 6,)

s T I sk O(05)

Ry ~ Z 2(1—m—62(3n%/2 +m)) Z Z'e® O(c?)

IR, 200 2 1,i© 3

rra 13220 (1-m—65(3n"/2+m))ZZ'e O(c?)

vy = 2i(5ak( + cosf, — 1(1—'1)

pe = 2i6k(Fil — ii—an2)

Ko
. ea — ll’
sin q
Q ~ 20, n:%, [ = (sin” 6 )1/2
Aoy
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S4.1 Matrix 2x2 : BGKN73

When the ocean is assumed to have an infinite depth, we consider the atmosphere and ocean to be

half spaces, with the continuity of velocity and pressure at z = 0 giving a 2 by 2 matrix,

1% —U_
M= H (S71)

-mQ? —g(l—m)r Q?

The solution is given by Cramer’s method

det M1
= S72
T detM (572)
with

A —p_

detM, = | " (ST3)
Ay, Q2
v —

det M = = v —mpu_Q* — g(1 —m)vu_ (S74)

—mQ? —g(1—m)yv Q2
Here are the different pieces of det M,

° VQQ .
Q
vQ? = 402 9 +1i— coséb,
202,
= 802k (_i4kga2 + kccfya cos ea)
L 4,
= 8ic“ ko, | cosb, —i—
4
o —mu_Q?:

—mpu_Q? ~ —mdo? - 2i6,.k |il — i%n2
2
~ —8ic?kd,m |il]

e —g(l—m)vu_:

—g(1—mvpu_ ~ —g(1 —m)2id.k (cos 0, — 1%) 21,k (il + i%nQ)

~ 4025,kd,(il cos B, + O(5,))

l

1
~ 8ic?kd, [ééalcosea}



304

305

306

307

308

309

310

311

312

313

314

315

316

-20-  De Carlo et al.
This gives det M, keeping only the second order in ¢, (the d, that is a factor should be remove

alongside with all the factors in magenta when doing the ratio giving us a first order in 9,).

Oa 0a
det M = 18026,k {—iz + cosf, —iml + 5 cos Qal}

N 0
det M ~ 8iokd, [cos 0, <1 > — i(z—i-ml)] (875)
The term in is different from BGKN73 denominator. The difference is coming from the

0(y/0t term in the Bernoulli equation for the pressure at z = 0.

Now the numerator is,

det M1 = AlQQ + ,LL,AQ

8¢w2 8¢a2
_ 2 2P| 2| 02
= Q ( 82,’ . 82 . Qa,2+Qw,2>+,u—< Q ((I)w,Q,p(O)
. ) ORy
—mP4,(0)) —1sQ(mF5(0) = Fu2(0)) + g(1=m) ($f5,(0) + Qua)+ =5~
a¢w 2 aqba 2
~ 2 2P| 2P|
~ () ( 8z . 62 . Qa,2+Qw,2)

o (a0 5 76



3

7

318

319

320

321

322

323

324

325

326

327

328

329

330

331

332

333
334

335

336

337

338

Supporting information for ”Atmospheric infrasound radiation...” - 21 -

where eqs. (S46), (S54) , (S62), (S56) give

QQ a¢w,2,p
oz |,

aqba,Q,p
0z |,

792@(172

+92Qw,2

‘I‘iSQ/L_ Fw’g (0)

OR,
M=ot

12

12

12

12

12

12

12

12

12

40* -is62n’o2k

8io?k,s00,n (S77)
—40% - (—i)s20k6?

8ic%kd,500, (S78)

1
—40? - (—i)s20ko? (1—sin2 0. <1—§ 0082(902—90)»

8io %k, 080, (1 —sin?6, (1 —% cos? (g — go))) (S79)
40 - 1205k0? (— sin® 4, <1 —% cos? (g — go)))

8io% ko, 080, <— sin? 6, (1 —% cos? (gp— @))) (S80)
i2s0 - 2(5(1]{:((1—“712 —1) - 0?[1 —sin® 0,02 (1 — cos? (2 — ©)) + 62n*/2]
—8io?kd,08 E - %M - %sinQ 0.0, [1 — cos®(ps — go)]} (S81)

20,k (%nQ — l) is20%(1 —m)

f I 4
—8id, ko’os {5 — gnﬂ

Collecting all the terms we find,

Oa

i 1
det My ~ —8io*kd,os |l — ZnQ — 04 + 20, sin? 0,(1 — 3 cos? ©2) + 04 (n2 — 1)]

. [ 1 5
~ —8io’kd,os |l — 4, {2 —2sin?6,(1 — 3 cos® o) + —n2H

4
I 1 5
~ —8ioc? ki o8 |1 — 20, [1 —sin®6,(1 — 3 cos® ) + §n2H (S82)

Then, we find the same expression as in BGKN73 numerator and the ¢, term is larger than the one

in WGO06, with 2 instead of 3/2.

The main term arises from the pressure boundary condition and from the difference between the

pressure and the temporal derivative of the potential velocity.
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We recall that the homogeneous atmospheric potential that radiates from the surface is given

by eq. (S47),
bunal(z) = ) sALZZ'+ O, (S83)
with
0
v I i cose, (S84)
202 a,
and

[ — 20, [1—sin®6, (1 — % cos®(p2 — ¢)) + 2n?]
cos b, (1 ) —1 (‘5 '

(S85)

S5 ADDING THE SOLID EARTH

The solid Earth is characterised by density p,, compression velocity «, and shear velocity (.

Then the velocity potentials write as,
uwp = Z [(W_e'=7 + Wiett?) ZZ' + By €€, for —h<z<(
P = Z [sA 727 4+ By,) €€, for( < z

All the potentials share the same phase, © = K-x — Qt, Q = s(o + ¢’), but they differ by their
vertical structures and amplitudes.

The boundary conditions for ocean/atmosphere interfaces remain the same. For the ocean bot-
tom, the motion in the crust is given by velocity potentials for compression and shear waves in the
solid Earth, we follow here the treatment in (Ardhuin & Herbers, 2013). Neglecting the effect of
gravity, crustal motions can be separated into an irrotational part with a velocity potential ¢. and a

rotational part with a stream function ), both solutions to Laplace’s equation.

pe = Cew =T i®, (S86)
P = CyeXsEHhei® (S87)
with

02 / 02
Xp = K2—?, and y, = K2—@. (S88)

where o and 3 are respectively the compression and the shear wave speed in the crust. Typically

/3 ranges from 2800 to 3200 m s~'; a, = v/33. And p, ~ 2500 kg m~3. The constants C,, and C,
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have dimensions of m? /s and are determined by the boundary conditions at the ocean bottom.

With A, and p. the Lame elasticity parameters of the crust, Hooke’s law of elasticity gives

0¢,  0&, o€,

zz )\e 2 e ) S89

K ( Ox + 0z ) e 0z (589)
0,  0&,

e = fhe . S90
i K ( 0z * Ox ) (590
We recall that the compression and shear velocity are related to the Lame parameters,

Ae 2 e
ol = J’ (S91)
Ps
g = Ee (S92)
Ps
The zero tangential stress on the ocean bottom 7,,(z = —h) = 0 yields the following relation-
ship between C), and C;, which is typical of seismic Rayleigh waves (Stoneley, 1926),
21Ky, 212K x,
SZxE—I—KQ P:262K2_QQCI" (593)
We can now eliminate C),, using the continuity of the vertical velocity at the bottom,
O¢a Op. Oy
/= = - at =—h S94
0z 0z * ar (594)
Wioppe "+ W_py_emh = x,0, +iKC, (S95)
. 2if%Kx,
= x,Cp+ 1K—2 PR C, (596)
_ XpSY’
= e 597
and the continuity of normal stresses, using the result from (Ardhuin et al., 2013) :
0
_pw% R (S98)
prise_’““hI/VJr + prisW,e_“‘h = 1450 (S99)
(S100)
where
is 46K 2Xst 2 2 92
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Defining
. Xp$2?
15pr—2 = VR
e = O —2K°P (S102)
H+TAH
Q2
ispwﬂ%
- - 2K $103
o 4B4K2XPX 2 2 92 7 ( )
— J P —- A L 0 —2K
Q“ip Q2—2K252+( 5)
wXpS
- PuwXp (S104)

pps [(Q2 — 2K282)* — 484K 2y, x|

we combine these two boundary conditions by subtracting  times the second equation to find a

condition for the bottom velocities on the water side,
p(L—ry)e ™ "Wy + = (1 —r_)p_e ™"W_ = 0. (S105)

We thus have the matrix equation

M(A,, W_, W)T = (A, Ay, 0)F (S106)
with
Vi —H— —H+
M= | -mQ? - g(1-m)v, 0? 0?2 (S107)
0 (L=ro)pe™" (L —ry) ppersh

and we use the following simplification,

0o, 0P,
Al = 0 2P - 22| Qa,Q + Qw,Q (8108)
z | 0z |,
Ay = iQF,,(0) + % (5109)

Assuming mu ~ —p_ =~ p the matrix equation simplifies as:
Vi H —H
M=1]-mQ%—g(1-m, 02 02 (S110)

0 —(L+7)pet™ (1 —r)pe+rh
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o S6 FROM AMPLITUDE TO POWER
« S6.1 Particular case of a pair of wave trains

«s Here we first consider the pressure amplitude and variance in the water layer, which has been well
w4 Studied and measured (Cox & Jacobs, 1989; Ardhuin et al., 2013).
405 In the case of only two wave trains of opposing direction with wave numbers k; and ko ~ —k;

w6 With surface elevation
w07 ¢ = ay cos(kyx — o1t) + ag cos(kax — oot) (S111)

«s and velocity field

400 w(z = 0) = ayoy sin(k1x — o1t) + agog sin(kex — o9t) (S112)

oy u(z = 0) = a0y cos(kyx — o1t) — ay09 cos(kox — oot) (S113)
«2 the second order pressure is, keeping only the small wavenumber components,

sta P2 = pu(u® +w?) = —2po09a1a, cos [Kx + Q] (S114)

««  Now we consider the variance of the pressure,

ws < ps> = 4pioiojalay)2 (S115)
416 = 20 Z o?c?a*a’? /2 (S116)
k+k'=
2 2
= 8plotor 2 S117
pw 102 2 9 ( )
418 >~ §pr4E1E2 (Sl 18)
_ 1 2 N4 /
= 10 > EE. (S119)
k+k'=K

2 96.2 Case of random waves

(1B
. Foon(K, fs) = \dK|—1>0 dfs—0 dK,dK,df s (5120)
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with

s a¢a,2,h
ch = pa,Pa,Q,h:_pa ot

2 <RQ<K>ps,s/(K7 Q))

pw20_1 surf
remembering
Pon(K.Q) =p, Y D.(k sk, )22 (S121)
k,s,k/,s'
one gets :
Py, = pa . iR ) BTSN b s 527
2h T pakSk/S, a 2" z\ By oy By
: (c+0) ©
o k;{, isRa(K) = 7= Dk, 5,1, 5) 2 Ze (5122)

Then,
2

/
<O-+O-)Dz(k,+,kl,+)ZZ/ei®

20’

21Pl” = 20 > Ra(K)
k+k'=K,o0+0'=

(0 +0')?

= 2022 > IR, (K)|? o7 1D.(k, +, K, )| Z*|1Z')? (S123)
k+k/'=K,o0+0'=2
And the spectrum density of the source writes :
1 (0 +0')? 2 2
FoonK, fo) = i — R, (K)*p2|D.(k, +. K ,+)]*|Z]*|1Z'|?
p,2h( 7f) |dK\—>1(§,IzlifS—>0 deKydfs k+k,:g;+g,zﬂ 0_/2 ( ) pa| ( 7+a a+)| | | | |
(S124)
using the definition :
|Z]?

E(ky, ky) =2 (S125)

dkzl,ilgcgeo dk,dk,
dk.dk,dk, dk;,

i (o +0')? 2 2 ;e o
l a K DZ k? ) k ; E kx7 k,)E(K .k
aK| S0.df, 0 AdK,d K, df, > R.(K)?02|D.(k, +, K, +)[*E(k,, k) E(K,, k)

/2 x) My
k,s,k’

Foon(K, fs) =

o

(S126)

Taking the limit to continuous sums and using a change of variable from (k. k,, k7, k;) to (fs, », Kz, K),

with K, = k, + ki, K, = k, + k, and f; = (v/gk + /gk’)/(27) the Jacobian of the coordinate
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transform is

gcosyp/(dro) —sinp/k 1 0

(

o (a fsﬁgpﬁKxaKy) _ | gsing/(4mo)  cosp/k 0 1| 9o — o (p— ).
(
(

3
Ok, 0k, 0k, 0k, gcos ! /(4ma”) 0 1 ol 4moo
gsing'/(4mo’) 0 01
(S127)
9 (O‘ + 0")2 2 2p r 117
Foon(K, f)AK ARy dfs = po | =5 |Ral" [ D[ E(ka, ky) E(ka, ky)dkdkydkdk,
s [0+ o o Bk k) E(R, K)inc’o
= ~ 2 |R,|*|D, dfsdpd K, dK,.
pa/ 17 el I G cos (= gy WPty
To transform the spectra to frequency-direction spectra we use the Jacobian :
4
B(f0) = T B(k, ) (8128)

And then obtain :

E / /
/ Fyon(K, L)AKAK,df, = 3677 / 17 R D, Fes L (g ’¢(p),)]dfsd¢dede.

Now we use the unicity of the Fourier transform to identify the spectral density in the left and right
hand sides and considering | D, (k, +, k', +)| ~ 200" :

2 ! 1o
R, £) = gitfs [ T p PR,

S129
o' —ocos(p—¢) ( )

S6.3 Acoustic energy in the water column

We take the acoustic energy per unit of horizontal surface to be twice the kinetic energy. Consid-

ering only K < /a,,, we have

0
Eyw = pu / u? 4+ widz (S130)

—h
Now using eq. (45)

0 147\
E, = pw/hZ(KM;f) w2 (1—7«) cos?(|p)2)dz (S131)

2
0 .
a2 A W_1+r| (h sin2|ulh
= w K2 as sJs) | >+ A4 5 T dead
p /ea’1 (K2 4 1ul?) Fp2n(bas 92, fs) P A1-r (2+ 14| P2

(S132)
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with
W_1+r 2v(1+7)
= S133
A1-r 'u[isin(!u\h) T cos(lh) (G139
and
A 1
| = : (S134)
PZ,h (0 + U/)pa

Now, looking at the ratio of the acoustic energy and radiated power for any 6, and ¢, we have,

QOF
Qmax = = (8135)
Fp,%(eav ¥2; fS)/(paOéa)
2
A W_1+4r| (h sin2|ulh
= prpaaa K2+ N2 > A <_+ (8136)
( | |) P;thl—r 2 4|
2 .
Puwla /1.9 o | W_ 147" (h sin2|ulh
= S K e R T S137
paQ( +11P) | (2+ P (S137)
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