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Abstract Anisotropic turbulence is ubiquitous in atmospheric and oceanic boundary layers due to
differences in energy injection mechanisms. Unlike mechanical production that injects energy in the
streamwise velocity component, buoyancy affects only the vertical velocity component. This anisotropy in
energy sources, quantiﬁed by the ﬂux Richardson number Rif, is compensated by a “return to isotropy”
(RTI) tendency of turbulent ﬂows. Describing RTI in Reynolds‐averaged models and across scales continues
to be a challenge in stratiﬁed turbulent ﬂows. Using phenomenological models for spectral energy
transfers, the necessary conditions for which the widely‐used Rotta model captures RTI across various Rif
and eddy sizes are discussed for the ﬁrst time. This work unravels adjustments to the Rotta constant, with Rif
and scale, necessary to obtain consistency between RTI models and the measured properties of the
atmospheric surface layer for planar‐homogeneous and stationary ﬂows in the absence of subsidence. A
range of Rif and eddy sizes where the usage of a conventional Rotta model is prohibited is also found. Those
adjustments lay the groundwork for new closure schemes.
Plain Language Summary In the atmosphere and in oceans, turbulence dominates much of the
exchanges of momentum, heat, water vapor, and scalars such as carbon dioxide, ozone, or methane.
Representing turbulence in numerical models of the Earth and climate system remains a ﬁrst‐order
problem, requiring the development of simpliﬁed approaches to describe the energetics of the ﬂow. One
such representation is based on the universal tendency of all turbulent ﬂows to attain an isotropic state,
where kinetic energy is equi‐partitioned among its three velocity components, labeled “return to isotropy.”
However, the presence of buoyancy forces and mechanical generation of turbulence causes the ﬂow to
be anisotropic at a wide range of eddy sizes. To what degree this additional layer of complexity invalidates
the use of existing models based on the aforementioned universal attainment of an isotropic state is explored
here. Common representation of such phenomenon within existing climate‐ and meso‐scale models are
shown to be satisfactory only for a restricted range of density stratiﬁcation. The analysis unfolds conditions
where adjustments to existing representations are required and others where their use is prohibited.
Novel physical processes are also unfolded, providing guidance toward improved turbulence representation
in a plethora of models.
1. Introduction
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The signiﬁcance of boundary layer turbulence in the ocean and the atmosphere is not in dispute given its
control on a plethora of processes related to the exchange of momentum, heat, and scalars. The description
of key ﬂow properties, however, remains a formidable task due to the need of closing the Reynolds‐averaged
Navier‐Stokes equations using appropriate physical models (Canuto et al., 2001; Cuxart et al., 2000; Mellor &
Yamada, 1982). Among the minimal ingredients characterizing turbulence are the sources and sinks of turbulent kinetic energy (TKE): shear and buoyancy. Shear production (Pm) impacts the streamwise turbulent
velocity component (of variance σ 2u ) whereas buoyancy production/destruction (B) impacts the vertical turbulent velocity component (of variance σ 2w). A dimensionless quantity used to measure the relative strength
of these two energy injection mechanisms is the ﬂux Richardson number Rif =−B/Pm. The differences in
energy injection mechanisms introduce anisotropies in the component‐wise turbulent velocity ﬂuctuations
(Lane & Sharman, 2014; Lovejoy et al., 2007), with σ 2u =σ 2w > 3 across a wide range of Rif (Kaimal & Finnigan,
1994; Sorbjan, 1989).
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Despite being anisotropic, turbulence exhibits a universal tendency to relax to an isotropic state where TKE
is equally partitioned among its three velocity components. This universal tendency of turbulence has been
used to describe pressure‐strain interactions that redistribute energy between the three components and
hence partially compensate for the anisotropy caused by energy injection mechanisms. This premise forms
the basis of numerous turbulence modeling schemes in use today (Abid & Speziale, 1993; Canuto et al., 2001;
Cuxart et al., 2000; Drobinski et al., 2007; Launder et al., 1975; Lumley & Newman, 1977; Mellor & Yamada,
1982), especially within meso‐scale models such as the Weather Research and Forecasting (or WRF) system.
The common closure scheme in use is the Rotta model (Rotta, 1951) that assumes that the magnitude of the
energy redistribution among velocity components is directly proportional to the degree of energy anisotropy,
which deﬁnes the so‐called Rotta constant. This scheme continues to draw research attention in the engineering and geophysical ﬂuid dynamics communities alike (Bou‐Zeid et al., 2018) since the modeling of
the pressure‐strain term is key for turbulent closure schemes used in both atmospheric and oceanic models.
A less‐studied aspect of this universal tendency of turbulence is the connection between anisotropies appearing in the component‐wise turbulent energy spectra at large scales and the attainment of local isotropy at
inertial to small scales (Brugger et al., 2018). The “state of the science” to operationally describe such redistribution of energy between differing velocity components at a given scale remains a spectral version of a linear return to isotropy scheme put forth by Rotta (Besnard et al., 1996; Katul et al., 2013). Such a scheme
rectiﬁes the absence of a local balance between production and nonlinear transfer across scales for a given
velocity component (since the action of viscous dissipation of kinetic energy is small at large scales). It provides a redistribution mechanism of kinetic energy between the three different components at a given scale,
assuming a scale‐dependent relaxation time scale is set. What is to be explored is whether such a Rotta
scheme sufﬁces to capture the main redistribution terms across scales when canonical spectra measured
in the atmospheric surface layer (ASL) are used across various Rif. To guide this inquiry, we ask what is
the Rotta constant associated with the scale‐by‐scale energy redistribution. Is it dependent on Rif and scale?
Are there “signatures” of more complex processes such as rapid distortion effects across scales that are
ampliﬁed or dampened with changes in Rif?
In section 2, this question is ﬁrst addressed from a bulk perspective (i.e., integrated over all scales), extending
the results presented in Bou‐Zeid et al. (2018) that did not focus on the Rotta constant. Section 3 introduces a
spectral model of maximum simplicity (following Katul et al., 2013). The model makes use of a
stability‐dependent spectral budget for the vertical velocity energy and TKE spectra. The terms in these budgets are then determined for idealized canonical spectral shapes reported for the ASL in the literature for
modest deviations in Rif ∈[−1.2,+0.1] from its neutral value (=0). The implications for a “scale‐by‐scale”
Rotta constant are then discussed in section 4. Conclusions are drawn in section 5.

2. A Bulk Analysis
A bulk analysis of the return‐to‐isotropy problem is ﬁrst presented so as to introduce notations, concepts,
and review the linear Rotta closure scheme. The three instantaneous turbulent velocity components are
u′, v′, and w′ in the streamwise (x), cross‐stream (y), and vertical (z) directions, respectively, with zero time
(or ensemble) averages (i.e., u′ ¼ v′ ¼ w′ ¼ 0). Similarly, ρ′ is the turbulent density ﬂuctuation around a
mean density ρ. As a logical starting point, a stationary and planar‐homogeneous ﬂow at high Reynolds
number in the absence of subsidence is considered. The mean velocity in the streamwise direction is
denoted by U. Because the focus is on surface layer turbulence, the Coriolis term is ignored. For these idealized ﬂow conditions, the budget equations for the vertical velocity variance σ 2w ¼ w′ w′ and TKE e ¼ ð1=2Þ
ðu′ u′ þ v′ v′ þ w′ w′ Þ reduce to
1 ∂σ 2w
ϵ
¼ 0 ¼ B þ Rw − ;
2 ∂t
3

(1)

∂e
¼ 0 ¼ Pm þ B − ϵ:
∂t

(2)

Equation 1 is a balance between buoyancy production or destruction B ¼ −ðg=ρÞw′ ρ′ (g is the gravitational
acceleration), the pressure‐strain correlation source/sink Rw (discussed below), and viscous dissipation
AYET ET AL.
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Figure 1. (a) Normalized vertical velocity pressure‐strain term Rw/Pm as a function of the ﬂux Richardson number Rif. Symbols ⋆ and ◊ are, respectively, DNS
and LES results (from Bou‐Zeid et al., 2018). Solid line is from Equation 3. Dashed, dotted lines are Rotta model predictions using a standard Rotta constant
CR =0.9 (Equation 5) without rapid‐distortion corrections (dashed) and with rapid distortion corrections (dotted lines). (b) Inferred Rotta constant CR
required for a Rotta model to match the expected pressure‐strain dependence (solid line in (a)) as a function of the ﬂux Richardson number Rif
(Equation 6). Solid and dashed lines are the revised Rotta model without rapid‐distortion terms (αP = βB = 0) and with rapid‐distortion terms
(αP = 0.225 and βB = 1/3) respectively. The dotted line is the standard value CR =0.9 used in canonical boundary layer ﬂows. The shaded
region is where no positive CR value is admitted for the ﬁrst choice of CR, αp, and βp, and hatches represent the increase of the width
of the forbidden region when rapid‐distortion terms are included. (c) Same as (b) but for the proposed rapid‐distortion coefﬁcients,
βB =2/3 and: αP =−0.026 (solid line), αP =0 (dashed line), and αP =0.225 (dashed‐dotted line).

rate ϵ. Equation 2 is a balance between mechanical production Pm ¼ −u′ w′ ðdU=dzÞ (always positive in
boundary layer ﬂows), buoyancy production or destruction, and TKE viscous dissipation rate. In both
2

budgets, the turbulent transport of w′ and e is ignored. For near neutral conditions, this assumption may
be plausible but becomes questionable for dynamic convective, free convective, and strongly stable
conditions as discussed elsewhere (Banerjee et al., 2015; Charuchittipan & Wilson, 2009; Ghannam et al.,
2017, 2018; Poggi et al., 2004; Raupach, 1981; Salesky et al., 2013). Data and models for the ﬂux transport
terms in the ASL, especially for the vertical velocity skewness, remain in demand. The form of dissipation
used here (ϵ/3 in Equation 1) assumes that the total viscous dissipation rate is isotropic. For ASL ﬂows,
the isobaric approximation yields ρ∝T−1 where T is potential temperature and thus B ¼ −ðg=T Þw′ T ′ . The
pressure‐strain term only redistributes energy between the different turbulent velocity components (Pope,
2000) and does not produce or dissipate TKE.
Mechanical production enters the TKE budget whereas buoyancy enters through both the TKE and σ 2w budgets. This difference in energy sources (or sinks) results in ASL turbulence being anisotropic, conventionally
quantiﬁed by the so‐called anisotropy tensor (Lumley & Newman, 1977). In the following, the diagonal component of the anisotropy tensor for the vertical direction is used and is given by r ¼ ðσ 2w =eÞ−2=3. It is based on
the normalized difference (by e/2) between the energy of the vertical turbulent motions, σ 2w =2, and the mean
TKE, e/3. The value r=0 is attained only when energy is equi‐partitioned among the velocity components so
that σ 2u ¼ σ 2v ¼ σ 2w ¼ 2e=3. The term “anisotropy” refers to r unless otherwise stated. Hence, the magnitude
and sign of r depends on how far σw is from the energy equipartition state. The Rotta model, described below,
links the pressure‐strain correlation Rw to anisotropy r.
Rearranging Equations 1 and 2 yields an expression for a normalized Rw given by (see Bou‐Zeid et al., 2018)


Rw 2 1
þ Rif :
¼
Pm 3 2

(3)

The normalized Rw only depends on the ﬂux Richardson number Rif =−B/Pm and is constant at 1/3 for
near‐neutral conditions (i.e., Rif =0). This relation, shown in Figure 1a (solid line), exhibits similar trends
AYET ET AL.
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as direct numerical simulations (DNSs) and large eddy simulations
(LESs) where the pressure‐strain term is computed (stars and
diamonds). Figure 1a further shows that Rw should change sign at
Rif =−0.5, that is, be a source (respectively a sink) term in
Equation 1 for Rif >−0.5 (resp. Rif <−0.5, shaded area), where the
buoyancy source B exceeds (resp. is lower than) the dissipation sink
ϵ/3. Any model for the pressure‐strain term should thus satisfy this
Rif dependency for the aforementioned idealized ﬂow conditions in
the ASL.

Figure 2. Anisotropy coefﬁcient r ¼ σ 2w =e − 2=3 computed from Monin‐
Obukhov Similarity Theory as a function of the ﬂux Richardson number Rif
and the ratio between boundary layer height zi and the measurement
height z (see Appendix A for details).

In linear return‐to‐isotropy models for Rw, anisotropic turbulent
ﬂows are assumed to be nudged toward isotropy by the
pressure‐strain correlation term, which is a source or a sink in the
σ 2w budget depending on whether r<0 or r>0, respectively. The simplest linear model, the Rotta model, is of the form Rw ∝(e/τ)r with τ a
time scale (Rotta, 1951). In addition to this “slow” component, the
Rotta model can be further extended by including rapid‐distortion
terms (Canuto et al., 2001; Lumley & Khajeh‐Nouri, 1975; Pope,
2000). In the case of the vertical velocity component, rapid distortion
terms associated with strain and vorticity vanish (Zeman &
Tennekes, 1975), and the Rotta model can be written as
Rw
ðe=τÞ
¼ −CR
r þ αP þ βB Rif ;
Pm
Pm

(4)

where τ=e/ϵ is a model for the relaxation time scale to isotropic state, CR is the Rotta constant for the slow
part, and αP and βB are rapid‐distortion coefﬁcients associated with the rapid part. Thus, the time scale τ/
CR can be interpreted as the time needed for eddies to redistribute energy among the different components
so to attain the equi‐partition state where r=0. The constant CR is positive, and its optimal value for closure modeling is 0.9 (Pope, 2000). This value also has justiﬁcation for near‐neutral ﬂows (Katul et al.,
2013) whereas values for αp and βp continue to draw research attention. Here, we chose αP =0.225 and
βB =1/3, as derived from renormalization theory and used in the stratiﬁed boundary layer model of
Canuto et al. (2001).
It is important to stress the differences between Equations 3 and 4. Unlike Equation 4, Equation 3 should be
viewed as a constraint on the numerical value of Rw/Pm (under particular assumptions made about the ﬂow
such as ignoring the turbulent transport terms), rather than reﬂecting the underlying dynamics governing
Rw/Pm. For example, it would be incorrect to infer from Equation 3 that the physical processes governing
Rw are entirely captured by Rif, since we know from the Navier‐Stokes equation that Rw is dynamically determined by nonlinear processes associated with correlations between the pressure and strain‐rate ﬁelds of the
ﬂow. An analogy can be made to the inertial range of turbulence where the TKE passing through the energy
cascade is on average numerically equal to the kinetic energy dissipation rate (under certain ﬂow conditions). This numerical equality, however, simply reﬂects an energetic balance; the actual dynamical processes governing the energy cascade in the inertial range differ from the dynamical processes governing
the energy dissipation rate at the smallest scales of the ﬂow (see Carbone & Bragg, 2020). Similar to this,
Equation 3 simply denotes a numerical constraint on the ﬂow (under particular conditions), but the underlying dynamical processes governing Rw/Pm are not reﬂected in that constraint equation. In contrast, the
right‐hand side of Equation 4 does represent, in a phenomenological way, the nonlinear dynamical processes governing Rw/Pm, and in particular the energy redistribution time scale τ/CR.
A large corpus of data in the ASL (e.g., Kader & Yaglom, 1990; Kaimal & Finnigan, 1994; Sorbjan, 1989)
show that (i) r depends only on two factors: Rif and the relative boundary layer height zi/z, (ii) for the range
of Rif investigated in Figure 1a, r is always negative, and (iii) under near neutral conditions, r∼−0.4. This is
illustrated in Figure 2, where the ASL measurements of r are presented (the empirical ﬁts can be found in
Appendix A). The question we ask below is whether the linear Rotta model, when constrained by those

AYET ET AL.

4 of 18

Journal of Geophysical Research: Atmospheres

10.1029/2020JD032732

measurements (i.e. when r is constrained in Equation 4), is compatible with the constraint described by
Equation 3. In other words, we evaluate the ability of the linear Rotta model to represent the nonlinear physical processes governing Rw for a ﬂow satisfying the idealized energy balance (1)–(2). As the focus of the present work is on varying stability conditions, the relative boundary layer height is set to 103 in the following
discussion. Results are not qualitatively sensitive to changes in this height. Note that the properties of anisotropy are valid for planar‐homogeneous ﬂow conditions, predominant for the measurements presented in
Figure 2. For realistic ﬂow conditions, other factors induce variations in anisotropy (including ﬂux transport
terms).
To understand the compatibility between the constraint in Equation 3 and data on r, the TKE budget (2) is
inserted into Equation 4 to arrive at a normalized Rw

Rw 
¼ CR ðRif − 1Þr þ αP þ βB Rif :
Pm Rotta

(5)

For neutral conditions and no rapid‐distortion corrections, Equation 5 is compatible with Equation 3 for
CR ∼0.9, that is, the optimal value for closure modeling (Pope, 2000). Figure 1a further shows how this ratio
varies with stability for the ASL values of r presented above and a Rotta constant ﬁxed at CR =0.9. With
increasing instability (decreasing Rif), the Rotta constant increases, due to r being negative. The Rotta model,
both without and with rapid distortion corrections (dashed and dotted lines), is not compatible with the
expected values of the pressure‐strain term (solid line and symbols) except for Rif ∈[0,0.2].
A compatible variation of normalized Rw can be obtained by allowing CR to adjust with stability. Upon
inserting Equations 2 and 4 in (1) yields


1 1 − 3αP þ ð2 − 3βB ÞRif
C R ðRif ; zi =zÞ ¼
;
3r
Rif − 1

(6)

where r is here to be understood as a function of Rif and zi/z (that is, r=r(Rif,zi/z)). This equation shows
that an “optimal ” CR must be impacted by two parameters: large‐scale anisotropy, r (which, in the ASL,
depends on Rif and zi/z; see Appendix A), and the ﬂux Richardson number Rif, provided that αp ≠1/3 and
βp ≠2/3 simultaneously. The ratio zi/z can also be interpreted as a relative distance to the wall, hence
showing how wall effects in the surface layer impact CR.
Solid line in Figure 1b shows the optimal Rotta constant without rapid distortion corrections (i.e., αP =βB =0
in Equation 6). For near‐neutral ASL, as mentioned above, CR ∼0.9, close to the literature‐based value. Its
value decreases with increasing instability to match the increase of the buoyancy to dissipation ratio, which
requires a decreased Rw in Equation 1. This is consistent with an increase of the average size of eddies as
instability increases (see, e.g., Katul et al., 2011), implying an increase in their turnover time, and hence
in the isotropization time (τ/CR). For Rif <−0.5, the sign change of Rw mentioned above implies a negative
Rotta constant CR, which is not physical. These conditions may also be hinting that other sources, and sinks
must be considered such as the turbulent ﬂux transport terms. There is thus a range of stability conditions
(gray shading) where the linear Rotta model is simply unable to describe Rw for the idealized ﬂow state considered here. Over the range of allowed Rif values, the Rotta constant varies by a factor 4 around its value for
near‐neutral conditions. Inclusion of rapid distortion terms in the Rotta model (dashed line) even decreases
the range over which CR is positive (hatched area).
A negative Rotta constant originate from the sign of the numerator of the last factor of Equation 6, since r
and Rif −1 are always negative. Setting βB =2/3 and αP <1/3 is a sufﬁcient (but not necessary) condition
for CR to be positive for all stability conditions. Targeting a CR =0.9 for neutral conditions with r∼0.4 and
βB =2/3 requires αP =−0.026. The resulting Rotta constant as a function of stability is shown in Figure 1c
(full line), along with results with two other values of αP: αP =0 (dashed line) and αP =0.225 (dotted‐dashed
line, from Canuto et al., 2001). Results show that these new constraints on the rapid distortion terms allow
for the Rotta model to be unconditionally valid. However, those values differ from suggested literature‐based
values when setting CR =0.9. For βp, the proposed value is about a factor of 2 higher whereas for αP, even the
sign differs.
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Inclusion of vertical turbulent transport terms in the TKE and vertical velocity variance budgets could also
decrease the range of stability conditions over which the Rotta constant is negative. Indeed, several studies
have shown that the vertical transport of TKE (Te) is increasingly important for unstable conditions (e.g.,
Salesky et al., 2013; Wyngaard & Coté, 1971). For the vertical velocity budget, accounting for vertical turbulent transport results in an additional sink term if Te >3Tw, where Tw is the vertical transport of vertical velocity variance (see Appendix A of Bou‐Zeid et al., 2018). This has been used to explain the increase in critical
ﬂux Richardson number over roughness sublayers in stably stratiﬁed ﬂow, where this condition is met
(Freire et al., 2019). In the present situation, the additional sink in the vertical variance budgets can extend
the range of stability conditions over which the Rotta model is physical since the condition B>ϵ/3 will be
met for more unstable conditions. Estimates of Te/Tw are sparse, and both terms are small for
near‐neutral conditions. We do not discuss this matter quantitatively, but note that including Te and Tw is
expected to increase the range of applicability of the Rotta scheme for a wider range of Rif.
The bulk analysis reveals under what conditions a linear Rotta model is compatible with the properties of an
idealized ASL ﬂow described by Equations 1 and 2, given ASL measurements of Figure 2. The linear Rotta
model (i) should have a Rif‐dependent Rotta constant and (ii) cannot satisfy mildly unstable ASL anisotropy
for the idealized ﬂow conditions considered here when using literature‐based rapid‐distortion constants. We
again stress that these conclusions are valid given the idealized ﬂow conditions considered here, which
might not be entirely valid as ﬂow instability increases, and as other terms become important in the TKE
and vertical velocity variance budgets. However, maintaining this simpliﬁed budget allows performing a
scale‐by‐scale analysis to determine the eddies contributing to the variability in CR for the restricted range
in Rif covered here.

3. Spectral Analysis
The Rw analysis and its representation using a Rotta‐like closure is now extended scale by scale using a spece
e ww ðkÞ] spectra as a function of the streamwise
tral model. The streamwise TKE [ϕðkÞ]
and vertical velocity [F
Z ∞
Z ∞
e
e ww ðkÞdk. At very
F
ϕðkÞdk
and σ 2w ¼
wave number k are considered with normalizing properties e ¼
0

0

e ww ðkÞ formulated for eddies in the energy‐containing subrange
high Reynolds number, a spectral budget for F
(where anisotropy is large) and inertial subrange (where an isotropic state is approached) is given by Tchen
(1953, 1954) and Panchev (1971), as
e ww ðkÞ
1 ∂F
e
e w ðkÞ− T
e ðkÞ:
¼ 0 ¼ BðkÞþ
R
2
∂t

(7)

Z ∞
e with
e
This budget reﬂects a balance between scalewise buoyancy production/destruction (B,
BðkÞdk
¼ B),
0
Z ∞
e w ðkÞdk ¼ Rw ), and nonlinear transfer of energy
e w , with
R
velocity‐pressure correlation source/sink ( R
0
Z ∞
e , with
e ðkÞdk ¼ 0), positive over the range of scales considered (i.e., a sink in the above
across scales (T
T
0

e ww ðkÞ where ν is the kinematic viscosity) is ignored relative
budget). The viscous dissipation term (eϵ ¼ 2νk 2 F
to the transfer term in the production‐to‐inertial eddy sizes. This assumption is likely to hold at very high
Reynolds number when kη<<1, where η=(ν3/ϵ)1/4 is the Kolmogorov microscale (Pope, 2000). Finally, as
in the bulk analysis, vertical turbulent ﬂux transport terms are neglected.
Upon integrating Equation 7 over all scales, which requires including eϵ in the budget for small scales (for
Z ∞
eϵ ðkÞdk ¼ ϵ). For the energy‐containing and inertial subrange
k∼η−1), Equation 1 is recovered (since
0

e plays a similar role to the dissipascales considered here, where eϵ is neglected, the nonlinear transfer term T
e relative to T:
e When the
tion. The sign of the pressure‐strain correlation thus depends on the magnitude of B
e exceeds the nonlinear transfer term T
e (allowed only for unstable conditions, where B
e > 0),
buoyancy term B
e ww spectral budget ( R
e w < 0). We ask now
the pressure‐strain correlation should become a sink in the F
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whether this requirement is compatible with a linear Rotta model for the pressure‐strain term in the spectral
domain. To answer this question, models for the terms in the spectral budget are required.

3.1. Linear Rotta Model Forced by Idealized ASL Spectra
The state‐of‐the‐science spectral Rotta models (e.g., Besnard et al., 1996; Katul et al., 2013) are conceptually
the scale‐wise counterparts of the bulk Rotta model (Equation 4). If extended to include rapid‐distortion corrections, such spectral Rotta models are given as


eR
C
e
e ww ðkÞ− 2ϕðkÞ
e m ðkÞ−βB BðkÞ
e
þ αP P
ðkÞ F
e
3
τ
eR
C
e r þ αP P
e ðkÞ−βB BðkÞ;
e
¼−
ðkÞϕðkÞe
e
τ
m

e ðkÞ ¼ −
R
w

(8)

e
e R is a (spectral) Rotta coefﬁcient, er ðkÞ ¼ F
e ww ðkÞ=ϕðkÞ−ð2=3Þ
is the spectral anisotropy, and e
τ is
where C
now a scale‐dependent turbulence relaxation time scale for which different models have been proposed.
To maintain links to prior work (Katul et al., 2013), we selected a e
τ ¼ ϵ−1=3 k −2=3 (following Bos et al.,
2004). The ﬁrst rapid distortion correction requires the modeling of a spectral mechanical production
Z ∞
e m (such that Pm ¼
e m ðkÞdk). We drop the details about rapid‐distortion corrections in the equations
P
P
0

within the main text and elaborate on them only in Appendix C and in Figure 5.
Closing the spectral budget requires an analytical expression of spectral anisotropy, which results from
e based on measurements. Figures 3a and 3b show measured
e ww and ϕ
choosing idealized expressions for F

e and F
e ww in an open channel experiment (Katul et al., 2012), over an ice sheet (Cava et al., 2001),
spectra ϕ
grass (Katul et al., 1997), a pine forest (Katul et al., 1999), and a hardwood forest (Katul et al., 1997).
Measurements are for near‐neutral conditions and for runs where stationary conditions prevailed over
extended periods of time.

In agreement with those measurements and earlier work (Banerjee et al., 2015; Grachev et al., 2013;
Højstrup, 1982; Kader & Yaglom, 1991; Kaimal, 1978; Kaimal et al., 1972; Katul et al., 2012), only idealized spectral shapes featured in Figure 3c are considered for analytical tractability. These spectra consist
of two regimes separated by a transition wave number kp (vertical line in Figure 3c): (i) the inertial sube
e ww ¼ Cww ϵ2=3 k −5=3 (Kolmogorov, 1941), and (ii) the
range for k>kp, where ϕðkÞ
¼ C0 ϵ2=3 k−5=3 and F
e
e ww ðkÞ ¼ Cww ϵ2=3 k−5=3 k0 (to ensure
energy‐containing range for k≤kp, where ϕðkÞ
¼ C0 ϵ2=3 kp−2=3 k −1 and F
p
continuous spectra). The transition wave number is inversely proportional to the measurement height
and depends on stability as indicated in Appendix A (Fortuniak & Pawlak, 2015; Kaimal et al., 1972).
The spectral constants for boundary layers are taken from Saddoughi and Veeravalli (1994) and are given
as C0 =(33/55)CK and Cww =(24/55)CK, with CK =1.55 being the Kolmogorov constant (used for
three‐dimensional spectra). For highly unstable or stable conditions (not discussed here), these idealized
spectral shapes do not hold. However, as long as these shapes exhibit power laws with negative exponents for k/kp <1, the ﬁndings presented below do not qualitatively change (discussed later on).
The resulting turbulent motions are nearly isotropic in the inertial subrange (er ¼ 0 for k>kp) and anisotropic
in the energy‐containing subrange, with vertical motions having less energy than horizontal motions (er < 0
for k<kp). Returning to Equation 8, this indicates that in the energy‐containing range, the Rotta model pree w > 0). Thus, in the energy‐containing range, the ability of the Rotta
dicts a source pressure‐strain term (R
model to satisfy the spectral budget is conditioned on the relative value of the buoyancy and the nonlinear
transfer term, described below. The inertial subrange, where the return‐to‐isotropy term is almost zero, is
not considered.
In the rest of the analysis, the wave number k is normalized by kp and spectral quantities by powers of ϵ,
which leads to an elegant interpretation of the results, independently of variations of kp and ϵ. Note however
that the idealized spectra depend on stability due to the stability‐dependence of both kp (Fortuniak &
Pawlak, 2015; Kaimal et al., 1972) and ϵ, which, from Equation 2, can be expressed as ϵ=Pm(1−Rif).
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~
Figure 3. (a, b) Measured streamwise spectra of (a) TKE (ϕðkÞ)
(b) vertical velocity (F~ ww) for a near‐neutral atmosphere over different terrains, as a function of the
relative wave number k/kp. Spectra have been computed using orthonormal wavelet transforms. (c) Idealized spectra matching measurements, as a
2/3
function of the relative wave number k/kp. All spectra are normalized by ϵ . The vertical line in (c) is the threshold below which F~ ww ðkÞ is smaller
~
than (2/3)ϕ. The shaded area in (c) is the range of scales where deviations from single‐exponent power laws in the measured spectra are evident,
presumably due to eddies associated with large or very large scale motion (LSM and VLSM). The simpliﬁed canonical shapes considered here do not
include them. Note that, when written in dimensional form, those spectra are stability‐dependent due both to variations of ϵ and kp with Rif.

3.2. Nonlinear and Buoyancy Terms
e matching several ASL experiments (Katul et al.,
In the following, a cospectral model for the buoyancy term B
2014; Li et al., 2015) is used. It is expressed as a function of the cospectrum of density‐velocity ﬂuctuations.
e different models have been proposed (e.g., Heisenberg, 1948; Leith, 1967;
For the nonlinear transfer term T,
Obukhov, 1941). In the following, the Heisenberg model (Heisenberg, 1948) is used for illustration to be cone as resulting from the action of the viscosity of
sistent with prior work (Katul et al., 2012). It represents T
small‐scale eddies on large‐scale eddies and depends on one constant, the Heisenberg constant CH. Upon
e and T
e depend only on the ﬂux Richardson number and
choosing the idealized spectra presented above, B
the relative wave number k/kp. Details can be found in Appendix B (Equations B2 and B5 for the buoyancy
and nonlinear transfer models, respectively), and the resulting normalized spectral budget is shown in
Figure 4 (Equation B11).
e ww budget (Equation 7) as a function of the relative scale for
Figures 4a–4c show the terms in the spectral F
e (dashed line) is a scale‐independent sink for stable condifferent stability conditions. The buoyancy term B
ditions (Figure 4a) and source for increasing unstable conditions (Figures 4b and 4c). The nonlinear transfer
e (dashed line) increases with increasing k/kp in the energy containing range and is independent of
term T
e ww
stability when normalized and plotted as a function of k/kp. So is the pressure‐strain correlation term R
e R ¼ 0:9, which decreases with increasing k/kp, consistent with a decreasing anisowith a Rotta constant C
tropy as the isotropic inertial subrange is approached. As mentioned earlier, rapid distortion corrections
are not considered here.
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Figure 4. Normalized terms (black) in the spectral budget (7) and residual imbalance (red) as a function of k/kp for
different values of the ﬂux Richardson number Rif. In (a)–(c) the Rotta constant in the pressure‐strain correlation
term is ﬁxed at a constant value of 0.9. In (d)–(f) the Rotta constant evolves with stratiﬁcation and scale, following
Equation 9. The shaded area is where no positive Rotta constant is admitted since the buoyancy source term
exceeds the nonlinear transfer sink term. The details of the budget can be found in Appendix B. In this
ﬁgure, rapid‐distortion corrections to the Rotta model are not included (αP =βB =0).

e ww spectral budget cannot be canceled at all scales with such a scale‐independent
The imbalance in the F
choice of Rotta constant (red line in Figures 4a–4c). The scale‐by‐scale analysis is now further extended
by allowing the Rotta constant to be scale and stratiﬁcation dependent so as to satisfy the spectral budget.

4. Scale‐Dependent Rotta Constant
As with the bulk analysis, we asked the question of whether or not a linear Rotta model is compatible with
the spectral budget (7), given the idealized spectral model presented in section 3.1 (based on observations for
mildly stable and unstable conditions). As found above, a linear Rotta model cannot satisfy the spectral bale R is scale independent. However, it
ance (7) over the entire energy‐containing wave number range when C
e R is allowed to depend on scale and stability.
can be satisﬁed in a limited range of wave numbers if C
From Equations 7 and 8, and using idealized spectra described in section 3.1, a scale‐ and
stability‐dependent Rotta constant needed to maintain the spectral balance can be derived and is given as


e R ðk=k p ; Rif Þ ¼ er k=k p
C

(
−1

)
e 1 ðk=k p Þ−1Rif


1 þ ½A
e 2 k=k p :
A
Rif − 1

(9)

e =ϵ and on the time scale e
Functions Ã1 and Ã2 depend on the normalized nonlinear transfer term k p T
τ . For
the Rotta time scale selected here, they are given as
"
#−1
e
k
T
4
p
e 1 ðk=k p Þ ¼
;
ðk=kp Þ
A
7 ϵ

 1=3 e
kp T
e 2 ðk=k p Þ ¼ C −1 k
A
ðk=k p Þ;
0
kp
ϵ

(10)

where the normalized nonlinear transfer term reads, when modeled with the Heisenberg model,
"
 #
e
kp T
2k 1 k 2
1=2
−
ðk=k p Þ ¼ 2CH C0 Cww
:
3 kp 4 kp
ϵ
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−3=2

The Heisenberg constant CH is set to ð8=9ÞC0
to recover the TKE spectral properties under neutral conditions (Banerjee & Katul, 2013). Details
about the derivation of Equations 9–11 are in Appendix C, which also cone R when rapid‐distortion terms are included
tains a general expression of C
in the spectral Rotta model (Equation C14). Note that, in the above expressions, the scale parameter is implicitly stability‐dependent through the
stability dependence of kp.
e ww spectral balance with the
Figures 4d–4f show the terms of the F
pressure‐strain term parametrized by means of a scale‐ and
stability‐dependent Rotta constant (Equation 9). For stable stratiﬁcation
(Figure 4d), the balance is satisﬁed at all scales (the red line is uniformly
e R ðkÞ
zero). With increased instability (Figures 4e and 4f), the dynamic C
model cannot guarantee a positive Rotta constant at large scales (or small
k/kp) because the redistribution model can no longer predict the sign of
~ R as a function of the relative wave
Figure 5. Scalewise Rotta constant C
the energy exchanges: for scales large enough (shaded area), the buoyancy
number k/kp <1 (in the energy‐containing subrange) and the ﬂux
source term exceeds the nonlinear transfer sink term, and hence, the
Richardson number Rif, following Equation 9. Dashed line is the
~
pressure‐strain term is expected to change sign to maintain a scalewise
level where C R matches its standard value of 0.9. The shaded
~ R is admitted. The area varies
balance. From Equation 8, this implies a negative Rotta constant given
region is where no positive C
when rapid‐distortion terms are included in the Rotta model
that the sign of the anisotropy factor is constant (and negative) in the
(hatches), as described in Appendix C.
energy‐containing range. The range of scales over which the Rotta constant is negative increases with increasing instability (i.e., for k/kp <0.1
and k/kp <0.4 in Figures 4c and 4d, respectively). Similar to the bulk analysis, the spectral model reveals that,
for the idealized ﬂow conditions described in Figure 3c (and based on measurements), (i) a scale‐ and
stability‐dependent Rotta constant is required to close the spectral budget and that (ii) below a critical wave
number, a linear Rotta model fails to predict the correct sign of the pressure‐strain correlation term.
The scale‐by‐scale picture is however more reﬁned. It reveals that for stability conditions over which the
bulk Rotta model fails to predict the correct sign of the pressure‐strain correlation term (for Rif <−0.5, see
Figure 1b), its spectral counterpart is still valid, but over a limited range of scales. This behavior is summarized in Figure 5, which shows the increase of the region over which Rotta constant is negative as a function
e R < 0). The ﬁgure also reveals that as the scale increases, the
of stability and scale (shaded area, where C
range of stability conditions over which the Rotta model is not physical increases. This ﬁnding indicates that
for larger and more anisotropic eddies, the classical linear Rotta model becomes physically unrealistic.
Accounting for rapid‐distortion terms in the Rotta model (as described in Appendix C1) changes the area
where the Rotta constant is not physical (hatches in Figure 5). However, unlike the bulk case, the area
increases for k/kp <0.4 and decreases for k/kp >0.4. This is a consequence of the antagonist behavior of the
em and −βB B
e (see Equation 8). When the rapid distortion terms
two rapid‐distortion terms, respectively, αP P

e ww budget as part of the Rotta model, the ﬁrst term is an additional source in the budget
are included in the F
e
(since Pm is a source, as in the bulk model), and the second term acts as an additional sink for unstable cone > 0 and βB >0). Hence, at a given scale k/kp, the (negative) threshold Rif below which the
ditions (since B
buoyancy source exceeds the nonlinear transfer sink (and hence the slow Rotta term must change sign) is
displaced due to these two additional terms. Whether the threshold Rif increases or decreases depends on
em with respect to −βB B,
e that is, whether the two additional terms add up as
the relative magnitude of αP P

em and
an additional source or a sink in the budget. This further depends on the relative scale k/kp, since P
e
B are both scale dependent. The ﬁnding here shows that the spectral behavior of the rapid‐distortion terms

is nontrivial as compared to the bulk case. Choosing rapid‐distortion constants that result in a unconditionally positive Rotta constant (as in the bulk case; Figure 1b), although feasible, is nontrivial and is outside of
the scope of the present work. It would require choosing and validating scale‐dependent models for αP and
βB.
Figure 5 also summarizes the variations of the “optimal” Rotta constant as a function of scale and stability, in
the region where it is positive. Consistent with the bulk analysis, the Rotta constant decreases with
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increasing instability at a ﬁxed large scale. As the inertial subrange is approached (k/kp →1), the observed
e R results from anisotropy decreasing to zero, and hence the expression for the Rotta constant
increase in C
losing physical meaning (i.e., the solution becomes degenerate). However, far enough from this limit (e.g.,
e R ¼ 0:9), the behavior of C
e R is physically sound. Figure 5 shows that
on the left of the dashed line for which C
e R decreases with increasing scale. This dependence is identical to the nonlinear transfer term variation with
C
k/kp, which is predicted to decrease down to zero as large scales are approached (dashed lines in Figure 4). It
can be traced back to function Ã2 (Equation 10), proportional to the nonlinear transfer term. From a physical
perspective, this link implies that the efﬁciency of eddies at redistributing energy between the different come
ponents (C−1
R ) is related to their efﬁciency at transporting energy toward small scales (T ). Choosing other
e R with k/kp.
models for the nonlinear transfer term does not alter this ﬁnding, but it affects variations of C

The above analysis relies on turbulence satisfying idealized spectral budgets with a prescribed form of the
spectra and their variation with stability (through ϵ and kp). Those spectra are limited by several factors.
At large scales (k<10−1kp), the measured spectra start deviating from the idealized −1 or 0 power laws
(Figures 3a and 3b). For simplicity, this effect is neglected, but its inclusion does not qualitatively change
the ﬁndings here. In the energy‐containing range, the −1 power law of the TKE spectra has been a subject
of debate due to differences and uncertainties in the measurements at this range of scales and possible inﬂuence of stability and the use of Taylor's frozen turbulence hypothesis (Banerjee et al., 2015; Drobinski et al.,
2007; Katul & Chu, 1998; Marusic et al., 2010; Morrison et al., 2002; Nickels et al., 2005; Nikora, 1999). Again,
e as long as it is smaller
the results here are not signiﬁcantly dependent on the choice of the power law for ϕ

e R presented in Appendix C is also independent of the choice of the power
than 0. The general expression of C
law. As instability increases, the −1 power law describing the large‐scale TKE spectrum begins to migrate
toward a −5/3 exponent as evidenced by a number of ASL experiments (Banerjee et al., 2015; Kader &
Yaglom, 1991). In fact, for strongly unstable (near convective) cases (not considered here), measurements
(Kader & Yaglom, 1991) further suggest that the spectra of TKE and w can be almost discontinuous at the
transition wave number kp. These spectra exhibit a −5/3 law at large scales with a discontinuity, followed
by another −5/3 regime associated with Kolmogorov scaling. Hence, in those situations anisotropyer changes
sign, with more energy in the vertical than in the horizontal turbulent components. Finally, additional terms
could partly explain the inconsistency of the spectral Rotta model revealed by the above analysis. As for the
e ww spectral budget can act as an additional
bulk case, inclusion of vertical transport of turbulence in the F
sink. Given that the bulk transport terms are small for the mildly unstable conditions considered here, inclusion of their effect will not qualitatively change the above analysis, except perhaps above roughness
sublayers (Freire et al., 2019).

5. Conclusion
This work analyzed the implications of using linear return‐to‐isotropy models of the pressure‐strain correlation (or simply Rotta models) to describe planar‐homogeneous and stationary boundary layer turbulence for
mildly stable to mildly unstable conditions. The ﬂow was analyzed by combining TKE and vertical velocity
variance budgets representing the bulk and scale‐by‐scale properties of turbulence. The analysis required
estimates of turbulence anisotropy as well as spectral shapes. Those were externally supplied from measurements in the ASL for which a rich literature on both velocity spectral shapes and bulk anisotropy variations,
along with their dependence with ﬂow instability, is available. The analysis revealed two inconsistencies
when using a linear Rotta model to describe return to isotropy for the idealized ﬂow conditions described
by those measurements. The ﬁrst is that for some stability conditions and eddy sizes, the Rotta model is
not physical. It should thus be amended by other processes beyond a linear return to isotropy such as quadratic dependencies on anisotropy. The second is that, to satisfy the two aforementioned budgets outside of
the nonphysical range, the Rotta constant should depend on stability and scale. Both results are sensitive
to the balance considered. In particular, the relative importance of the vertical ﬂux transport by turbulence
terms, which were neglected in the present study, cannot be overlooked for stratiﬁed ASL ﬂow conditions.
The work here has also remained “silent” on another anisotropy‐producing mechanism, which is likely to
be of signiﬁcance in the sublayers below the ASL. This mechanism is labeled “wall‐blocking” effect because
the presence of an impervious boundary dampens w′, which, in turn, is sensed everywhere in the domain by
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p′, the pressure perturbation. Classical closure theories accommodate this effect as a new term in the Rotta
return‐to‐isotropy scheme (or its spectral version) as discussed elsewhere (McColl et al., 2016). In
smooth‐wall boundary layers, wall blocking appeared to be minor in the absence of stratiﬁcation for the
log region. However, the interplay between wall blocking and density stratiﬁcation has not been explicitly
considered and remains a research topic better kept for the future.

Appendix A: Anisotropy According to Monin‐Obukhov Similarity Functions
In the ASL, stability dependence of bulk ﬂow statistics and spectral properties are routinely analyzed in the
context of Monin‐Obukhov Similarity Theory (MOST Foken, 2006; Monin & Obukhov, 1954). From
dimensional arguments, dimensionless turbulent ﬂuctuations and shear should depend only on a dimensionless stability parameter ζ=z/L (negative for unstable and positive for stable stratiﬁcation), where z is
the distance from the boundary (or displacement height) and L is the Obukhov length, and on the boundary
layer height, zi.
Numerous ASL measurements (e.g., Sorbjan, 1989, Table 4.2) have provided the following expressions for
dimensionless shear
κz

dU
¼
ϕm ðζ Þ ¼
1=2 dz
′
′
ð−u w Þ

(

1 þ 4:7ζ

if ζ ≥ 0

ð1 − 15ζ Þ−1=4

if ζ < 0

;

(A1)

dimensionless vertical velocity standard deviation

ϕw ðζ Þ ¼

(

σw
ð−u′ w′ Þ1=2

¼

1:25

if ζ ≥ 0

1:25ð1 − 3ζ Þ1=3

if ζ < 0

;

(A2)

and dimensionless horizontal velocity standard deviation

ϕuh

8
!1=2 > 2:28

<
u′h u′h
zi


ζ;
¼
¼
zi 1=3
>
z
−u′ w′
: 12 − 0:5 ζ
z

if ζ ≥ 0
if ζ < 0

;

(A3)

where κ=0.4 is the von Kármán constant and uh is either u or v. Finally, the ﬂux Richardson number and
the stability parameter are linked through Rif =ζ/ϕm(ζ).
Figure 2 shows anisotropy
r¼

ð1=2Þðϕ2w

ϕ2w
2
−
þ ϕ2u þ ϕ2v Þ 3

(A4)

computed for the aforementioned dimensionless functions as a function of the ﬂux Richardson number
and the relative boundary layer height. For the range of stability conditions investigated in the present
work (Rif >−5), which exclude the free convection limit, Figure 2 shows that the anisotropy ratio is always
negative. This indicates that more energy is concentrated in the horizontal than in the vertical turbulent
components. In the main text, the boundary layer height is set to be 103 times higher than the measurement height. The sign of the anisotropy ratio is not sensitive to the choice of the boundary layer height
(not shown).
Finally, as an illustration, we show below an example of a model of kp from the Kansas experiment (Kaimal
& Finnigan, 1994):
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ζ;
>
>
>
>
>
1:1
þ 0:45ζ ;
>
<
k
zk p ðζ Þ ¼ 0:55 þ ζ ;
>
>
> 0:55 þ 0:38ζ ;
>
>
>
:
0:17;
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ζ >2
1<ζ ≤2
0≤ζ ≤1 :

(A5)

−1 ≤ ζ < 0
ζ < −1

Note however that the results of the main text are all expressed as a function of k/kp and are hence independent of a particular model of kp.

Appendix B: Details on the Spectral Budget
e ww ðkÞ formulated for large and inertial subrange
At very high Reynolds number, a spectral budget for F
eddies follows from Tchen (1953, 1954) and Panchev (1971) and is given by
e ww ðkÞ
1 ∂F
e
e w ðkÞ− T
e ðkÞ:
¼ 0 ¼ BðkÞþ
R
2
∂t

(B1)

e is
Details on the different terms of this budget are now provided. The model for the pressure‐strain term R
presented in Equation 8.
e is related to the cospectrum of
For the ASL with an isobaric approximation, the buoyancy source/sink term B
e wT as
temperature ﬂuctuations F
ge
e
(B2)
BðkÞ
¼− F
wT ðkÞ;
T
Z ∞
e wT ðkÞdk. Katul et al. (2014) and Li et al.
where the cospectrum has the normalizing property w′ T ′ ¼
F
0

(2015) proposed a cospectrum matching both a theoretical spectral budget and ASL measurements, of the
e wT ðkÞ ¼ CwT ϵ1=3 dT kp−7=3 for k≤kp. The transition wave nume wT ðkÞ ¼ CwT ϵ1=3 dT k−7=3 for k≥kp and F
form F
dz
dz
ber kp between the energy‐containing and the inertial subranges is proportional to the measurement
height and changes slightly with stratiﬁcation (Fortuniak & Pawlak, 2015; Kaimal et al., 1972). The spectral constant reads CwT =CuwQ(ζ) with
Qðζ Þ ¼ 1 −

CT ζ
;
ð1 − C 1T ÞC0 ðϕm − ζ Þ

(B3)

C0 =0.9, CT =0.8, C1T =3/5 (Katul et al., 2014), and ζ the stability parameter deﬁned in Appendix A.
e is represented using the Heisenberg model (Heisenberg, 1948), to be consisThe nonlinear transfer term T
tent with the models of the buoyancy and Rotta terms (as explained in the main text). Within this spectral
approach of turbulence, developed by Heisenberg (1948) and Tchen (1953, 1954) (and summarized in
Panchev, 1971, pp. 203–224), what is described is an integrated spectral budget, obtained by integration of
Equation B1 over streamwise wave numbers between k and ∞. This results in an equation describing the
f,
spectral balance for a particular wavelength k, the lower limit of the integral. What is then modeled is W
the integral of the nonlinear transfer term,
f
W ðkÞ ¼

Z

∞

e ðpÞdp;
T

(B4)

k

f ðkÞ. Following Heisenberg (1948), W
f is modeled as resulting from the action of
e ðkÞ ¼ − d W
and hence T
dk
viscosity generated by eddies of wavelength greater than k on eddies of wavelength smaller than k
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W

Z

∞
k
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!1=2 Z
k
e
ϕðpÞ
e ww ðpÞdp;
dp
p2 F
p3
0

(B5)

−3=2

where CH ¼ ð8=9ÞC0

for consistency with Kolmogorov scaling in the inertial range (Banerjee & Katul,
f models the nonlinear energy transfer in the vertical component of tur2013; Schumann, 1994). Since W
e
e ww (and not from the TKE spectrum ϕ
bulence, enstrophy (the second factor) is here computed from F
as in Panchev, 1971, where the transfer term was computed for the TKE spectral budget).
Expressions of the terms of the spectral budget in the energy‐containing range (k≤kp) are presented for ideae
e ww ðkÞ presented in the main text (and drawn in Figure 3c). First, the nonlinear translized spectra ϕðkÞ
and F
fer term reads, from derivation of (B5) with respect to k,
"
 #
1 k 2
1=2
−1 2 k
e
−
:
T ðkÞ ¼ 2CH C0 Cww kp ϵ
3 kp 4 kp

(B6)

Second, the pressure‐strain term following the Rotta model without rapid‐distortion corrections (Equation 8,
with αP =βB =0) reads
 2=3 

2 kp
1=2
−1 k
e
Cww − C 0
:
R w ¼ −C 0 CR ϵk p
kp
3 k

(B7)

e wT cospectra presented above, the spectral buoyancy term can be rewritten as a
Finally, using the idealized F
function of the ﬂux Richardson number. This results from the bulk buoyancy B being expressed as a function
of (i) the spectral buoyancy term
Z
g ∞e
F ðpÞdp
T 0 wT
7
g dT −4=3 ðkÞ; k ≤ k ;
p
k
¼ − ϵ1=3 CwT
4
T dz p
7 e
¼ kp B
4

B¼−

(B8)

and (ii) TKE dissipation, using the bulk TKE budget (Equation 2)
B¼ϵ

Rif
:
1 − Rif

(B9)

This yields
e ¼ 4 ϵ k −1 Rif ; k ≤ k p :
B
7 p Rif − 1

(B10)

The spectral budget (B1) (or Equation 7) normalized by ϵk−1
p thus reads
"


 #
4 Rif
k 2
2k 1 k 2
1=2
1=2
−
− C0 CR Cww − C0 − 2CH C0 Cww
¼ 0;
7 Rif − 1
kp 3
3 kp 4 kp

(B11)

a balance between (from left to right) dimensionless buoyancy, energy redistribution, and nonlinear transfer of energy across scales. The terms have been normalized by ϵk −1
p and are plotted in Figure 4. As already
mentioned above, we again stress that, in this budget, rapid‐distortion corrections have not been included
in the Rotta model of the energy redistribution term.
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Appendix C: General Derivation of the Scale‐ and Stratiﬁcation‐Dependent
Rotta Constant
This section presents the steps leading to a generalized form of Equation 9, valid for different choices of time
scales and nonlinear transfer models, and including rapid‐distortion corrections to the Rotta model.
The spectral Rotta models considered in the literature (Bos et al., 2004; Katul et al., 2013) only contain a slow
component. In this work, the spectral Rotta model is generalized by adding rapid distortion terms on the
basis of the bulk model of Canuto et al. (2001), such that

e 
e þ αP P
ew ¼ − CR F
e ww − 2 ϕ
e m − βB B;
e
R
eτ
3

(C1)

where αP and βB are set to their bulk values of 0.225 and 0.35, respectively.
e m is obtained from a spectral balance for TKE (e.g., Tchen, 1953), which for
The scalewise production term P
stationary and planar‐homogeneous ﬂow at high Reynolds number in the absence of subsidence reads
e
∂ϕ
em þ B
e −T
e ϕ:
¼0¼P
∂t

(C2)

Hence, the nonlinear Rotta scheme model reads

e 
e þ αP ðT
ew ¼ − CR F
e ϕ − BÞ−β
e
e ww − 2 ϕ
e
R
B B:
e
3
τ

(C3)

e ϕ is computed using a Heisenberg viscosity approach (see Appendix B for its
The nonlinear transfer term T
application to the vertical velocity spectral budget; Heisenberg, 1948). Heisenberg (1948) and Tchen
(1953,1954) model the terms of an integrated spectral budget, derived by integrating Equation C2 between
k and ∞. The nonlinear transfer term in the resulting equation
f ϕ ðkÞ ¼
W

Z

∞
k

e ϕ ðpÞdp
T

(C4)

is then modeled as resulting from the action of viscosity of eddies of wavelength greater than k on eddies
of wavelength smaller than k, that is,
~ ϕ ðkÞ ¼ −2CH
W

Z

∞~
k

Z

1=2

ϕðpÞ
p3

k

dp

~ ðpÞdp;
p2 ϕ

(C5)

0

−3=2

where CH ¼ ð8=9ÞC0

. The idealized TKE spectrum presented in Figure 3 yields the following form of the
f ϕ ðkÞ for k≤kp,
e ϕ ðkÞ ¼ − d W
nonlinear transfer term T
dk


e ϕ ðk; ηÞ ¼ 2CH C03=2 2 − 1 k ϵk −1 :
(C6)
T
p
4 4 kp
The time scale eτ is usually assumed to be k dependent and to depend only on inertial range variables (ϵ,
conserved across the cascade, k and kp) in conventional spectral models (e.g., Besnard et al., 1996; Katul
et al., 2013; Panchev, 1971). From dimensional considerations, its general form in the energy‐containing
range (k≤kp) is
e
τ ðkÞ ∝ ϵ−1=3 kp−2=3

 m
 m − a
k
k
−1
e
¼ ϕðkÞA
τ ϵ kp
kp
kp

(C7)

−a a
e
k the TKE spectrum of slope a, C0 is the Kolmogorov constant, and m and Aτ
with ϕðkÞ
¼ C0 ϵ2=3 k−5=3
p
depend on the model used for the time scale. For a TKE spectrum with a=−1, the time scale eτ ¼ ϵ−1=3
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k−2=3 (used in the following Bos et al., 2004; Katul et al., 2013) corresponds to m=−2/3 and Aτ ¼ C−1
0 ,
e −1=2 (Besnard et al., 1996), correspond to
while other estimates of the time scale, for example, e
τ ¼ k−3=2 ϕ
−3=2
m=−1 and Aτ ¼ C0 .
e R , yielding
e ww spectral budget can be solved for C
Using the Rotta model (C3) and the time scale (C7), the F
(
)
eϕ T
e
e
T
B
−1
e
−1 þ ½ð1 − βB Þ−αP  þ αP
Aτ k1p − m þ a k m − a :
C R ¼ er
e
e
T ϵ
T

(C8)

e T
e . We now show that, regardless of the
Evaluation of Equation C8 requires an expression for the ratio B=
e
choosen model for the nonlinear transfer of energy across scales (T ), this ratio reads
e
B
e 1 Rif :
¼A
e
Rif − 1
T

(C9)

e 1 depends on the model and is given below. Different models for the nonlinear transfer term
The constant A
(Heisenberg, 1948; Leith, 1967; Obukhov, 1941) all assume that it depends on the TKE spectrum and hence
should depend only on k, kp, and ϵ. Dimensional considerations then yield that
e NL ϵk −1 ;
e ¼B
T
p

(C10)

e NL depends only on k/kp. For the Heisenberg (1948) model (Equation B6), used in the following, it
where B
reads
"
 #
2k 1 k 2
1=2
e
B NL ¼ 2C H C 0 Cww
−
:
3 kp 4 kp

(C11)

In the general case, dividing the expression of the buoyancy term derived in Appendix B (Equation B10)
Rif
e ¼ 4 ϵk −1
; k ≤ kp ;
B
7 p Rif − 1

(C12)

by Equation C10, yields Equation C9 with
e −1 :
e 1 ¼ 4ϵ T
e −1 k −1 ¼ 4B
A
p
7
7 NL

(C13)

By using (C9) in Equation C8, we obtain the generalized expression of the Rotta constant
(
)
e
eϕ
T
−1 1 þ ½ð1 − βB − αP ÞA 1 − 1Rif
e
e 2;
C R ¼ er
þ αP
A
e
Rif − 1
T
where, using (C13),

e
e NL :
~ 2 ¼ Aτ k 1 − m þ a k m − a T ¼ Aτ k −m þ a km − a B
A
p
p
ϵ

(C14)

(C15)

e and T
e ϕ (Equations B6 and C6), their ratio reads
If the Heisenberg model is used for T


eϕ
T
¼ C0 C−1
ww
e
T
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2 1k
−
4 4 kp

:
2k 1 k 2
−
3 k p 4 kp

(C16)
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Equation C14 reduces to Equation 9 when rapid‐distortion terms are dropped (αP =βB =0) and when, in the
e 1 and A
e 2 , the Heisenberg (1948) and Katul et al. (2013) models are used for the nonlinear
evaluation of A
transfer term and the Rotta time scale, respectively, which yields
"
 
  #−1
k
2 −1 −1=2 −1 2 k 1 k 2
~
¼ CH C0 Cww
−
A1
kp
7
3 kp 4 kp
"
 
  # 1=3
k
2k 1 k 2
k
−1=2
~
¼ 2CH C0 Cww
−
:
A2
kp
3 kp 4 kp
kp
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